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Chapter 1

Introduction

In system development, there is variety of formal languages which are used by
developers to develop the systems. For example, to deliver a software product
some formal languages might be involved in the development, e.g. specification
languages and programming languages. The availability of an editor which is
based on such a formal language would be very helpful for developers to support
their works in developing the system.

In [2], a system that automatically generates an editor based on a for-
mal language was designed and implemented. Such an editor is also called a
language-based editor. A language-based editor offers some convenient features
for the users. For instance, a program editor may provide a general template of
the language for which the editor is generated and also allows structural editing.
It is also able to perform an immediate analysis, translation, and error reporting
while an object is being edited. Errors are detected as soon as they occur during
editing of the object.

To generate such an editor for a particular formal language L, the spe-
cification of L is required which serves as the input for the generator. The
specification of L consists of two parts, viz. the context-free and the context-
sensitive part of L. As the specification language, we use the so-called DSL
(Dresden Specification Language) [3]. This specification language combines the
paradigms of attribute grammars, functional programming, and formal logics,
such that it allows a comfortable specification of the syntax of a formal language.

We give an example of a programming language specification. Consider
an imperative programming language, which we call Simple. The programming
language Simple mainly consists of three parts, viz. the part for the name of the
edited program, the declaration part, and the statement part. It recognizes two
data types, i.e. integer and boolean data types, and three statement constructs,
i.e. the assignment of a variable, the if-then-else statement, and the while-
loop statement. Expressions can be built up by variables, constants, and two
operators, i.e. addition and test of equality. A context-sensitive restriction for
this language is that a variable must be first declared before it is used. An
example of program which can be written in the programming language Simple
is shown in figure 1.1.

A violation of the context-sensitive restriction is immediately detected and
informed to the user of the editor by giving an appropriate error message. For
instance, if a user of the editor for the language Simple want to use a variable



program Count;
var
flag : Bool;
sum : Int
begin
flag = True;
sum = 0;
while (flag == True)
do
if (sum == 10)
then
flag := False
else
sum := (sum+1)
end

Figure 1.1: An example of program written in the programming language
Simple

program Count;
var
flag : Bool;
sum : Int
begin
flag := True;
num {Not Declared}:= <exp>
end

Figure 1.2: A violation of the context-sensitive restriction for the language
Simple

num which is not declared, the editor will response by giving the message
{Not Declared} as shown in figure 1.2.

To specify the language Simple in DSL, its abstract syntax is used. This
abstract syntax is obtained by abstracting the context-free grammar from its
terminal symbols and giving each production of the context-free grammar a
unique name. For instance, consider the following production of the context-
free grammar of Simple:

Program — program Ident ;var DList begin SList end

By abstracting from its terminal symbols and giving this production the name
PROG, we get the following part of the abstract syntax:

Program = PROG Ident DList SList

In DSL, the abstract syntax of L is defined within a construct, viz. data
block, where the abstract syntax is encapsulated by the keywords begindata and
enddata. For example, the language Simple can be specified by the following
abstract syntax:



begindata Simple_Data
data Program = PROG Ident DList SList

data DList = DSINGLE Decl
| DPAIR Decl DList
data Decl = DECL Ident TypExp

EMPTYTYP

INTTYP

BOOLTYP
IDENTNULL

IDENT String
SSINGLE Stmt
SPAIR Stmt SList
EMPTYSTMT

data TypExp =
I
I
|
I
| ASSIGN Ident Exp
|
|
I
I
|
|
I

data Ident
data SList
data Stmt

IF Exp Stmt Stmt
WHILE Exp Stmt
EMPTYEXP
INTCONST Int
BOOLCONST Bool
ID Identifier
EQUAL Exp Exp
ADD Exp Exp

data Exp

enddata

This abstract syntax can be seen as the rules of a regular tree grammar
which is related to the context-free grammar of the language Simple, where
PROG (and also other constructors of every rule) is a terminal symbol of the
related regular tree grammar. In this thesis, we shall consider a sorted regular
tree grammar, where both terminal and nonterminal symbols are equipped with
sorts. In particular, the sort of a terminal symbol encodes a rule of the regular
tree grammar. This is possible, since a terminal symbol is uniquely associated
to every rule in the regular tree grammar. For example, the terminal symbol
PROG in our example is provided with the following sort:

(Ident DList SList,Program)
which encodes the rule:
Program = PROG Ident DList SList

By specifying the language using its abstract syntax, an object edited by
the language-based editor is internally represented by an abstract syntax tree.
Moreover, in order to be able to specify the context-sensitive restriction, an
attribute grammar is used in the specification. By using an attribute grammar,
the nodes of an abstract syntax tree are equipped with attributes. For an
example, every node labeled by IDENT is equipped with the attribute name,
whose value is the name of the corresponding identifier. Moreover, we also give
a sort to every node in the tree. The sort of a node is determined by the last
component of the sort of the node’s label. For example, the node labeled by PROG
has the sort Program, since PROG has the sort (Ident DList SList,Program).
We shall define this more formally in this thesis.



To specify the context-sensitive part of a language, one can use a logical for-
malism, which enables the specifier of an editor to specify the context-sensitive
part logically and globally. Since the edited object is represented internally as
a tree, the monadic second order (MSO) logic over trees seems to be an appro-
priate logical formalism for this purpose, since this logical formalism is able to
define relations over nodes (or set of nodes). But, in order to be able to specify
the context-sensitive syntax of a language, it is necessary to relate this logical
formalism with the attribute grammar formalism.

In specifying the context-sensitive syntax of a language, the MSO formulas
are used to define the so-called node properties with respect to the considered
abstract syntax tree. A node property is a property which is expressed by an
MSO formula with one free node variable only. By node variable, we mean
a variable which is used to denote a node in a tree. Let us consider again
the context-sensitive restriction of the programming language Simple, viz. a
variable must be declared before it is used. Consider also the program given in
figure 1.2, where we try to use the variable num in the statement part. To check
whether the context-sensitive restriction is violated, internally a test should be
performed to see whether there exists a node labeled by IDENT in the declaration
part where the attribute name of this node has the value num (which is not the
case for our example). This test can be specified by using an MSO formula that
defines a node property. This property can be asked to every node labeled by
IDENT in the statement part, whose value of the attribute name needs to be
checked in the declaration part (whether there is also a node labeled by IDENT
with the same value of attribute name).

Having this possibility of using the MSO logic over trees to specify the
context-sensitive syntax of a language, there is a need for this logic to be in-
tegrated into the concept of the generator system. Therefore, an operational
semantics for this logic based on attribute grammars has to be defined. To
achieve this goal, we give the solution of several subtasks in this thesis:

o We define a variant of MSO logic over trees by defining additional atomic
formulas which are appropriate for specifying the context-sensitive syntax
of a formal language. In particular, we define a so-called attribute for-
mula as an atomic formula. With this formula we are able to relate the
attribute grammar and the MSO logic formalism. For example, by using
this formula we are able to compare the attribute values of some nodes
as we did in the previous example, where we compare the values of the
attribute name of the nodes labeled by IDENT in the statement and in
the declaration part. Hence, by introducing this formula into MSO logic,
we are not only able to specify context-free phenomena, but also context-
sensitive phenomena. We shall call this variant of logic as MSO* logic. To
be able to relate these two formalisms, we introduce formally an interface
between them.

e To define an operational semantics for MSO* logic, we generalize the
known transformation of an MSO formula into a tree automaton (which
recognizes the tree language of this formula) [5, 13] for MSO* logic. By
adding the attribute formula into the logic, the generalized transforma-
tion of this formula yields a tree automaton with infinite number of states.
Therefore, in this thesis we also propose a definition of a tree automaton
with infinite number of states, which fits our needs.



e We propose a representation of tree automata which can deal with infinite
number of states. To represent an automaton, in particular we give the re-
presentation of transitions. This representation is needed to construct the
transition functions of a tree automaton. We need to represent the transi-
tions, since to produce the transition functions, an inductive construction
(on the structure of the formula) is applied. Such inductive construction
will often produce intermediate results. Thus, in our representation of
transitions and the inductive construction (which is based on our repre-
sentation) we attempt to minimize the number of transitions in several
ways, i.e.

— by having assumption, that our automaton only runs on special trees,
viz. well-marked trees,

by considering the sort information of symbols which label the nodes
of a tree,

by having a representation of input symbols which represents input
symbols of transitions with the same behavior,

— by considering only reachable states in the inductive construction.

At the end of the inductive construction, the final representation of transi-
tions are produced. From this representation, we can derive the transition
functions for which they are represented.

The accepting functions are also defined inductively on the structure of
the formula, but instead of having a representation for the set of final
states, we prefer to produce the definition of the accepting functions of
a formula and its subformulas directly. By keeping the structure of the
state (which corresponds to the structure of the formula), these definitions
of accepting functions can be applied inductively on the structure of the
state, which is reached after the automaton has run on a tree, to decide
whether the tree is accepted or not.

Since we deal with tree automata having infinite number of states, we have
to find an appropriate representation of states. In this thesis, we propose
a symbolic representation to be able to represent such infinite number of
states. When we derive a transition function from its representation, this
symbolic representation can be seen as a parameter or placeholder which
will be substituted by a concrete value when we let the automaton run on
a tree.

There is a subtle issue in choosing the kinds of symbolic representation we
need. In fact, a symbolic representation is introduced for representing a
node in a tree, which is collected in a state of an attribute formula as the
value of node variable occurring in the attribute formula. But, since we
can have a formula with quantifier over a node variable and an attribute
formula may occur as its subformula, where one of the node variables in
this attribute formula is the quantified variable, then a symbolic represen-
tation of only one node is not enough. The reason is that if we quantify
over a node variable, then this means we make some guessing of nodes
for the possible value of the quantified node variable. In particular, if the
quantified variable occurs in an attribute formula, then there is a need
to have a symbolic representation that can represent this set of guessed



nodes. Therefore, in this thesis we introduce two kinds of symbolic re-
presentation, viz. a symbolic representation of a node and a symbolic
representation of a set of nodes.

The choice of a suitable representation for tree automata is important,
since it is already known that the complexity of the transformation has
2

a non-elementary lower bound of state space: 22 }n, where n is the
number of quantifiers [10, 12]. Some similar works in dealing with an
appropriate representation of automaton can be found in [1, 7, 8, 9, 11].
In contrast to our work, none of these works have considered the relation
between the MSO logic and the attribute grammar formalism. Moreover,
these works only deal with string or binary trees and the tree automata
have only a finite number of states.

