[2, 5, 11]). The class of tree languages recognizable by a bottom-up finite tree
automaton is equal to the class of tree languages recognizable by a top-down
finite tree automaton (both are equal to RECOG). Every recognizable tree
language is the domain of a deterministic bottom-up fta. RECOG is closed
under intersection and complementation.

We shall also need the notion of substitution. Let % be a ranked alphabet.
For k = 1, tin T3[X,) and ¢,,- - -, #, trees over some ranked alphabet, we define
the result of substituting #; for x; in #, denoted by f[t,- - -, #,], inductively as
follows.

(1) For o in Xy, ofty, -, t,] = o.

(2) Foriin {1,2,---, k}, xJt\, -, 1] = 1,

(3 For n=1, o in X, and s,,---, s, in TgX,], o(s;---s,) [t 5 1] =

o(sl[tb' “ tk]' . 'sn[tli' ) tk])'

Throughout this paper we shall only occasionally give formal proofs of
theorems. Mostly the reader has to be content with an intuitive description, or
a construction without proof of correctness. The reason behind this is essentially
that most proofs are straightforward and very dull induction arguments (the
induction being on the structure of the trees involved). Moreover, we have
chosen a formalism which we hope to be intuitively clear, but which does not
lend itself very well to detailed proofs (for an excellent formalism to give proofs
in, see [9]). Nevertheless, we shall give (without proof?) in the following lemmas
the main properties of the relation 2 in bottom-up and top-down fs¢, needed
in induction arguments.

Let us first indicate the role of substitution in the application of top-down
and bottom-up fst rules. The application of a top-down rule of the form
q(o(xy-+-x;)) =t consists of the replacement of a subtree of the form
q(o(t,- - - 1) by the tree #t,,- - -, 1,]. Similarly, the application of a bottom-up
rule of the form o(q,(x,)" - - q,(x,)) — q(f) consists of the replacement of a sub-
tree of the form o(q,(7,)" ' - q(t,)) by the tree g(¢[t,,- - -, 1,]).

We now state our lemmas.

LEMMA 1.1. Let B = {Z, A, Q, Q,, R) be a bottom-up fst.

(1) Foroe%y, qeQandsecT,, if s .y q(s), then the rule ¢ — g(s) is in R.
Q) Fork=l,o0eXZ,t, -, tyeTs,qecQandsecT,, if ot 1) :>q(s),
then there exist states q,," -, q, and trees s§,,""-,8; in T, such that
oty - ty) :>o(q1(s1)- o qus)) = q(s) and for all i (1 <i<k) t; e

qi(s))-
(3) For k > 1’ tl"”a’kETD ql""squQa sl,---,skeTAandan,‘, iffor

all i (1 < i< Kk)t;=>qfs), then oty 1) = o(q1(s1)" - 4i(s0)-
LEMMA 1.2. Let T = {Z, A, Q, Q,, R> be a top-down fst.
1) For qe Q, oe X, and t € T,, if (o) LY S, then the rule q(c) — s is in R.

(
Task 11 (BOT C REL; FTA ; HOM)
Let X = {0(?,~1) a9}, Consider the bu-tt M = ({qo,q1,0}, 2, 2, {qy}, R), where R is given

by:

a — qpla), v(p(z1)) = p(y(z1)), o(qo(z1),p(z2)) = q1(0(2g, 7)),

a — p(a),

(a) Describe 7(M).

(b) Construct, according to the decomposition result from the lecture, a relabeling bu-tt M,

an fta My, and a homomorphism bu-tt M5 such that 7(M) = 7(M;);7(My);7(Ms).

(c) Ilustrate the transformation 7(M;);7(My);7(Msy) with the input tree o(a,var) € T's..
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Task 12 (BOT C QREL; HOM)
(a) Elaborate on the construction of the qrel bu-tt in the proof of BOT C QREL; HOM.

(b) Apply the above construction to the bu-tt M = ({qy,q:,p}, X, X, {qo}, R), where ¥ =
{0 4 oY and R is given by:

a— qola), Y(p(z1)) = p(v(z1)), o(qo(z1),p(z2)) = q1(0(2g, 7)),
a— p(a), o(q1(z1),p(z2)) = qo(o(xq,27)).

Le. give a qrel bu-tt M7 and a homomorphism bu-tt M such that 7(M) = 7(M7) ; 7(MJ).
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