
9. Übung (15. Dezember 2016)

Formale Übersetzungsmodelle
Task 18 (h-TOP = HOM and r-TOP = REL)

(a) Prove by construction that h-TOP = HOM.

(b) Prove by construction that r-TOP = REL.

Hint: Define relatedness for a top-down tree homomorphism (relabeling) and a bottom-up tree
homomorphism (relabeling). Show that the respective transducers induce the same tree transfor-
mation if they are related (Lemma). Use the Lemma to obtain the equivalence of the respective
classes.

Solution for Task 18
(a) Definition. Let 𝑇 = ({∗}, 𝛴, 𝛥, {∗}, 𝑅𝑇) be a hom. td-tt and 𝐵 = ({∗}, 𝛴, 𝛥, {∗}, 𝑅𝐵) be

a hom. bu-tt. We call 𝑇 and 𝐵 related if

∗ (𝜎(𝑥1, … , 𝑥𝑘)) → 𝑡[ ∗ (𝑥𝑖1
), … , ∗(𝑥𝑖𝑛

)] ∈ 𝑅𝑇

⟺ 𝜎( ∗ (𝑥1), … , ∗(𝑥𝑘)) → ∗(𝑡[𝑥𝑖1
, … , 𝑥𝑖𝑛

]) ∈ 𝑅𝐵

Lemma. 𝑇 and 𝐵 are related iff 𝜏(𝑇 ) = 𝜏(𝐵).

Proof. We show ∗(𝑠) ⇒∗
𝑇 𝑡 ⟺ 𝑠 ⇒∗

𝐵 ∗(𝑡) for all 𝑠 ∈ 𝑇𝛴 and 𝑡 ∈ 𝑇𝛥 by structural
induction on 𝑠. Let 𝑠 = 𝜎(𝑠1, … , 𝑠𝑘) and 𝑡 = 𝑡′[𝑡𝑖1

, … , 𝑡𝑖𝑛
] for some 𝜎 ∈ 𝛴, 𝑠1, … , 𝑠𝑘 ∈ 𝑇𝛴,

𝑡′ ∈ 𝑇𝛥(𝑋𝑘), 𝑡1, … , 𝑡𝑘 ∈ 𝑇𝛥, and 𝑖1, … , 𝑖𝑛 ∈ [𝑘].

∗ (𝑠) ⇒∗
𝑇 𝑡

⟺ ∗ (𝑠) ⇒𝑇 𝑡′[∗(𝑠𝑖1
), … , ∗(𝑠𝑖𝑛

)] ⇒∗
𝑇 𝑡′[𝑡𝑖1

, ∗(𝑠𝑖2
), … , ∗(𝑠𝑖𝑛

)] ⇒∗
𝑇 ⋯ ⇒∗

𝑇 𝑡

⟺ ∃ ∗ (𝜎(𝑥1, … , 𝑥𝑘)) → 𝑡′[∗(𝑥𝑖1
), … , ∗(𝑥𝑖𝑛

)] ∈ 𝑅𝑇, ∀𝑖 ∈ [𝑘] : ∗ (𝑠𝑖) ⇒∗
𝑇 𝑡𝑖

⟺ ∃ ∗ (𝜎(𝑥1, … , 𝑥𝑘)) → 𝑡′[∗(𝑥𝑖1
), … , ∗(𝑥𝑖𝑛

)] ∈ 𝑅𝑇, ∀𝑖 ∈ [𝑘] : 𝑠𝑖 ⇒∗
𝐵 ∗(𝑡𝑖) (IH)

⟺ ∃𝜎(∗(𝑥1), … , ∗(𝑥𝑘)) → ∗(𝑡′[𝑥𝑖1
, … , 𝑥𝑖𝑛

]) ∈ 𝑅𝐵, ∀𝑖 ∈ [𝑘] : 𝑠𝑖 ⇒∗
𝐵 ∗(𝑡𝑖)

(related)

⟺ 𝑠 ⇒∗
𝐵 𝜎(∗(𝑡1), 𝑠2, … , 𝑠𝑘) ⇒∗

𝐵 ⋯ ⇒∗
𝐵 𝜎(∗(𝑡1), … , ∗(𝑡𝑘)) ⇒𝐵 ∗(𝑡)

⟺ 𝑠 ⇒∗
𝐵 ∗(𝑡)

Theorem. h-TOP = HOM

Proof. We show 𝜏 ∈ h-TOP ⟺ 𝜏 ∈ HOM.