We implement the inductive construction of tree automata based on our
representation. For the compatibility to the existing implementation of
the generator system, the implementation is also realized in the func-
tional programming language Haskell. The implementation produces for
a given set of MSO* formulas (which specify the context-sensitive part of
a language), a Haskell code which contains the transition functions and
the accepting functions of those formulas. The transition functions of a
formula are derived by unfolding our representation of transitions result-
ing from the final step of inductive construction of the formula, whereas
the accepting function is derived inductively from the structure of the
formula.

In general, the current implementation has already included all the con-
struction needed to produce the transition functions and the accepting
function of a formula. But, there are still some works which have not
been implemented yet, viz. the implementation for the refinement of the
power set construction, in case it is used to determinize the representation
of nondeterministic transitions which come from a quantified formula in
which an attribute formula is involved and one of the node variable in this
attribute formula is the quantified variable. We also have not considered
this case in the implementation of the accepting function. Nevertheless,
in this thesis we give a proposal of solution, which can be implemented.

We organize the presentation of this thesis as the following:

Chapter 2 contains the necessary notations and notions we use throughout
the report.

Chapter 3 discusses the context-free grammar and the sorted regular tree
grammar which is related to a context-free grammar. It also gives the
definition of abstract syntax trees formally.

Chapter 4 gives the necessary interface that enables the combination of
MSO* logic and the attribute grammar formalism.

Chapter 5 discusses our proposal of a definition for tree automata with
infinite number of states, which we use to define the operational semantics
of the MSO* logic.



e Chapter 6 presents the MSO* logic by its syntax and also its semantics.
We give both the model theoretical and the operational semantics of this
logic.

e Chapter 7 discusses our proposal of the inductive construction of tree
automata. We show how we represent the extended ranked alphabet,
the states, and the transitions (which is used eventually to produce the
transition functions). By using this representation, we define then the
cross product construction, the projection construction, and the power
set construction. In this chapter, we also propose an additional operation
to combine some representation of transitions (resulting from each of the
above mentioned construction) which have the same behavior.

e Chapter 8 discusses how we implement our construction to produce the
transition functions and the accepting functions of a given set of MSO*
formulas as a Haskell code.

e Chapter 9 concludes our work and proposes some future works.



Chapter 2

Preliminaries

In this chapter we recall some basic notions and notations we use throughout the
report. We give the definition of sorted sets, sorted ranked alphabets, graphs,
sorted terms, sorted trees, and term-trees relatedness.

2.1 General Notations

We denote the set of non-negative integers by N and the set of positive integers
by N.. For every m € N, we use [m] to denote the set {1,...,m}. We use Bool
to denote the set {True, False} of truth values.

For every k € N and for k sets M, ..., My, the cartesian product of My, ..., My
is denoted by M; X ... x My = {(mq,...,my)|m; € M;,i € [k]}. Every subset
R C My x...x My is called k-ary relation over My, ..., M. For three sets M,
My, and M3 and two binary relations Ry o2 C My X My and Ry 3 € My x Ms, the
composition of Ry 2 and Ry 3 is denoted by Ry 20 Re3 = {(e1,€3) | (e1,e2) €
Ri2 and (ez,e3) € Ra3}. For every set M and for every binary relation
R C M x M the transitive closure of R is denoted by R*. The reflexive and
transitive closure of R is denoted by R*.

For every k € N and for k + 1 sets My, M1, ..., My, a k-ary function f over
My, ..., My into My is denoted by f : My x ... x M — My. We denote the
cardinality of a set M by card(M). We use max(M) to define the maximum of
the elements of M C N if M is a non-empty set and 0, otherwise.

Let ¥ be a finite set of symbols. The set of all finite words over X is denoted
by ¥*. The empty word is denoted by ¢.

2.2 Sorted Sets and Sorted Ranked Alphabets

Definition 1 (Sorted Set). Let S be a non-empty finite set of sorts. An
S-sorted set is a pair (X, sort), where X is a set of symbols and sort : ¥ — S is
a mapping which maps every symbol ¢ € ¥ to a sort s € S.

A symbol o € ¥ with sort(c) = s is also denoted by ¢°. For every sort s € S,
3% denotes the subset of ¥ that contains all symbols ¢®. If the mapping sort
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of an arbitrary sorted set (X, sort) is known from the context, then (X, sort) is
abbreviated by X. (I

Definition 2 (Sorted Ranked Alphabet). Let S be a non-empty finite set
of sorts. An S-sorted ranked alphabet is a pair (X, rank), where X is a finite
(S* x S)-sorted set and rank : ¥ — N is a mapping which maps every symbol
o € X615050) with k€ N and sg, s1,. .., € S to the rank k.

For every rank k € N, 3j denotes the subset of ¥ that contains all symbols
o with the rank k. If the mapping rank of an arbitrary sorted ranked alphabet
(X, rank) is known from the context, then (X, rank) is abbreviated by X.

We use Ranks, to denote the set of ranks of elements in X, i.e. Ranks =
{k € N| k =rank(o),0 € ¥}. We use Ranks, 1+ to denote the set of positive
ranks of elements in ¥, i.e. Ranks + = Ranks, \ {0}.

We define the function sort,.s : ¥ — S, such that for every o € N (s1.8%,50)
with & € N and sg, $1,...,8k € S, s0rtres(0) = so. In the other words, we say
50 is the result sort of 0. We also define the function sort;,, : ¥ — S, such
that for every o € X(1%k%0) with k € Ny, i € [k], and sg,51,...,5: € S,

sortin, (0) = s;. In the other words, we say s; is the i-th input sort of o.
The maximum rank of an arbitrary sorted ranked alphabet ¥ is denoted by
max_rank(X) = max(Ranks). O
2.3 Graphs

Definition 3 (Directed Labeled Graph). Let ¥ be a set of symbols and T
be a set of symbols as well. A directed labeled graph over ¥ and T" is a tuple
(V, E,lab), where V is finite set of nodes, E C V xT'x V is a finite set of labeled
edges, and lab : V — X is the node-labeling function.

For an edge (v,i,w) € F, the node v € V has (v,i,w) as its outgoing edge
and the node w € V has (v,i,w) as its incoming edge. ]

The following notations will be used throughout the report for directed la-
beled graphs. For a given graph g, the set of its nodes, the set of its edges, and
its node-labeling function are denoted by V,, E,, and lab,, respectively.

2.4 Sorted Terms and Sorted Trees

Definition 4 (Sorted Term). Let S be a non-empty finite set of sorts, ¥ be an
S-sorted ranked alphabet, and Y be an S-sorted set. The set of S-sorted terms
over ¥ indexed by Y, denoted by Tx(Y'), is the smallest S-sorted set | J 4T
such that:

1. for every s € S, Y* C T%,

2. for every o € N(51-55:50) with k > 0 and sg,...,s, € S, and for every
tey € T®', ... tey € T®, the term o(tey,...,tey) € T.

We abbreviate Tx(0) by Tk. O

We define in the following S-sorted trees. We consider S-sorted trees as
special directed labeled graphs.
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Definition 5 (Sorted Tree). Let S be a non-empty finite set of sorts and X
be an S-sorted ranked alphabet. An S-sorted tree t over % is a directed labeled
graph t over ¥ and [maz_rank(X)] such that:

1. there is exactly one node without incoming edges, namely the root of ¢,
denoted by root(t),

2. for every node n € V; which has incoming edges, there is exactly one
sequence ni,...,ny with A > 1 and nj, = n such that (root(t),i1,n1) € Ex
and for every j € [h — 1], (nj,ij41,nj+1) € E¢ for some i1,...,i, €
[max_rank(X)], where root(t) is the root of ¢,

3. V4 is an S-sorted set such that for every node n € V, if lab(n) = o €
»(s186:%0) with k > 0 and sg,...,5, € S, then n € V;*, and for every
i € [k] there is exactly one node n; € V;** such that (n,i,n;) € E,

4. t has the same sort as the root of ¢, i.e. sort(t) = sort(root(t)).

The set of all S-sorted trees over an S-sorted ranked alphabet ¥ is denoted by
TR(X).

For every t € TR(X) and n € V;, n is also specified by a sequence ji.j2.. ... 71
with [ > 0 and ji,...,5; > 0 that describes the path from the root of ¢ to the
node n, which is known as the Dewey notation. In particular, the root of ¢ is
specified by €. For every n € V;, n.j denotes the j-th successor node n; of n
with (n, j,n;) € E, in case such node n; exists.

To use the Dewey notation for specifying a node in a tree t € TR(X), we
define the partial function ids; : (Ny - {.})* — V4 that maps a Dewey notation
v € (N4 -{.})* to a node ids,(v) € V;, such that ids;(v) = v. O

Definition 6 (Term-Trees Relatedness). Let S be a non-empty finite set
of sorts and ¥ be an S-sorted ranked alphabet. Every S-sorted term te over
3 is related to the set of S-sorted trees over X representing the term te in
a graphical form via the function gr : Ty, — P(TR(X)) which is defined by
structural induction on T as follows:

o Vo € X(E50) with s € S:
if te = a,
then gr(te) is the smallest set, such that t = (V;, E, lab;) € gr(te), where:

Vi = {n®}, By =0, and lab(n) = a.

o Vk > 0,0 € R1-56:50) with sg,...,s, € S, and Yte; € TS, ... tey €
T5F, and t; € gr(ter),...,t, € gr(tey) such that V;, NV, = 0 for every
1<i<j<k:
if t =of(tey,...,tex),
then gr(te) is the smallest set, such that t = (V;, Ey, lab;) € gr(te), where:

- Vi= {nso} U Uie[k] Vi, where n ¢ Uie[k] Vi
— Ey ={(n,i,root(t;)) | i € [k]} U Uz‘e[k] E,,,
— laby(n) = o and for every m € V;, with i € [k], labi(m) = labe, (m).

O



Chapter 3

Context-free and Sorted
Regular Tree Grammars

In this chapter we define the context-free grammars, the sorted regular tree
grammars, their relatedness, and the abstract syntax trees.

