9. Ubung (15. Dezember 2016)

Formale Ubersetzungsmodelle

Task 18 (h-TOP = HOM and r-TOP = REL)
(a) Prove by construction that h-TOP = HOM.

(b) Prove by construction that r-TOP = REL.

Hint: Define relatedness for a top-down tree homomorphism (relabeling) and a bottom-up tree

homomorphism (relabeling). Show that the respective transducers induce the same tree transfor-

mation if they are related (Lemma). Use the Lemma to obtain the equivalence of the respective

classes.

Solution for Task 18
(a) Definition. Let T' =

a hom. bu-tt. We call T and B related if
*<U<x17'”7 >>_>t[ ( ) oy ¥ xzn)] 6RT
= o(*(z), s x(zy)) = #(t[z; 02y ]) € Ry

Lemma. T and B are related iff 7(T') = 7(B).

({}, X, A, {}, Ry) be a hom. td-tt and B =

<{*}7 27 A7 {*}7 RB) be

Proof. We show *(s) =45t <= s =5 *(t) for all s € Ty, and t € T, by structural

induction on s. Let s = 0(sy,...,s;) and t =t'[t; ,...,t; | forsome o € X, sq,..., 8, € T},
t/ GTA(Xk)’tlﬂ tkETA, and Zl,..., n S [k’]
% (s) =t

< x(s) =p t’[*(sil), s *(Szn)] =% t’[til,*(siQ), ,*(s n)] et

= Jx(0(@y, . 2p) = (@), x(2 )] € Ry, Vi€ [K]: ( i) =7t

<= Ix(o(xq, ..., 1)) — t’[*(mzl) k(T )€ Ry, Vi€ l[k]:s; =75 *(t;) (IH)

= Jo(x(q), 0y x(2)) = *# [z, 25 1) € R, Vi€ [k]:s; =5 (1)

(related)
= s =2 0(x(ty),80,...,8,) =5 = o(x(t)), ..., x(t,)) =p *(t)
= s = *(t) O

Theorem. h-TOP = HOM

Proof. We show 7 € h-TOP <= 7 € HOM.

T € h-TOP <= 3 top-down tree homomorphism 7 7 = 7(7T')

(Definition h-TOP)

<= 3 bottom-up tree homomorphism B: 7 = 7(B) (Lemma)

< 7 € HOM (Definition HOM)

O
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(b) Definitino. Let T' = ({x}, X, A, {*}, Ry) be a rel. td-tt and B = ({x}, X, A, {*}, Rp) be a

rel. bu-tt. We call T and B related if

s (0(xq, ., zp)) — O(x(2g

= o(k(zq)y .y x(xy)) = *(0(2q, .ony T

Lemma. 7 and B are related iff 7(7")

z)) € Ry

Proof. We show *(s) =5t < s =} *(t) for all s € Ty, and t € T, by structural

induction on s. Let s = o(sy,...,s;) and t = 6(tq, ...

(5 c A, and t]."" 7tk: € TA

% (s) =t

= *(s) =>p0(*(s1), ..., *(sp)) =7

O(x(x

0(x(xy
*(0

= Jx*(o(xq,...,28)) =
<:>E|*(o‘(x1,... X )>—>
< Jo(x(zq), ..., x(x1)) —

= s = o(*(t), Sgy ey S) =T -

= 5= (t)

Theorem. r-TOP = REL

Proof. We show 7 € ~-TOP <= 7 € REL.

7 € r-TOP <= 3 top-down tree relabeling 7: 7 = 7(T)

t;,) for some o € X, s5,...,5, € Tx,

s¥(sp)) =g =1t

x)) € RT, Vi€ [k]: * (s;) = t;
) € RB, Vi e k] s; =75 =(t;) (related)

s x(ty)) = ()
O

(Definition r-TOP)

<= 3 bottom-up tree relabeling B: 7 = 7(B) (Lemma)

< 7 € REL

(Definition REL)

O]
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Task 19 (I-TOP C [-BOT)
Consider the linear td-tt T'

({90,901}, 2, A, {qp}, R) where

qo(o(z1,75)) = 0(qo(z1), qo(T2)),
q1(0(z1,23)) = o(qy (1), q1(22)),

q0(v(21)) = v(qo(z1)),

{ qwo(o(zy,25)) = 7' (g1 (1)),

R=

qo(o (21, 22)) = 7 (q1(2)),
q1(o(2q,29)) — 7 (q1(1)),
q1(0(z1,75)) = 7 (q1(22)),

o) = o }

a1 (v(w1)) = v(qo(21)),

Give a linear bu-tt B such that 7(T") = 7(B).

Solution for Task 19

({90-q1-€}, 2, A, {qo}, R") where

Define the bu-tt B

~=
n = <
A S
8 8
o T
8 8 3
S~—
5 b ~
— ~— o~ =
(= e R R S
qQ\l/\l/a
11(
T12£3
8 8 3

e~~~ =

~— ~— ~— ~—~ >
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