𝜏 ∈ h-TOP ⟺ ∃ top-down tree homomorphism 𝑇: 𝜏 = 𝜏(𝑇 ) (Definition h-TOP)
⟺ ∃ bottom-up tree homomorphism 𝐵: 𝜏 = 𝜏(𝐵) (Lemma)
⟺ 𝜏 ∈ HOM (Definition HOM)
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(b) Definitino. Let 𝑇 = ({∗}, 𝛴, 𝛥, {∗}, 𝑅𝑇) be a rel. td-tt and 𝐵 = ({∗}, 𝛴, 𝛥, {∗}, 𝑅𝐵) be a
rel. bu-tt. We call 𝑇 and 𝐵 related if

∗ (𝜎(𝑥1, … , 𝑥𝑘)) → 𝛿(∗(𝑥1), … , ∗(𝑥𝑘)) ∈ 𝑅𝑇

⟺ 𝜎(∗(𝑥1), … , ∗(𝑥𝑘)) → ∗(𝛿(𝑥1, … , 𝑥𝑘)) ∈ 𝑅𝐵

Lemma. 𝑇 and 𝐵 are related iff 𝜏(𝑇 ) = 𝜏(𝐵).

Proof. We show ∗(𝑠) ⇒∗
𝑇 𝑡 ⟺ 𝑠 ⇒∗

𝐵 ∗(𝑡) for all 𝑠 ∈ 𝑇𝛴 and 𝑡 ∈ 𝑇𝛥 by structural
induction on 𝑠. Let 𝑠 = 𝜎(𝑠1, … , 𝑠𝑘) and 𝑡 = 𝛿(𝑡1, … , 𝑡𝑘) for some 𝜎 ∈ 𝛴, 𝑠1, … , 𝑠𝑘 ∈ 𝑇𝛴,
𝛿 ∈ 𝛥, and 𝑡1, … , 𝑡𝑘 ∈ 𝑇𝛥.

∗ (𝑠) ⇒∗
𝑇 𝑡

⟺ ∗ (𝑠) ⇒𝑇 𝛿(∗(𝑠1), … , ∗(𝑠𝑘)) ⇒∗
𝑇 𝛿(𝑡1, ∗(𝑠2), … , ∗(𝑠𝑘)) ⇒∗

𝑇 ⋯ ⇒∗
𝑇 𝑡

⟺ ∃ ∗ (𝜎(𝑥1, … , 𝑥𝑘)) → 𝛿(∗(𝑥1), … , ∗(𝑥𝑘)) ∈ 𝑅𝑇, ∀𝑖 ∈ [𝑘] : ∗ (𝑠𝑖) ⇒∗
𝑇 𝑡𝑖

⟺ ∃ ∗ (𝜎(𝑥1, … , 𝑥𝑘)) → 𝛿(∗(𝑥1), … , ∗(𝑥𝑘)) ∈ 𝑅𝑇, ∀𝑖 ∈ [𝑘] : 𝑠𝑖 ⇒∗
𝐵 ∗(𝑡𝑖) (IH)

⟺ ∃𝜎(∗(𝑥1), … , ∗(𝑥𝑘)) → ∗(𝛿(𝑥1, … , 𝑥𝑘)) ∈ 𝑅𝐵, ∀𝑖 ∈ [𝑘] : 𝑠𝑖 ⇒∗
𝐵 ∗(𝑡𝑖) (related)