3.1 Context-free Grammars

Definition 7 (Context-free Grammar). A context-free grammar is a tuple
Go = (N, A, Z, P), where:

e N is a finite set of nonterminal symbols,
e A is a finite set of terminal symbols, where AN N = (),
e 7 € N is the start symbol,

e P is a finite set of productions of the form 7y — AgmiA1...MAx with
k/’ZO,no,...,’I]kEN,andAo,...,)\kEA*. O

Definition 8 (Derivation Relation of Context-free Grammar). Let Gy =
(N, A, Z, P) be a context-free grammar. The derivation relation of Go, denoted
by =¢,, is the smallest binary relation =C (N UA)* x (N U A)* such that for
every £1,& € (NUA)*, (&1,&) €= if there exist two words £',£" € (N UA)*
and a production 19 — AgmA1...MxAx € P such that & = &'np&” and & =
EXomAr ... A" Instead of writing (&1, &) €=¢,, we write &1 =g, &. 0O

Definition 9 (Language Generated by Context-free Grammar). Let
Go = (N, A, Z, P) be a context-free grammar. The language generated by Gy,
denoted by L(Go), is the set {\ € A" | Z =5 A} O

3.2 Sorted Regular Tree Grammars

Definition 10 (S-sorted Regular Tree Grammar). An S-sorted regular
tree grammar is a tuple G = (S, N, X, Z, R), where:

e S is a (non-empty) finite set of sorts,

11
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e N is an S-sorted set of nonterminal symbols,

Y is an S-sorted ranked alphabet of terminal symbols, where X NN = (),

e 7 € N is the start symbol,

e R is a finite set of rules of the form A — ¢t with A € N* and te € Tx(N)*
for a sort s € S. O

Definition 11 (Derivation Relation of S-sorted Regular Tree Gram-
mar). Let G = (S,N,X,Z R) be an S-sorted regular tree grammar. The
derivation relation of G, denoted by =, is the smallest binary relation =C
T5.(N) x Ts(N) such that for every teq,tes € Tx(N), (tey, tez) €= if there exist
arule A — te € R and an occurrence of A € N in te; such that tes is obtained
from te; by replacing this occurrence of A in te; with te € Tx(N). Instead of
writing (tey, tes) €=¢, we write te; =¢ tes. O

Definition 12 (Language Generated by S-sorted Regular Tree Gram-
mar). Let G = (S,N,X,Z, R) be an S-sorted regular tree grammar. The
language generated by G, denoted by L(G), is the set {te € Tx | Z = te}. O

3.3 Relatedness of Context-free and Regular Tree
Grammars

Definition 13 (Context-free and Regular Tree Grammar Relatedness).
Let Go = (N, A, Z, P) be a context-free grammar and 7 : P — X be a bijection,
where ¥ is a sorted ranked alphabet of production names whose cardinality
card(X) = card(P). The regular tree grammar which is related to Go by 7 is the
N-sorted regular tree grammar G = (N, N, X, Z, Rp) containing the finite set N
of sorts, N-sorted set N of non-terminal symbols, N-sorted ranked alphabet X
of terminal symbols (production names), the start symbol Z, and the smallest
set Rp of rules, such that the following holds:

e for every non-terminal symbol n € N, sort(n) =,

e for every production g — Ao A1 ... Mk A € Pwith k> 0,n0,...,m5 € N,
and Ao, ..., Ay € A*and m(ng — Ao A1 ... Mk k) = o with o € X, we have
sort(o) = (i ...mk,no) and no — o(n1,...,mk) € Rp.

O

3.4 Abstract Syntax Trees

Definition 14 (Abstract Syntax Trees). Let Gy = (N, A, Z, P) be a context-
free grammar and G = (N, N, X, Z, Rp) be the regular tree grammar which is
related to Gy by a bijection w : P — X. The set of abstract syntax trees of Gy
regarding 7, denoted by AST(Gy, ), is the set of all N-sorted trees with the
sort Z over the N-sorted ranked alphabet %, i.e. AST(Go,7)=TR(X)?. O

Note that for an N-sorted regular tree grammar G = (N, N, X, Z, Rp) which
is related to a context-free grammar Gy = (N, A, Z, P) by a bijection 7 : P — X,
TR(X)? = {t| t € gr(te) where te € L(G)}, since the productions P in Gy are
mapped bijectively to the N-sorted ranked alphabet ¥ in G.



Chapter 4

Interface to The Attribute
Grammar

In chapter 6 we shall discuss a variant of the monadic second order (MSO) logic,
namely MSO* logic. This variant combines the formalisms of MSO logic and
the (macro) attribute grammar [4, 6]. In order to have an interface from the
MSO logic formalism into the world of attribute grammar, in this chapter we
introduce some necessary notions and notations.

Let K be a non-empty finite set of sorts, 2 be a K-sorted set of values,
Go = (N, A, Z, P)be a context-free grammar and G = (N, N, X, Z, Rp) be the
N-sorted regular tree grammar, which is related to Gg by a bijection 7 : P — .

By an attribute grammar, the nodes of an abstract syntax tree of the context-free
grammar G regarding 7 are also equipped with attributes. Those attributes,
together with functions over a semantic domain, are defined in the attribute
grammar. By evaluating the attribute values, one can express a property be-
tween nodes whose attribute values are evaluated. This is useful in particular
when we want to specify context-sensitive phenomena of a formal (program-
ming) language.

In the following we define an interface that enables us to relate the formalisms

of MSO logic and the attribute grammar.

Definition 15 (Attribute Symbols). Let A be a (P(N) x K* x K )-sorted set
(of attribute symbols). For every a € A#1-#r:50) with 77 € P(N), k > 0, and
Ko,-.-,kk € K, we define the functions sort,edes : A — P(N) and sorty, :
A — (K* x K), such that sortpedes(a) =7 and sort pun(a) = (K1 ... Kk, Ko).

Let V1 be a P(N)-sorted set (of node variables). For V;, we define the K-sorted
ranked alphabet (of attribute variable symbols) as follows:

T(AV) = {{a,z)*" (@) | g € A, & € Vi, sort(z) C s0rtnodes(a)}.

Let V be a finite N-sorted set (of nodes). For V', we define the K-sorted ranked

13
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alphabet (of attribute instance symbols) as follows:
T(A, V) = {{a,n)*"tun() | g € A, n €V, sort(n) € s0rtnodes(a)}.
O

Definition 16 (Semantics of Attribute Instance Symbols). Let ¢ €
TR(X) be an (abstract syntax) tree. For every (a,n) € Z(A, V;)(51-#r50) with
k>0 and kg,...,k, € K:

deQ((a,n}) SOF L x Qs Qo

is a k-ary computable function. O

Definition 17 (Function Symbols and Their Semantics). Let F be a K-
sorted ranked alphabet (of function symbols). For every r > 0, kg, ..., ky, and
fe FR1hrKo).

intr(f): Q7 x...ox QF — QFo

is an r-ary computable function. (I

We also give the following definition which is needed later when we discuss the
semantics of MSO* logic.

Definition 18 (Interpretation of Terms over (A,V,) and F). For a given
(abstract syntax) tree t € TR(X), an interpretation function dec, an interpre-
tation function intz for function symbols, and a function 6 : V; — V; that
assigns every node variable x € V; a node n € V; (where sort(n) € sort(z)),
we define the function 1g(decs, intx) : Tia,v,)ur — € that assigns every term
te € T a,v,)uF a semantic value w € 2, where fe and w have the same sort. It is
defined as the following function 7 by induction on the structure of T 4 v,)ur:

o te = f(tey,..., te,),
where 7 > 0, Ko, ...,k € K, f € Fs15r50) and

K1 Kr .
ter € T avyur -+ ter € Trig vyuF:

7(te) = intx(f)(7(ter),...,7(te,))

o te = (a,x)(tey, ..., tey), B
where k > 0, ko,...,k, € K, 7 € P(N), a € AWr1-5650) g ¢ Py,

sort(x) C 17, and te; € T;<1AV1>U}" ... tex € T;(kA.,Vl)u}‘:

7(te) = deci({a, 0(x)))(r(ter), ..., 7(tex))



Chapter 5

Bottom-up Tree Automata

In this chapter we define the bottom-up tree automata, which will be used to
give the operational semantics of MSO* logic.! In our definition of bottom-up
tree automata, we consider infinite set of states which is needed when we deal
with the attribute formula. We also define the final states slightly different from
what usually found in the literature. We define the final states, not only as a
set of states, but as a family of sets of states.

In the following, the sorted set N and the N-sorted ranked alphabet ¥ come from
the N-sorted regular tree grammar (which is related to a context-free grammar
by a bijection mapping from its productions to sorted names) from which our
abstract syntax trees are built. Let K be a non-empty finite set of sorts. Let also
Abea (P(N) x K* x K)-sorted set (of attribute symbols) and F be a K-sorted
ranked alphabet (of function symbols). Given the interpretation function intz
and a family dec = {deci|t € TR(X)} of interpretation functions, we define in
the following both the deterministic and the nondeterministic bottom-up tree
automata.

5.1 Deterministic Bottom-Up Tree Automata

We define what is meant by a deterministic bottom-up tree automaton and the
language accepted by it.

Definition 19 (Deterministic Bottom-Up Tree Automata). A determi-
nistic bottom-up tree automaton Mgec int, is a tuple:

Maec,intz = (@, 5,6, F),
where:
e () is an infinite set of states,
e Y is an N-sorted ranked alphabet,
° )= {53;}062(”1-“%“’0)&20 is a family of transition functions, where:
05 QF — @,

1For short, in this report we also write automata to mean bottom up tree automata.

15



Nondeterministic Bottom-Up Tree Automata 16

o F'={Fiecc, ints fteTr(s) is a family of sets of final states, where for every
te TR(E)a Fdect,int}- g Q

We also define 3 : TR(X) — @ to compute the run of a deterministic bottom-up
tree automata on a tree ¢ € TR(X) by structural induction on TR(X) as follows:

o if t = (W, By, lab,) € TR(Y), where:
Vi = {n™} with ng € N, E; = ), and labs(n) € %50

then: N
6(t) = 6l0abt(n) ( )

o if t = (Wi, Ey,laby) € TR(X) and there are t; = (V4,, Ey,, laby,) € TR(Y),
where ¢ € [k], k > 0, such that:

= Vi={n"} UlU,epy Vi, withmo € N,
— Ey ={(n,i,root(t;)) | i € [k]} U Uz‘e[k] E,,,

— laby(n) € Xm-mem0) with 1, ..., mx € N and for every m € V;, with
i € [k], labe(m) = laby, (m),

then:

~ o~

3(t) = 8Fp, (my (O(t1), -, 6(t))
O

Definition 20 (Language Accepted by Deterministic Bottom-Up Tree
Automata). Let Mgec int, = (Q,%,0, F) be a deterministic bottom-up tree
automaton. The language accepted by Mec,intr, denoted by L(Mec,int5 ), 18
defined as follows:

~

L(Mdec,int}-) = {t S TR(E) | 5(ﬁ) S Fdec,,,int}-}-

O

5.2 Nondeterministic Bottom-Up Tree Automata

We define what is meant by a nondeterministic bottom-up tree automaton and
the language accepted by it.

