
12th tutorial (July 15 and 16, 2015)

Formale Baumsprachen
Task 31 (power set construction on weighted tree automata)
Consider the Viterbi-semiring 𝑆 = ([0, 1], max, ·, 0, 1) and the weighted tree automaton 𝒜 =
(𝑄, 𝛴, 𝑆, 𝛿, 𝐹 ) where 𝛴 = {𝜎(2), 𝛼(0)}, 𝑄 = {𝑍, 𝐵}, 𝐹 = 1.𝑍, and

𝛿u�(𝜀, 𝐵) = 1 𝛿u�(𝜀, 𝑍) = 0.2 𝛿u� = (0.5).(𝐵𝑍, 𝑍) .

(a) Define a powerset construction for weighted tree automata similar to the unweighted case.

(b) Use the definition from Task 31 (a) on 𝒜. What problem arises?

Task 32 (closure of recognizable step functions)
Show that recognizable step functions are closed under pointwise addition + and Hadamard
product ⊙.

Task 33 (unrestricted MSO and recognizability)
Consider the ranked alphabet 𝛴 = {𝛾(1), 𝛼(0)}, the semiring ℕ, and let 𝜑 = ∀𝑥.∀𝑦.2 and
𝜓 = ∀𝑋.2 where 𝜑, 𝜓 ∈ MSO(ℕ, 𝛴).

(a) Show that 𝜑 is not restricted.

(b) Show that ⟦𝜑⟧ is not recognizable.

(c) Show that ⟦𝜓⟧ is not recognizable.

Task 34 (encoding weighted tree automata as REMSO formulae)
Let 𝛴 = {𝜎(2), 𝛼(0)} be a ranked alphabet and 𝛥 = {𝑎, 𝑏, 𝑐} be an unranked alphabet. Moreover,
let 𝒜 = (𝑄, 𝛴, 𝒫(𝛥∗), 𝛿, 𝐹 ) be a weighted tree automaton over the semiring 𝒫(𝛥∗) of formal
languages where 𝑄 = {𝑓, 𝑞, 𝑝}, 𝐹(𝑓) = {𝜀}, 𝐹(𝑞) = 𝐹(𝑝) = ∅, and

𝛿u� = {𝜀}.(𝑞𝑞, 𝑞) + {𝑏}.(𝑞𝑓, 𝑓) + {𝑐}.(𝑞𝑝, 𝑓) + {𝑎}.(𝑓𝑞, 𝑓)

as well as
𝛿u� = {𝜀}.(𝜀, 𝑞) + {𝜀}.(𝜀, 𝑝).

(a) Determine the semantics of 𝒜 on a tree 𝜉 ∈ 𝑇u�.

(b) Apply the construction in Theorem 5.11 to obtain a formula 𝜑 ∈ REMSO(𝒫(𝛥∗), 𝛴) such
that ⟦𝜑⟧ = ru�.

Task 35 (idempotent semirings are locally finite)
Show that every commutative semiring (𝑆, +, ·, 0, 1) with idempotent addition and multiplication
(i.e., 𝑎 + 𝑎 = 𝑎 = 𝑎 · 𝑎 for every 𝑎 ∈ 𝑆) is locally finite.
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Task 36 (rings, additively idempotent, and zero-sum free semirings)
Prove or refute the following statements:

(a) Only the trivial ring (i.e., the ring whose carrier has only one element) is zero-sum free.

(b) Every additively idempotent semiring is zero-sum free.

(c) Every zero-sum free semiring is additively idempotent.

Task 37 (f.o. universal quantification of recognizable step functions is recognizable)
Let 𝛴 = {𝜎(2), 𝛼(0)} be a ranked alphabet and 𝜑 = ∀𝑥.𝜓 with 𝜓 = (2∧labelu�(𝑥))∨(3∧labelu�(𝑥))
where 𝜑, 𝜓 ∈ MSO(ℕ, 𝛴).

(a) Convince yourself that ⟦𝜓⟧{u�} is a recognizable step function

⟦𝜓⟧{u�} = ∑u�
u�=1 𝑛u� · 𝟙u�u�

,

where 𝑘, 𝑛1, …, 𝑛u� ∈ ℕ, and 𝐿1, …, 𝐿u� ⊆ Tu�{u�}
are recognizable tree languages that parti-

tion Tu�{u�}
.

(b) Devise finite tree automata 𝑀1, …, 𝑀u� that recognize, respectively, the tree languages
𝐿1, …, 𝐿u�.

(c) Apply the technique from the lecture to construct finite tree automata �̃�1, …, �̃�u� from
𝑀1, …, 𝑀u� such that for every 𝑗 ∈ [𝑘]:

𝐿(�̃�u�) = {(𝜉, 𝜈) ∈ Tũ�∅
∣ ∀𝑤 ∈ pos(𝜉): 𝜈(𝑤) = 𝑗 implies 𝜉[𝑥 → 𝑤] ∈ 𝐿u�},

where �̃� = 𝛴 × [𝑘], utilizing the bijection between Tũ�∅
and {(𝜉, 𝜈) ∣ 𝜉 ∈ Tũ�∅

, 𝜈: pos(𝜉) →
[𝑘]}.

(d) Based on Task 37 (c) we can assume a finite tree automaton recognizing �̃� = ⋂u�
u�=1 𝐿(�̃�u�).

Sketch how the rest of the proof of Droste and Vogler [DV06, Lemma 5.5] goes through
for this example.
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