
prove (IH) by induction on 𝑠:

∃𝑢 ∈ 𝑇𝛴 : 𝑞(𝑠) ⇒∗
𝑇1

𝑢, 𝑝(𝑢) ⇒∗
𝑇2

𝑡

⟺ ∃𝑞(𝜎(𝑥1, … , 𝑥𝑘)) → 𝑢′[𝑞1(𝑥𝜋(1)), … , 𝑞𝑚(𝑥𝜋(𝑚))] ∈ 𝑅1, 𝜋 : [𝑚] → [𝑘],
𝑢′ ∈ 𝐶𝛥(𝑋𝑚), 𝑢1, … , 𝑢𝑚 ∈ 𝑇𝛥 :

𝑞1(𝑠𝜋(1)) ⇒∗
𝑇1

𝑢1, … , 𝑞𝑚(𝑠𝜋(𝑚)) ⇒∗
𝑇1

𝑢𝑚, 𝑝(𝑢′[𝑢1, … , 𝑢𝑚]) ⇒𝑇2
𝑡

(by decomposition)

⟺ ∃𝑞(𝜎(𝑥1, … , 𝑥𝑘)) → 𝑢′[𝑞1(𝑥𝜋(1)), … , 𝑞𝑚(𝑥𝜋(𝑚))] ∈ 𝑅1, 𝜋 : [𝑚] → [𝑘],
𝑢′ ∈ 𝐶𝛥(𝑋𝑚), 𝑢1, … , 𝑢𝑚 ∈ 𝑇𝛥 :

𝑞1(𝑠𝜋(1)) ⇒∗
𝑇1

𝑢1, … , 𝑞𝑚(𝑠𝜋(𝑚)) ⇒∗
𝑇1

𝑢𝑚,

∃𝑝1, … , 𝑝𝑛 ∈ 𝑃 , 𝑡1, … , 𝑡𝑛 ∈ 𝑇𝛺, 𝑡′ ∈ 𝐶𝛺(𝑋𝑛), 𝜌 : [𝑛] → [𝑚]:
𝑝(𝑢′) ⇒∗

𝑇̂2
𝑡′[𝑝1(𝑥𝜌(1)), … , 𝑝𝑛(𝑥𝜌(𝑛))], 𝑝1(𝑢𝜌(1)) ⇒∗

𝑇2
𝑡1, … , 𝑝𝑛(𝑢𝜌(𝑛)) ⇒∗

𝑇2
𝑡𝑛

(by (∗))

⟺ ∃𝑞(𝜎(𝑥1, … , 𝑥𝑘)) → 𝑢′[𝑞1(𝑥𝜋(1)), … , 𝑞𝑚(𝑥𝜋(𝑚))] ∈ 𝑅1, 𝜋 : [𝑚] → [𝑘], 𝑢′ ∈ 𝐶𝛥(𝑋𝑚),
𝑝1, … , 𝑝𝑛 ∈ 𝑃 , 𝑡1, … , 𝑡𝑛 ∈ 𝑇𝛺, 𝑡′ ∈ 𝐶𝛺(𝑋𝑛), 𝜌 : [𝑛] → [𝑚]:

⟨𝑞𝜌(1)𝑝1⟩(𝑠𝜋(𝜌(1))) ⇒∗
𝑇 𝑡1, … , ⟨𝑞𝜌(𝑛)𝑝𝑛⟩(𝑠𝜋(𝜌(𝑛))) ⇒∗

𝑇 𝑡𝑛,
𝑝(𝑢′) ⇒∗

𝑇̂2
𝑡′[𝑝1(𝑥𝜌(1)), … , 𝑝𝑛(𝑥𝜌(𝑛))] (by (IH))

⟺ ∃𝜋: [𝑚] → [𝑘], 𝜌 : [𝑛] → [𝑚], 𝑢′ ∈ 𝐶𝛥(𝑋𝑚), 𝑡′ ∈ 𝐶𝛺(𝑋𝑛), 𝑡1, … , 𝑡𝑛 ∈ 𝑇𝛺 :
⟨𝑞𝜌(1)𝑝1⟩(𝑠𝜋(𝜌(1))) ⇒∗

𝑇 𝑡1, … , ⟨𝑞𝜌(𝑛)𝑝𝑛⟩(𝑠𝜋(𝜌(𝑛))) ⇒∗
𝑇 𝑡𝑛,

⟨𝑞, 𝑝⟩(𝜎(𝑥1, … , 𝑥𝑘)) → 𝑡′[⟨𝑞𝜌(1), 𝑝1⟩(𝑥𝜋(𝜌(1))), … , ⟨𝑞𝜌(𝑛), 𝑝𝑛⟩(𝑥𝜋(𝜌(𝑛)))] ∈ 𝑅
(by Construction)

⟺ ⟨𝑞, 𝑝⟩(𝑠) ⇒∗
𝑇 𝑡′[𝑡1, … , 𝑡𝑛] = 𝑡

In the following we show (∗): (⇐) by decomposition. (⇒) if 𝑇2 is copying, i.e., ∃𝑖, 𝑖′ : 𝑖 ≠
𝑖′, 𝜌(𝑖) = 𝜌(𝑖′) = 𝑗 then 𝑇1 was deterministic: 𝑢𝜌(𝑖) = 𝑢𝜌(𝑖′) = 𝑢𝑗 and 𝑞𝑗 = 𝑞𝑖 = 𝑞𝑖′ ; if 𝑇2
is deleting, i.e., ∃𝑗: 𝑗 ∉ codom(𝜌), then 𝐵1 was total: it did not block on 𝑞𝑗(𝑡𝜋(𝜌(𝑗))).

(c) Let 𝑇 ′
1 = (𝑄′, 𝛴′, 𝛥′, 𝐼′

1, 𝑅′
1) and 𝑇 ′

2 = (𝑃 ′, 𝛥′, 𝛺′, 𝐼′
2, 𝑅′

2) be td-tt where

• 𝛴′ = {𝛼(0), 𝛽(0), 𝛾(1)}, 𝛥′ = {𝛼(0), 𝛾(1)}, and 𝛺′ = {𝛽(0)} are ranked alphabets,

• 𝑄′
1 = 𝐼′

1 = {∗}, 𝑃 ′ = 𝐼′
2 = {𝑞},

• 𝑅′
1 = { ∗ (𝛼) → 𝛼, ∗(𝛾(𝑥1)) → 𝛾(∗(𝑥1)) }, and 𝑅′

2 = { 𝑞(𝛾(𝑥1)) → 𝛽 }.

The removal of any rule would result in the conclusion to be true, therefore 𝑇 ′
1 and 𝑇 ′

2 are
minimal with respect to the number of rules. Note that 𝜏(𝑇 ′

1) ∘ 𝜏(𝑇 ′
2) = ∅.

(d) Let 𝑇 ′ = (𝑄′ × 𝑃 ′, 𝛴′, 𝛺′, 𝐼′
1 × 𝐼′

2, 𝑅′) be the bu-tt where 𝑅′ = { ⟨∗, 𝑞⟩(𝛾(𝑥1)) → 𝛼 }.

(e) Let (𝑠, 𝑡) = (𝛾(𝛽), 𝛼). Then

1. (𝑠, 𝑡) ∉ 𝜏(𝑇 ′
1) ∘ 𝜏(𝑇 ′

2) = ∅, and

2. (𝑠, 𝑡) ∈ 𝜏(𝑇 ′).
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