Definition 21 (Nondeterministic Bottom-Up Tree Automata). A non-
deterministic bottom-up tree automaton Mgec,int, is a tuple:

Maec,intr = (@, 5,6, F),
where:
e () is an infinite set of states,
e Y is an N-sorted ranked alphabet,

e = {53;}662(7,1___%,%) w>o 1s a family of transition functions, where:

6§ cQF — P(Q),



Relationship between Deterministic and Nondeterministic
Bottom-Up Tree Automata 17

o F'={Fiecc, ints fteTr(s) is a family of sets of final states, where for every
te TR(E)a Fdect,int}- g Q

We also define 8 : TR(X) — P(Q) to compute the run of a nondeterministic
bottom-up tree automata on a tree t € TR(X) by structural induction on TR(X)
as follows:

o if t = (W, Et,laby) € TR(Y), where:
Vi = {n™} with ny € N, E; = 0, and labs(n) € X(m0)

then: R
5(t) = 5l0abt(n) ()

o if t = (Wi, Ey,laby) € TR(X) and there are t; = (V4,, Ey,, laby,) € TR(Y),
where i € [k], k > 0, such that:

- Vi={n"}uU Uz‘e[k] Vi, with 7o € N,
- Et = {(nviaTOOt(ti)) | i€ [k]} U UzG[k] Eti’

— laby(n) € Xn-mem0) with 1, ..., mx € N and for every m € V;, with
i € [k], laby(m) = laby, (m),

then:
5(t) = U 6lkabt(n) (q1y---,qr)

(q1 -G ) €0 (t1) X ... X (tr)
O

Definition 22 (Language Accepted by Nondeterministic Bottom-Up
Tree Automata). Let Mgec int, = (Q, 2,9, F') be a nondeterministic bottom-
up tree automaton. The language accepted by Mec,int,, Which is denoted by
L(M gec,int5 ), is defined as follows:

L(Maccint,) = {t € TR(S) | 8(t) N Fee, int, # 0}
O

5.3 Relationship between Deterministic and Non-
deterministic Bottom-Up Tree Automata

We recall here how a nondeterministic bottom-up finite state tree automaton is
related to a deterministic bottom-up finite state tree automaton, where a finite
state tree automaton is an automaton which has a finite number of states. The
relationship between them is established by the so-called power set construction.
This construction is used to construct a deterministic bottom up finite state tree
automaton from a nondeterministic bottom up finite state tree automaton. It
has been proved that by this construction the language which is accepted by
the nondeterministic bottom up finite state tree automaton is also accepted by
the deterministic bottom up finite state tree automata.

Let Myec,int> = (@, %, 0, F) be a nondeterministic bottom up finite state tree
automaton. We construct the deterministic bottom up finite state tree automa-
ton My ine, = (@, 2,0, F'), where Q', 0" and F" are defined as follows:



Relationship between Deterministic and Nondeterministic

Bottom-Up Tree Automata 18
°» Q' =P(Q),
o 0" = {0} ex om0 k0, Where 6. 1 P(Q)F — P(Q) is defined as fol-
lows: B

For every Pi,..., P, € @Q':

6:7'k(P1)"'aPk): U 6§(Q1,...,qk)’
(q1yqr)EPLX ... X Py,

o ' ={F}.., int; teTR(s), Where for every t € TR(X):
Fl;ecr,,i’ﬂ,tf = {P € QI | PN Fdect,int}- 7é @}

And we have, that L(M gec,int) = L( fiec’imf).

We shall later use this construction in our work. Although we deal with infinite
number of states of bottom up tree automata, we can still use the idea of this
construction to construct a deterministic bottom up tree automaton from a
nondeterministic one. Instead of applying the construction naively (which will
not work, since the number of states is infinite), in section 7.2 we propose a
special representation of states for an automaton with infinite number of states,
where we represent the states symbolically. Moreover, in the construction we
shall consider only the reachable states, instead of all states.



Chapter 6

MSO* Logic

In this chapter we discuss a variant of the monadic second order (MSO) logic,
namely MSO* logic. This variant combines the attribute grammar and the
MSO logic formalism.

We give the syntax of the MSO* logic by introducing appropriate formulas
to define relations over nodes or set of nodes of an abstract syntax tree. In
particular, we define a term as an atomic formula, where this term is built from
attribute variable symbols and function symbols and this term can be inter-
preted as a boolean value. We name this special formula an attribute formula.
With this formula we are able to relate the attribute grammar and the MSO
logic formalism. Hence, by introducing this formula into MSO logic, one is not
only able to specify context-free phenomena, but also context-sensitive phenom-
ena. In spite of this advantage, adding this formula into the logic raises some
issues and problems, in particular when we deal with the operational semantics
of the logic, where we need to use a bottom-up tree automaton with infinite
number of states. Therefore, a special handling is needed for the representation
and the inductive construction of the automata. We shall discuss this in more
detail in the subsequent chapter.

To define an attribute formula, one needs an interface between the attribute
grammar and the MSO logic formalism. Such interface has been introduced in
chapter 4. We need the sorted set A and the sorted ranked alphabet F as an
interface to the attributes and functions over a semantic domain, respectively,
which are defined in an attribute grammar. We use a family dec of interpretation
functions dec; for every abstract syntax tree ¢ as an interface to evaluate the
attribute values of nodes in ¢ (also known as decoration of t in the attribute
grammar formalism). And every function f over a semantic domain which is
used in an attribute formula can be computed by means of intr as the interface.

We start our discussion in this chapter by giving the syntax of MSO* logic
and then its semantics, both the model theoretical semantics and the operational
semantics. As we have mentioned, we shall use the bottom-up tree automata
(with infinite number of states) to define the operational semantics of the MSO*
logic.

In the following, the sorted set N and the N-sorted ranked alphabet ¥ come
from the N-sorted regular tree grammar (which is related to a context-free
grammar by a bijection mapping from its productions to sorted names) from
which our abstract syntax trees are built. Let V4 be a P(N)-sorted set of first

19
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order variables (or node variables), and Vs be a P(N)-sorted set of second order
variable (or node set variables).*

6.1 Syntax

Let K be a non-empty finite set of sorts. Let also A be a (P(N) x K* x K)-
sorted set of attribute symbols and F be a K-sorted ranked alphabet of function
symbols.

Definition 23 (Set of MSO* Formulas). We denote the set of MSO* formu-
las by MSO*(2,V1, Va) 4.7, where for every formula ¢ € MSO*(2, V1, V2) 4 F,
the set of free first order variables in ¢ is a subset of V; and the set of free second
order variables in ¢ is a subset of V5. Additionally, no bound first order variable
(and second order variables, respectively) of ¢ is in V; (and Vs, respectively).

We define M SO*(X, V1, Vs) 4.7 as the smallest set consisting the following for-
mulas:

1. the atomic formulas:

e true,

label, (z), where € Vi, o € X(m-mem0) 'k > 0. n9,...,m, € N, and
no € sort(x),

e v € X, where x € Vi, X € Vs, and sort(z) = sort(X),

e x ==y, where z,y € V; and sort(z) = sort(y),

typen(z), where x € Vi and 1 € sort(x),

edge;(x,y), where z,y € V1 and 1 < i < maz_rank(X),
e z over y, where x,y € Vi,

e p€ Tﬁ%}vl)u}‘ (attribute formula)

2. the built formulas:

o ), where ¢ € MSO*(X,V1,V2) A, 7,
o 1 A1), where ¢q, 12 € MSO*(E,V1,V2) 4,7,
e 3z : 7.9, where x ¢ V1, 77 € P(N),
and ¢ € MSO*(Z,V; U {2}, Vo) 4 7,
e JX :7.4p, where X ¢ Vo, 7j € P(N),
and ¢ € MSO* (X, V1, Vo U{X"}) 4. F.

In the following we define the formulas false, x under y, the logical
connectives V, —, <, and the universal quantifier V by using the atomic
formulas true, x over y, the logical connectives =, A, and the existential
quantifier 3

o false = —true,

o (z under y) = (y over x),

1We use small letters, e.g. x,v,... to denote first order variables and capital letters, e.g.
X,Y,... to denote second order variables.
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(Y1 V 2) = (=1 A —th2),

(1 — h2) = =(P1 A =),

o (Y1 = o) = (Y1 — o) A (2 — 1),
(
(VX

Vo i 1.4p) = ~(3z 1 .-),
1) = ~(3X 1 1.p).

O
We choose to have those atomic formulas with the following motivation:

e The formula true (as a boolean constant) is useful for example, if we
want to know whether there is a node in an abstract syntax tree having a
particular sort 7. This can be formulated as 3z : {n}. true.

e The formulas label,(x) and type,(z) provide the ability to test a node
whether it qualifies a property, i.e. the label of a node (for the first for-
mula) and the sort of a node (for the latter formula). The formula z € X
can also be seen as a test for a node x, whether it qualifies the property
described by X

e The formulas z == y, edge;(x,y), and x over y provide the ability to
express positional property between two nodes in an abstract syntax tree,
i.e. whether two nodes are in the same position (for the formula x == y),
whether a node is the i-th (direct) successor of another node (for the
formula edge;(x, y)), and whether a node is an indirect successor of another
node (for the formula x over y). The formula @ == y can be considered
as a macro for the formula VX : 7. ((z € X) < (y € X)). But, having
xr == y as an atomic formula turns out to be more efficient in defining
its decision procedure based on the operational semantics which will be
discussed later.

e The attribute formula provides the ability to test the relationship between
nodes which is established by the evaluation of the attribute values of the
nodes. By introducing this formula, we are not only able to test a simple
property of nodes, e.g. the sort of nodes or the label of nodes, but we are
also able to test a more subtle property of nodes which are expressed by
means of their attributes.

Note that for built formulas using quantifiers, our syntactic restrictions conse-
quently disallow the following:

e variables to occur both free and bound at the same time. For example,
consider the formula:

Fy : n1.((3Fx : na2.label,(x)) A edger(z,y)).
According to our syntactic restriction of quantified formula, we have:
((3z : Ma.labely () A edgey (z,y)) € MSO* (2, V1 U {y™}, Va) 4.7

Let 11 = 3z : na.label,(x) and 12 = edge;(x,y). Now, by the syntactic
restriction of conjunction, ¥y,19 € MSO*(X,V; U {y"}, Vo) ar. If we
consider the subformula t;, then 22 ¢ V;. But, on the other hand, if we
consider the subformula )5, then 2 € V;. Thus, we have a contradiction
in this case.
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e in case of nested quantified formulas, variables to be bound more than
once at the same time. For example, consider the formula:

Az : 77.(labely (z) A Fz - .labelg(x)).
According to our syntactic restriction of quantified formula, we have:
(labely () A 3z - 7.labelg(z)) € MSO* (X, Vy U{z"}, Vo) a 7.