⟺ 𝑠 ⇒∗
𝐵 𝜎(∗(𝑡1), 𝑠2, … , 𝑠𝑘) ⇒∗

𝐵 ⋯ ⇒∗
𝐵 𝜎(∗(𝑡1), … , ∗(𝑡𝑘)) ⇒𝐵 ∗(𝑡)

⟺ 𝑠 ⇒∗
𝐵 ∗(𝑡)

Theorem. r-TOP = REL

Proof. We show 𝜏 ∈ r-TOP ⟺ 𝜏 ∈ REL.

𝜏 ∈ r-TOP ⟺ ∃ top-down tree relabeling 𝑇: 𝜏 = 𝜏(𝑇 ) (Definition r-TOP)
⟺ ∃ bottom-up tree relabeling 𝐵: 𝜏 = 𝜏(𝐵) (Lemma)
⟺ 𝜏 ∈ REL (Definition REL)
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Task 19 (l-TOP ⊊ l-BOT)
Consider the linear td-tt 𝑇 = ({𝑞0, 𝑞1}, 𝛴, 𝛥, {𝑞0}, 𝑅) where

𝑅 = { 𝑞0(𝜎(𝑥1, 𝑥2)) → 𝛾′(𝑞1(𝑥1)), 𝑞0(𝜎(𝑥1, 𝑥2)) → 𝜎(𝑞0(𝑥1), 𝑞0(𝑥2)),
𝑞0(𝜎(𝑥1, 𝑥2)) → 𝛾′(𝑞1(𝑥2)), 𝑞1(𝜎(𝑥1, 𝑥2)) → 𝜎(𝑞1(𝑥1), 𝑞1(𝑥2)),
𝑞1(𝜎(𝑥1, 𝑥2)) → 𝛾′(𝑞1(𝑥1)), 𝑞0(𝛾(𝑥1)) → 𝛾(𝑞0(𝑥1)),
𝑞1(𝜎(𝑥1, 𝑥2)) → 𝛾′(𝑞1(𝑥2)), 𝑞1(𝛾(𝑥1)) → 𝛾(𝑞0(𝑥1)), 𝑞0(𝛼) → 𝛼 }

Give a linear bu-tt 𝐵 such that 𝜏(𝑇 ) = 𝜏(𝐵).

Solution for Task 19
Define the bu-tt 𝐵 = ({𝑞0, 𝑞1, 𝑒}, 𝛴, 𝛥, {𝑞0}, 𝑅′) where

𝑅′ = { 𝜎(𝑞1(𝑥1), 𝑒(𝑥2)) → 𝑞0(𝛾′(𝑥1)), 𝜎(𝑞0(𝑥1), 𝑞0(𝑥2)) → 𝑞0(𝜎(𝑥1, 𝑥2)),
𝜎(𝑒(𝑥1), 𝑞1(𝑥2)) → 𝑞0(𝛾′(𝑥2)), 𝜎(𝑞1(𝑥1), 𝑞1(𝑥2)) → 𝑞1(𝜎(𝑥1, 𝑥2)),
𝜎(𝑞1(𝑥1), 𝑒(𝑥2)) → 𝑞1(𝛾′(𝑥1)), 𝛾(𝑞0(𝑥1)) → 𝑞0(𝛾(𝑥1)),
𝜎(𝑒(𝑥1), 𝑞1(𝑥2)) → 𝑞1(𝛾′(𝑥2)), 𝛾(𝑞0(𝑥1)) → 𝑞1(𝛾(𝑥1)), 𝛼 → 𝑞0(𝛼) }

∪{ 𝜎(𝑒(𝑥1), 𝑒(𝑥2)) → 𝑒(𝛼), 𝛾(𝑒(𝑥1)) → 𝑒(𝛼), 𝛼 → 𝑒(𝛼) }
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