Let 11 = label, () and 9o = 3z : 7.labelg(x). Now, by the syntactic re-
striction of conjunction, ¥y,19 € MSO*(X,VyU{x"},Vs) 4. 7. But, on the
other hand, because of the syntactic restriction of quantified formula, we
also have 95 ¢ MSO*(X,V1U{x"},V2) 4 7. Thus, we have a contradiction
in this case.

Note that in case of non-nested quantified formulas, variables are allowed to be
bound more than once at the same time. Consider the following example:

(Fx : .labely(x)) A (3 = f.labelg(z)) € MSO*(X, V1, Vs),

where 27 ¢ V;. Let 11 = 32 : 7j.labely (z) and ¢p = I : 7j.labelg(x). According
to the syntactic restriction of conjunction, we have 1,19 € MSO*(X, V1, Vs),
where 27 ¢ V;. And this is also consistent with the syntactic restriction of a
quantified formula.

6.2 Semantics

Before we define the semantics of MSO* logic, we give the definitions of the
extended alphabets and well-marked trees.

Definition 24 (Extended Alphabet). The alphabet ¥ extended by Vi and
Vs, denoted by Xy, y,, is the set:

Sviv, = {(o,Un, UQ)(m»»»nkmo)|J € plm-mem) k>0 U; C U V?,
no €N
U C U Vgﬁ}
NoEN

The elements of ¥y, y, are called input symbols.

The node-labeling function defined in definition 3 is also extended. For every
t € TR(Zy, v,) and n € V; with labi(n) = (o, Uy, Us), the functions laby : V; —
2, labl™ : Vy — P(Vy), and lab2™" : V; — P(V,) are defined as follows:

e lab7(n) =o

1st

o lab; (n)=Us
. labfnd(n) =U,

We also define for every t = (V;, Ey, lab;) € TR(Ey, v, ) the function peel(s; v, v, :
TR(YXy,,v,) — TR(X), such that peel(s v, v,)(t) = (Vi, B¢, lab}), where for ev-
ery n € Vi, labj(n) = lab¥(n). We leave out the indices 3, Vi, and V,, whenever
they are clear from the context. (Il
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Definition 25 (Well-marked Trees). Let Xy, y, be an extended alphabet.
The set of well-marked trees over ¥y, y,, denoted by WT R(X, V1, Vs), is the
set:

WTR(E, V1, V) = {t € TR(Sy, v,)[Vz € Vi.3n € Vi : z € lab}” ()},
where the quantifier 3! is to be read “there exists exactly one”. (I

Given the interpretation function intz and a family dec = {dec;|t € TR(X)} of
interpretation functions, in the following we define the model theoretical seman-
tics and the operational semantics of MSO* logic.

6.2.1 Model Theoretical Semantics

We define the model theoretical semantics of MSO* logic via model operator
and then we define the tree language defined by an MSO* formula.

Definition 26 (Model Operator). We define the model operator:

o C WTR(S, V1, Vo) x MSO™(2,V1,Va) 4.7

dec,intr

by induction on the structure of the MSO* formulas. In the following, we write
(B,V1,V2)
dec,iilt;

the model operator = as an infix operator.

Let t € WTR(E, V1, Vs). We define =2VY2) a5 follows:

dec,intr

o p=true € MSO*(E,V1,V2)A,}‘3
+ ':(Z ,V1,V2)

dec,intr

(labelg(ac)) € MSO*(X,V1,V2) A, F:
t ': (3,V1,Vz) ¢ iff n is the node of ¢ such that z € labl”™ (n) and lab¥(n) = o,

dec,intr

Y= (ac S X) S MSO*(E,Vl,Vg)A,]::
t =EVUY2) oS is the node of ¢ such that o € labl™ (n) and X €

dsc,znt}-
lab?"" (n),
e p=(xr==y)€ MSO*(E,Vl,VQ)A,]::
¢t Vi) o is the node of ¢ such that € labl™ (n) and y €

dec,intr

labl™" (n),

= (typen( )) € MSO™(3,V1,V2) 4,7
¢ =V0V2) i s the node of ¢ such that 2 € labl™ (n) and sort(n) =

dec,intr

v = (edgei(z,y)) € MSO*(X,V1,V2) 4, F:
p Vi)

dec zntf

¢ iff ny and ny are the nodes of ¢ such that z € labl™ (n1),
y € labt" (ny), and (ny,i,n,) € B,

o v = (v overy) € MSO*(Z,V1,V2) a4, 7:
t )zgli]j;;f ¢ iff ny and ny are the nodes of ¢ such that z € labl™ (n1),
Y€ lab% ‘(n2), and there is a sequence ay, . .., a, of nodes with n > 1 such

that (a;, ji,a;11) € Fy for every 1 <i < n and some j; € [rank(lab(a;))]
with a1 = n; and a, = no,
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( Tﬁ‘;{)lv )U]—") c MSO*(Z,Vl,VQ)Aﬁ}-:

t |:(E Vi V2) @ iff for every x € Vi, 0(x) is the node of ¢t such that x €

dec,intr

lab!™ (6(z)) and To(decpeeir), intr) (@) = True,

= () € MSO* (X, V1, Vo) a7
t HZ VY2 it £ =0V 4 is not true,

dec,intr dec,intr

= (1 ANpe) € MSO* (2, V1, V2) a4, 7:
t'zzvlvz) fft'zzvlvz) ndt|:2v1v2)w2,

dec,intr dec,intr dec,intr

Y = (ﬂx : 771/1) S MSO*(Z,V1,V2)A7_7:: B

Note that 7 ¢ V; and ¢ € MSO*(2, V1 U {2}, Vo) 4. 7.

t ':dgc\gzz;;) ¢ iff there is a node n € |J, . V;" such that ¢’ ):gze:éz;ﬁm”},vz)
Y, where ' € WTR(X,V; U {2},Vs) is obtained from t by defining
laby" (n) = lab}™ (n) U {27} and keeping the labels of other nodes in
unchanged,

e o=(3X: n-y) € MSO* (3, V1, V2) 4, F: _
Note that X7 ¢ Vs and ¢ € MSO*(X, V1, Vo U{X"}) 4 7.
t =YD S there is a set of nodes {ny, ..., ng} C U,eq Vi such that

dec,intr

¢ VIV here € WTR(S, Vi, Vo U {X7}) is obtained from

dec,intr
t by defining labf,nd(ni) = labfﬂd(ni) U {X7"} for every 1 < i < k, and
keeping the labels of other nodes in ¢t unchanged.

O

Definition 27 (Tree language defined by an MSO* formula). Let ¢ €
MSO*(2,V1,V2) 4, 7. Given the interpretation function intz and a family dec =
{deci|t € TR(X)} of interpretation functions, the tree language defined by ,
denoted by LI s the set:

)

Liceints = {t e WTR(S, Vi, W)t Eyi’?) o}

dec,intr

6.2.2 Operational Semantics

We shall give the operational semantics of MSO* logic using the bottom-up tree
automaton which was defined in chapter 5 by giving the construction of the
automata for the atomic and built formulas of MSO* logic. In the construction
of the automata, we assume that the given trees on which the automaton runs
are well-marked trees. This assumption holds for the automaton of every MSO*
formula, i.e. atomic formulas and built formulas. This assumption can be made
by considering the following justification. For atomic formulas, we just let the
automata run on well-marked trees. In case of built formulas:

e given a formula ¢ = (=) € MSO*(X,V1,V2) 4,7, we let the automaton
of 1 run on well-marked trees,

e given a formula ¢ = (Y1 Ap2) € MSO* (2, V1, V2) 4,7, we let the automata
for 1)1 and 5 run in parallel on well-marked trees,
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e given a formula with quantifier, in the run of their automata we guess the
value of the quantified variable on well-marked trees:

— for a formula ¢ = (Fz : 7.¢9) € MSO*(E,V1,V2) 4,7 and a tree
t € WT'R(3,V1,)Vs), in the run of the automaton for ¢, a guessing
or no guessing of a node labeled by = can be made. In case a guessing
is made, then = can only be guessed such that it labels exactly one
node in ¢t whose sort is in 7. Such restricted guessing of x is made
for the reason that z as a first order variable is used as a variable for
representing a node and not a set of nodes. By having this restriction
of guessing, we have a set of well-marked trees, where every well-
marked tree in this set reflects the possibility of guessing the value
of the node variable x in that tree.

— for a formula ¢ = (3X : §.p) € MSO*(X,V1,V2) a7 and a tree
t € WT'R(X,V1,Vs), in the run of the automaton for ¢ we could
make either no guessing or some guessings for the occurrences of
X in t. Compared to the first order quantification, the guessing of
X can be made on several nodes in a tree ¢ whose sorts are in 7,
for the reason that a second order variable is used as a variable for
representing a set of nodes. With this guessing mechanism, we shall
still have a well-marked tree. Indeed, in a well-marked tree we have
no restriction that for every second order variable, it can only be a
label of exactly one node of a tree.

By having this assumption, we could then have a smaller automaton, i.e. less
number of states and less number of transitions. Moreover, we also benefit from
the sort information. For instance, considering a quantification formula, the
sort information gives more restriction in guessing a variable on a node, since
the guessing should respect both the sorts of the node and the variable.

In the following automata construction, the family ids = {ids;|t € TR(X)} of
functions is always given.

We construct for every ¢ € MSO*(X, V1, Va) 4,7 the automaton Mgec int», such
that for every t € WT'R(X,V1,Vs), t is accepted by the automaton M gec,int»
iff ¢ is also in Lzec*i”tf . We give the idea for the construction of the automata,
which also describes informally that all well-marked trees accepted by M ec,int »
are exactly the same as those in Liecvmtf , and then we define the construction
formally.

o =true € MSO* (X, V1, Vo) A F ‘

Idea

We introduce only one state, e.g. 1. The automaton Mgec int, runs from the
leaves of the tree t € WTR(X, V1, Va) upwards and always in the state 1 at any
node of ¢ until it reaches the root of ¢ and the tree ¢ is accepted.

Formal Construction
We construct a deterministic bottom-up tree automaton

Mdec,int_;— = (Qa EV1,V27 55 F)a
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where:
e Q={1},

° = {5?V7U1,U2)}k201(V7U1,UZ)E(Zvl,v2)k7 where:
for every k> Oa (77 U17 U?) € (2V1,V2)ka and qi,---,qk € Q:

5?%U1,U2)(Q17 e qy) =1,
o = {Fdecpeel(t)1int}'}t€WTR(Z7V1,V2)7 where for every te WTR(E, Vl, V2):

Fdecpeel(t)vint}' - {1}

| ¢ = (label, (w)) € MSO* (2, V1, V2) a7 |

Idea

We introduce two states, e.g. 0 and 1. From the leaves of the tree t €
WTR(X, V1, Vs), the automaton M gec int, runs upwards and reaches the state
1, if the node n € V; with lab®(n) = ¢ and z € labl™ (n) is visited and stays in
this state until it reaches the root of ¢t and the tree t is accepted. Otherwise, it
is in state 0.

Formal Construction
We construct a deterministic bottom-up tree automaton

Mdec,int}- - (Qa ZV1,Vza 5; F)a
where:
e @=1{0,1},

° = {5?V7U1,U2)}k201(V7U1,UZ)E(Zvl,v2)k7 where:
for every k> Oa (77 U17 U?) € (2V1,V2)ka and qi,---,qk € Q:

—if(y=cAzelUy)V (Fickl:qa=1)

then 5?%[]17[]2)((]1; e ,Qk) = 17
— otherwise 0, , 17,)(q1:- -+ ) = 0,

® F = {FdeCpeel(f,)1int_7:}teWTR(Z7v1,V‘2)7 Where fOI' every t e WTR(E, Vl, VQ):

Fdecpeel(t)vint}' - {1}

‘(p =(zeX)e MSO*(ZthV2)A,f‘

Idea

We introduce two states, e.g. 0 and 1. From the leaves of the tree t €
WTR(X, V1, Vs), the automaton M gec int, runs upwards and reaches the state
1, if the node n € V; with € lab!™ (n) and X € lab?"* (n) is visited and stays
in this state until it reaches the root of ¢ and the tree t is accepted. Otherwise,
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it is in state O.

Formal Construction
We construct a deterministic bottom-up tree automaton

Mdec,int}- - (Qa ZV1,Vza 5; F)a
where:
e Q=1{0,1},

3= {08, 11,.112) }k20,(1,U1,U2) (S, vy )i+ Where:
for every k >0, (v,U1,U2) € (Zy, v,)k, and ¢1,...,qx € Q:

—f(xeUiANXelUy)V (Ficlkl:qs=1)

then 6¢, 17 1,y (a1, -+ qx) = 1,
— otherwise 5%“77U11U2)((J1, i) =0,

o I'={Flecpouiny intr HteWTR(S,01 V), Where for every t € WT'R(E, Vi, Va):

Fdecpeel(t)7intf = {1}

¢ = (& ==y) € MSO*(2, V1, Va)a 7]

Idea

We introduce two states, e.g. 0 and 1. From the leaves of the tree t €
WTR(X,V1,Vs), the automaton M gec int> runs upwards and reaches the state
1, if the node n € V;, with z € lab!™ (n) and y € lab}™ (n) is visited and stays in
this state until it reaches the root of ¢t and the tree ¢ is accepted. Otherwise, it
is in state 0.

Formal Construction
We construct a deterministic bottom-up tree automaton

Mdec,int_;— = (Qa EV1,V27 55 F)a
where:
e @ =1{0,1},

e 0= {5?%U1,U2)}k20,(%U1,U2)€(2v1,v2)k7 where:
for every k> Oa (77 U17 U?) € (2V1,V2)ka and qi,---,qk € Q:

—if(xeUAnyelU)V (Fickl:¢;=1)

then 6?71U17U2)(q1, ceqr) =1,

— otherwise 8¢, ;. 17,)(q1:- -+ ) = 0,

o ['= {Fdecpeel(y,),int]—'}tEWTR(Z,VhVQ)? where for every te WTR(E, Vl, VQ):

Fdecpeel(t)vint}' = {1}
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| ¢ = (type, (2)) € MSO*(2,V1, V) 4 7|

Idea

We introduce two states, e.g. 0 and 1. From the leaves of the tree ¢, the au-
tomaton Mgec int, runs upwards and reaches the state 1, if the node n € V;
whose sort (type) is 7 and = € lab,}”(n) is visited and stays in this state until
it reaches the root of ¢ and the tree ¢ is accepted. Otherwise, it is in state 0.

Formal Construction
We construct a deterministic bottom-up tree automaton

Mdec,int_;— = (Qa EV1,V27 55 F)a
where:
e Q=1{0,1},

_(5k .
° 0= {6(%U17U2)}k20,(%U1,Uz)ezﬁ,”l{"',;’k"’”) and 7o ..Mk € IV, Where:

for every k >0, (v,U1,Uz2) € (B, v,)k, and q1,...,qx € Q:

—if(xeUAn=nV 3Fieclkl:q¢s=1)

then 0, 7, v (@1, ax) =

— otherwise 0, ;. 17,)(q1:- - ) = 0,

o I'={Flecpouiny intr HteWTR(S,01,v,), Where for every t € WTR(E, Vi, Va):

Fdecpeel(t)vint}' = {1}

‘90 = (edgei(z,y)) € MSO*(E,V1,V2) a7 ‘

Idea

We introduce three states, e.g. 0, 1, and 2. From the leaves of the tree
t € WT'R(Z,V1, V), the automaton M gec,int, runs upwards and reaches the
state 1, if the node n € V; with y € lab%St(n) is visited. State 2 is reached, if
the node n € V;, with z € lab!” (n) and y € labl™ (n.i), is visited (if such node
n.i exists), propagates this state until it reaches the root of ¢ and ¢ is accepted.
Otherwise, it is in state 0.

Formal Construction
We construct a deterministic bottom-up tree automaton

Mdec,int_;— = (Qa EV1,V27 55 F)a
where:
e Q=1{0,1,2},

° = {5?V7U1,U2)}k201(V7U1,UZ)E(Zvl,v2)k7 where:
for every k >0, (v,U1,Uz) € (B, v,)k, and q1,...,qx € Q:
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f(@eting=1)V (3jelkl:q =2)
then 6?71U17U2)(q1, ceQr) = 2,
Case i > k:
if (35 € [k] 1 ¢; =2)
then 6¢, 17 17,y (a1, -+ qx) =2,
—if (y € Uh)
then 5?%(]17[]2)((]1, coqr) =1,
— otherwise 5?%[]1,(]2)((11, o qk) =0,

o I'={Flecpouiny intr HteWTR(S,01,v,), Where for every t € WT'R(E, Vi, Va):

Fdecpeel(t)vint}' - {2}

‘(p = (z over y) € MSO*(E,Vl,VQ)A”’F‘

Idea

We introduce three states, e.g. 0, 1, and 2. From the leaves of the tree
t € WT'R(Z,V1, V), the automaton M gec,int, runs upwards and reaches the
state 1, if the node n € V; with y € lab}St (n) is visited and stays in this state
until the node n € Vi, with z € lab,}St (n) is visited and it reaches state 2, pro-
pagates this state while traversing the tree ¢t bottom-up until it reaches the root
of t and t is accepted. Otherwise, it is in state 0.

Formal Construction
We construct a deterministic bottom-up tree automaton

Mdec,int_;— = (Qa EV1,V27 55 F)a
where:
e Q=1{0,1,2},

° = {5?V7U1,U2)}k201(V7U1,UZ)E(Zvl,v2)k7 where:
for every k > 0, (v,U1,Uz2) € (B, v,)k, and q1,...,qx € Q:

—if(xeUANTickl:ag=1) VvV (Ticekl:¢=2)

then 5?7,U17U2)(q1, ceqr) =2,

—if(yely)V (Fielkl:qs=1)

then 6¢, 1y 1,y (a1, -+ qx) = 1,
— otherwise ¢, ;, 17,)(q1:- - ) =0,

o I'={Flec,ouiny intr HteWTR(S,01,v,), Where for every t € WT'R(E, Vi, Va):

Fdecpeel(t)vint}' - {2}
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(p € TEAN uF) € MSO* (S, V1, Va) a7

Idea

We introduce the states as [-tuples with [ is the number of different variables
occur in ¢, where the value of the j-th component, with j € [I], of an I-tuple is
either an element of (N4 - {.})* or a dummy value.

The automaton M gec int» runs upwards from the leaves of t € WT R(X, V1, Va)
to the root of ¢ by collecting the value of node variable z; for every j € [I].
Technically, this means we are looking for a node n in tree ¢t which is labeled by
x;. The position of the node n in ¢, which is specified in Dewey notation, is then
stored at the appropriate j-th component of an [-tuple. The j-th component is
a dummy value only when no node, in which z; occurs as its label, has been
visited so far. At the root of ¢, we would have collected the value of every node
variable x; for every j € [I]. The tree ¢ is accepted whenever the state on the
root of ¢ is an [-tuple, where for every j € [I], the j-th component is the value of
node variable x;, which is a node n specified by its position in ¢ using the Dewey
notation. Moreover, the function 7p(decpecir), int7)(¢) should be evaluated to
True, where 0(z;) = n for every j € [I].

Formal Construction
Let d be a dummy value such that d ¢ (N4 - {.})*. Let also Var(¢) be the set
of variables in ¢ and [ = card(Var(y)).

We construct a deterministic bottom-up tree automaton

Maceinty = (Q, Xy, v,, 6, F),
where:
o Q=({d}u Ny -{.})"),
® 6= {08, 1, 1) }20,(3,U1,U2) (S, vy )i» WheTE:

for every k >0, (v,U1,U2) € (Zy, v,)k, and ¢1,...,qx € Q:

Case: k=0
6(OV7U1,U2)( ) = (Ul, s avl)a

where for every j € [I]:

— if #; € Uy then v; = ¢,

— otherwise v; = d.

Case: k>0
Let g; = (w1, ..., uy) for every i € [k].

6?7,U1,U2)(q15 ey (Zk) = ('Ul, e ’Ul)’
where for every j € [l]:

— if #; € Uy then v; = ¢,
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— otherwise
x if (3'1 S [k/’]’u” 7é d) then v = i.uij,
* otherwise v; = d.

o I'={Flecpouiny intr HteWTR(S,01,v,), Where for every t € WT'R(E, Vi, Va):

Facepeuriintz = {(v1,...,0) € (Ny - {.})")[for every j € [I], O(x;) =
idspeei(t) (V5) A To(decpeer(t), intF) (@) = True}.

Note that idspeei(r) (vj) for every j € [I] refers to a node n € Vpee sy, such
that n is the value of the node variable x;.

(0= () € MSO"(E Vi, V) a7 |

Let My int, = (@', v, 1,6, F') be a deterministic bottom-up tree automa-
ton, such that for every t € WTR(X,V1,Vs), t € LMy, i1 ,) iff t € Liec"i"tf.
Idea

The automaton Mec,int, is constructed from the automaton My, ;. ., such
that for every t € WT'R(X, V1, V2) if t is accepted by the automaton My, ..,
then ¢ is not accepted by the automaton M gec,int» and, in the other way around,
if ¢ is not accepted by the automaton M:iec’intf, then ¢ is accepted by the au-
tomaton Mgec,int,-. This can be achieved by taking all non final states of the
automaton /\/lilec_rmtf, regarding an interpretation function decyeei(s), as the final
states of the automaton Mgec,int», regarding the same interpretation function

decpeel(t).

Formal Construction
We construct a deterministic bottom-up tree automaton

Mdec,int}- - (Qa ZV1,Vza 5; F)a

where:
e Q=0
N

[ ] F = {Fdect,int]—'}tEWTR(Z,Vl,V2)7 Where fOI' every t e WTR(E, Vl, VQ):

LY, /
Fdecpeel(t)vint}' =Q \ Fdecpeel(t)7intf.

‘QD = (Y1 Nho) € MSO*(E,V1,V2)A$‘

Let MY = (QW, %y, y,,80, F®) with i € [2] be a deterministic bottom-

dec,intr
up tree automaton, such that for every t € WTR(Z, V1, Vs), t € L(/\/l((;e)c inty)
. dec,intr
iff t € Ld}i .

Idea
The automaton Mgec int, is constructed from the automata ./\/1(1)

dec,intr and
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./\/11(126)C intz» Such that for every t € WT'R(X,V1,V2), t is accepted by the au-
tomaton M gec int, if t is accepted by both automata Mglle)c,int]: and MEIZe)c,th-

We can view the run of the automaton for this formula as a parallel run of the
automata for its subformulas. This means, we can take pairs as the states of
the automaton M gec int-, Wwhere the first component of a pair comes from Q(l)
and the second component is from Q(®). The transition functions of Mace,int -
are computed by using both transition functions 6(!) and §®) and a pair of
states is a final state (regarding an interpretation function decpeeir)) if the first

1 .
component comes from F CE ) - whereas the second component is from
ecpeel(t)vznt}'
(2)

decpeel(t) intF"

Formal Construction
We construct a deterministic bottom-up tree automaton

Mdec,int}- - (Qa ZV1,Vza 5; F)a

where:
« Q=QW xQ®,

°d= {5?W,U1,U2)}kEO,(%U1,U2)E(ZV1,v2)k7 where:
for every k >0, (v,U1,Us) € (Sv, 1)k, qits- -+ qik € QW)
and ¢21,...,Q2k € Q(2):

5&,U1,U2)((Q11, 21)s - - (q1k, G2x)) =

1k 2)k
( EW?UhUQ)(QM, c s Q1k), 6EW?U1,U2)(QQ1’ -5 Q2k))

o I'={Flecpouiny intr HteWTR(S,01 V), Where for every t € WT'R(E, Vi, Va):

_ < @

Fdecpeel(t)vint]-‘ T Tdecpeel(t)sintF decpeel(t) intF "

¢ = (32 v) € MSO* (3, V1, V2) a7 |

Let Mfiec,mtf = (Q', Xy,U{z},v,, 0", ') be a deterministic bottom-up tree au-
tomaton, such that for every t' € WTR(X, V1 U {z},Va), t' € L(My ine,) iff
/ dec,intr
t e Lw .

Idea

Given a tree t € WTR(X, V1, Vs), we guess the position of z in t. The guessing
of = is made such that x is guessed to occur only on one node in t. We also re-
strict that we only guess on a node, whose sort is in the sort of x. We construct
a nondeterministic bottom-up tree automaton M ec int, from the deterministic
bottom-up tree automaton Mfiec,mtf- The nondeterminism of the transition
functions of the automaton Mgec int, describes whether the guessing of x is
made or not. Moreover, the states of the automaton M gec int,> are made pairs,
where the first component of a pair comes from @’ and the second component
is a flag, which is used to guarantee that x is guessed to occur only on one node
in t. We introduce two values of flag, i.e. L to denote that the guess of x is not
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(vet) made and T to denote that the guess of z is (already) made. Then, the tree
t is accepted if a correct guessing is made, i.e. after the run of the automaton
on t, we have a set of states on the root of ¢ (since we run a nondeterministic
automaton) and there is an element of this set (which is a pair, since a state for
this automaton is a pair), whose first component is from Fc/lec,,eel(,,),intf and the
second component is the flag T.

Formal Construction
We construct a nondeterministic bottom-up tree automaton

Mdec,int}- - (Qa ZV1,Vza 5; F)a

where:
e Q=0Q x{L,T}
_ k .
° o= {5(V,U1,Uz)}kzo,(v,Ul,UZ)ezﬁ,"l{*‘;;k’"U) and 7o ... 7 € N, where:
for every k > 0, (v, Up,Us) € S 1) and g, qu, ... qr € Q'

VlU{CE},VQ ?

- ﬁ 6;57U11U2)(q13 s aqk) =q and x ¢ U1

thﬂ 6?%U17U2)((q15 l)a ceey (qka J~)) B (qa J*)
and for every i € [k]:

6?7,U17U2)((q1; l)a ceey (q(ifl)a l)a (qia T)a
(q(iJrl)’ L)v ) (Qk; 1)) > (Q7 T)

—if 6£§7U1,U2)(q1, ooy qr) =qand x € Uy

then 6?7,U1\{z},U2)((q15 l)a ) (Qk; J~)) e (Qa T)

(Note: this case implicitly means that we guess x only on a node
whose sort is in the sort of x, since if z € Uj, then the sort of the
node which is labeled by (v,U;,Us) must be in the sort of z, i.e.
1o € 7], otherwise z can not be a label of that node, i.e. x ¢ Uy.)

o I ={Flecpouiny intr HteWTR(S,01,v,), Where for every t € WT'R(E, Vi, Va):

_ !
Fdecpeel(t),int}' - Fdecpeel(t),int]: X {T}

¢ = (3X :7.0) € MSO* (3, V1, V) 4 7|

Let Mycini, = (Q, Xy, vou(xy,d', F') be a deterministic bottom-up tree au-
tomaton, such that for every t' € WT'R(X, V1,V U{X}), t' € LM, iy, ) iff

" c Ldec,intf'
P

Idea

Given a tree t € WTR(X, V1, V), we guess the position of X in ¢. The position
of X can be guessed to occur on more than one node in t. We also restrict
that we only guess on nodes, whose sorts are in the sort of x. For this purpose
of guessing, we also construct a nondeterministic bottom-up tree automaton
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M ec.int» from the deterministic bottom-up tree automaton M:iec,int - Since
there is no restriction that X should be guessed to occur only on one node in
t (as in guessing of first order variable), no flag is needed. The states of the
automaton Mec,int> are also the states of the automaton Mldec,int]:‘ Then,
the tree t is accepted if a correct guessing is made, i.e. after the run of the
automaton on ¢, we have a set of states on the root of ¢ (since we run a nonde-
terministic automaton) and there is an element of this set which is also contained

. /
m Fdecpeel(t) yintr*

Formal Construction
We construct a nondeterministic bottom-up tree automaton

Maec,intr = (Q, Xy, v,, 6, F),
where:
e Q=0
° )= {5?%U17U2)}kzo,(w,Ul,Ug)ezi)"l{‘,;z"k’"“) and 19 ...n, € N, where:

for every k >0, (v,U1,Us) € Egzlvjj{nxoi, and ¢,q1,...,q € Q"

if 5;§7U1,U2)(q1, cooqr) = q then 68 ;o (@1s- - a8) 2 4

(Note: this implicitly means that we guess X only on nodes whose sorts
are in the sort of X, since if X € Us, then the sort of the node which is
labeled by (v, Uy, Usz) must be in the sort of X, i.e. 19 € 7], otherwise X
can not be a label of that node, i.e. X ¢ Us.)

o I'={Flecpouiny intr HteWTR(S,01,v,), Where for every t € WT'R(E, Vi, Va):

_ /
Fdecpeel(t)7intf - Fdecpeel(t),int]:‘



Chapter 7

Inductive Construction of
Tree Automata

In this chapter we discuss how we construct the tree automata of MSO* formulas
inductively. We shall use this inductive construction later in the implementa-
tion, where we represent a tree automaton of an MSO* formula by its transition
functions and its accepting function.

To produce the transition functions of the automaton for an MSO* formula,
we propose in this chapter a representation of transitions. By transition, we
mean the application of a transition function to some given input states. We
shall call our representation of a transition just as a representation transition.
Representation transitions are needed in producing the transition functions of
a formula, since we apply an inductive construction (by the structure of the
formula) for producing the transition functions. Such inductive construction
will often produce intermediate results. Thus, there is a need to represent the
transitions such that the number of the representation transitions is less com-
pared to the transitions which are produced in the naive construction, where
all possible input symbols and states are considered. At the end of the induc-
tive construction, we obtain the final representation transitions which are later
unfolded to derive the transition functions.

The aim to gain less number of representation transitions can be achieved
in several ways: by representing the transitions which have the same behavior
as one representation transition, by considering the sort information, by con-
sidering only the reachable states, and by considering our assumption that an
automaton runs on well-marked trees.

To produce an accepting function of the automaton for an MSO* formula, we
define it also inductively on the structure of the formula. But, in contrast to the
transition functions, we do not need a special representation for the accepting
functions. The reason is that the accepting function is used when the state
which is reached after the automaton has run on a tree is already obtained. By
keeping the structure of the states (in particular also for the state reached on
the root of a tree), it can be decided whether a tree is accepted or not. This
can be done by applying the definition of the accepting function inductively on
the structure of the state (which have the same structure as the formula).

To be able to represent the transitions, we shall give first the representation

35



Representation of The Extended Alphabets 36

of the extended alphabets we defined in the definition 24. We also give a repre-
sentation of the states of the automaton for every MSO* formula.

For the examples we give throughout this chapter, we consider abstract syn-
tax trees which represent the (nonempty) declaration part of the programming
language Simple from chapter 1. This means, the labels for the nodes of such
abstract syntax trees consist only of the following:

e nullary symbols: IDENT(¢:1dent) TNTTYP(s-TyPExP) BOQLTYP(STYPEXP)
e unary symbol: DSINGLE(Pecl.DList)
e binary symbols: DECL(Ident TypExp.Decl) ppjTR(Decl DList,DList)
We introduce three node variables:
e x, whose possible value is a node with the sort Decl,
e y, whose possible value is a node with the sort Ident,
e 2z, whose the possible value is a node with the sort Ident.
We also introduce two node set variables:
e X, whose possible value is a set of nodes with the sort Ident,
e Y whose possible value is a set of nodes with the sort TypExp.

The nodes which have the sort Ident are provided with the attribute name,
whose value is the name of the corresponding identifier. And the nodes which
have the sort Decl and DList are provided with the attribute often which has
one context argument. The value of the attribute often on a node n (with the
sort Decl or DList) describes the number of its indirect successor nodes with
the sort Ident, where the attribute name for each of these indirect successor
nodes has the value as given in the context argument of the attribute often for
the node n. Additionally, we also define two functions, viz. the nullary function
null which is interpreted as the natural number 0 and the binary function gt
which is no other than the binary comparison operator >’ over natural num-
bers. With this attributes and functions, we can ask for example, whether in a
declaration part a particular variable is declared or not.

Based on this motivation, we define N, 3, V1, Vs, K, A, and F for our examples
throughout this chapter in table 7.1.

7.1 Representation of The Extended Alphabets

Definition 28 (Representation of The Extended Alphabets). Let V; =
{7 2" € V1 A € P(N)} be a P(NV)-sorted set and Vi = ViUV be a P(N)-
sorted set. Let also Vo = {X | X7 € Vy and 77 € P(N)} be a P(N)-sorted set
and ]//; =V, UV; be a P(N)-sorted set.
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We represent our extended alphabet Xy, y, as the following set:

Ext(S,V1,Ve) = {(B.E1,Ey) | ECE, By C Vi, B2 SV,
Vo € ENx € Ey. sortyes(0) € sort(x),
Vo € ENsx € Es. s0rt,es(0) € sort(s)}.

The elements of Ext(X, Vi, Vs) are called representation input symbols. (I

By having this representation of the extended alphabets, one representation
input symbol may cover more than one input symbol from Xy, y,. To be more
precise, we give the interpretation of a representation input symbol (E, Ey, ) €
El‘t(z, V1, Va):

Given a representation input symbol (E, Ey, Es) € Ext(X, V1, Va),
this symbol covers every symbol (o, Uy, Us) € Ly, y,, where:

e 0 EF,

e UU; always contains all variables represented without overlines
in F1, but does not contain any variable represented using over-
lines in E;. Additionally, U; may also contain other variables
from V; (which is not in Ej) by considering appropriate sort
with respect to definition 24,

e Uy always contains all variables represented without overlines
in Fs, but does not contain any variable represented using over-
lines in Fy. Additionally, Us may also contain other variables

N = {Ident, TypExp,Decl,DList}

¥ = {IDENT(:1dent) TNTTYP(S:TyPExP) BOQLTYP(S TYPE*P)
DECL(Ident TypEXp,Decl) DSINGLE(DQCI,DLiSt) DPAIR(DeCl DLiSt,DLiSt)}

YV, = {z{Decl}vy{Ident}, Z{Ident}}

Vy = {X{Ident}, Y{TypExp}}

K = {String, Int,Bool}

o A= {name({ldent},s,String), Often({Decl,DList},String,Int)}, with:

For every t € WTR(X, V1, Vs):

— for every (name,n) € T(A,V;)&5tring) decpeer(r)((name, n)) is the
name of the identifier corresponding to the node n.

— for every (often,n) € T(A,V;)t¥in&1nt) and yal € QString
decpeer(r)({0ften,n))(val) is the number of the indirect successor
nodes of n with the sort Ident, where the attribute name for each
of these indirect successor nodes has the value val.

o F = {null(a,lnt),gt(lnt Int,Bool)}7 with:
intr(null)() = 0 and for every ey, es € Int, intr(gt)(e1,ea) = e1 > eo
holds.

Table 7.1: N, X, V1, Vo, K, A, and F for examples throughout this chapter
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from Vs, (which is not in Es) by considering appropriate sort
with respect to definition 24.

In particular, if By = {} (and Ey = {}, respectively), then U; (and Uz, res-
pectively) may contain any variable from V; (and from Vs, respectively) by
considering appropriate sort with respect to definition 24.

In our representation of the extended alphabets, we especially introduce a re-
presentation variable with overline for the following purposes:

e Our representation input symbol should be able to describe the following
different situations:

— A node variable (or a node set variable, respectively) is a part of an
input symbol.

— A node variable (or a node set variable, respectively) is not a part of
an input symbol.

— A node variable (or a node set variable) is either a part or not a part of
an input symbol. This is the case, if the occurrence of a variable as a
part of an input symbol is not significant for the behavior of transition
functions with that input symbol. For example, if we consider the
transition function of the automaton for the formula label,(x), then
the transition functions of every input symbol without ¢ as its part
(independent of the fact that x is also a part of that input symbol or
not) will give the same output states.

For the first case, we represent it by writing explicitly the variable without
overline as a part of the representation input symbol. In the second case,
we give the representation by writing explicitly the variable using overline
as a part of the representation input symbol, whereas for the third case
we represent it by not writing the variable at all. In this way, these three
situations can be distinguished.

e In our representation of transition functions, it gives an additional infor-
mation for a representation input symbol to restrict that a node variable
can only be a label of exactly one node in a tree. For example, if we con-
sider the transition function of the automaton for the formula label,(z),
where the input states contain the state 1 (which means that we have seen
a node labeled by o and z), then we can use T as part of the represen-
tation input symbol in our representation transition function to describe
this situation.

e Considering the cross product construction for our representation transi-
tions, having a representation variable with overline, e.g T, is useful to
reduce the number of transition functions by leaving out unnecessary re-
presentation transition functions (those which will never be used due to
our assumption). This particularly happens, when we deal with two for-
mulas having x occurs in both formulas, where we can avoid producing
a new transition functions from these two formulas, if in one transition
function T occurs in the representation input symbol (which means that x
should not be a label) whereas in the other transition function x occurs in
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the representation input symbol (which means that = should be a label).
A similar situation can also happen when we consider the projection and
the power set constructions for our representation. We shall see this more
clearly when we discuss the constructions.

We give some examples of representation input symbols.
Example 1. Consider the following representation input symbols:

e ({INTTYP,BOOLTYP},{},{}) € Ext(X, V1, V2) represents the following sym-
bols from Xy, y,:

— (InTTYP, {}, {}),
— (mvTTYP, {},{Y}),
— (BOOLTYP, {},{}),
— (BOOLTYP, {}, {Y}).

e ({IDENT}, {7}, {}) € Ext(X, V1, Va) represents the following symbols from
EVI Vot

— (IDENT, {}, {}),
IDENT, {},{X}),

- (
- (IDENT, {Z}a{})v
— (IDENT, {z}, {X}).

7.2 Representation of The States

In this section we give a representation of states of the automaton for an MSO*
formula. Except for the attribute formula, the states of the automata for the
other atomic formulas do not have any special representation, since the number
of states of these automata is finite (with at most only three states). Hence, for
their representation we can use the concrete values.

On the other hand, we need to give a special representation of states of the
automaton for an attribute formula, since the number of states for this formula
is infinite. Therefore, we propose a symbolic representation for representing the
concrete values of the components of the states for this formula. We propose
the following symbolic representations:

1. The symbolic representation of a node. This symbolic representation is
used to represent the path information (a dummy value or a Dewey nota-
tion) of a node only. It consists of the following:

e d,, where © € Vi, is used to represent a dummy value (no path
information) for the node variable x which occurs in an attribute
formula,

e nd,, where x € Vy, is a general representation for all Dewey notation.
It represents the path information of a node, where this node is the
value of the node variable x which occurs in an attribute formula.
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e £,, where x € V), is a particular representation for the Dewey nota-
tion €. The given index = has a similar meaning as in nd,.

e i.nd,, where ¢ € Ny and = € Vy, is a particular representation for a
Dewey notation which has a prefix ¢. The given index z also has a
similar meaning as in nd,.

2. The symbolic representation of a set of nodes. It is used to represent the
path information for a set of nodes. This symbolic representation is needed
when we deal later with the power set construction. As we know from 5.3,
this construction is used to determinize a nondeterministic automaton,
which we obtain if we transform a formula using quantifier. In particular,
if we deal with a first order quantification formula and we quantify a node
variable which occurs in an attribute formula, then we may have some
guessed nodes as the value of the quantified node variable. To represent
the path information of these guessed nodes, instead of using a symbolic
representation of a node, we use a symbolic representation of a set of nodes
to represent the path information of those guessed nodes. The symbolic
representation consists of the following;:

e ()., where z € V), is used to represent a set containing no path
information, since there are no guessed nodes for the node variable
x.

o snd??, where z € V; and p,q € N, is used to represent a set con-
taining the path information of guessed nodes for the node variable
x. We give an additional superscript index (p,q), since when we
deal with the power set construction, we may have several symbolic
representations of a set of nodes for the node variable x in the in-
put states of a representation transition. This can happen for the
following reasons:

— The symbolic representation for the path information of the
nodes which are guessed from different branches should be dis-
tinguishable, since different branches will give different prefix to
the path information of the guessed nodes collected so far. For
this reason, we distinguish the symbolic representation by the
first index p.

— If a symbolic representation is a part of a more complex structure
of state (in case an attribute formula is a subformula of a more
complex formula), then this symbolic representation should be
distinguishable in every different state. The reason is that the
symbolic representations for the same node variable which oc-
cur in different states represent different path information of the
guessed nodes. For this reason, we give the second index gq.

® sce,, where x € V1, is used to represent a singleton set containing
only ¢ as the path information of the node which is guessed for the
node variable . It is not necessary to have an additional super-
script index, since this symbolic representation is reached only when
we have no guessed node for the node variable = so far, which is
represented by (.
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) i.sndc(pp’q), where © € V; and 4,p,q € N4, is used to represent a

set containing the path information of some guessed nodes for the
node variable z, where the path information of every guessed node
is built by giving the prefix ¢ to the path information of every node

(p,q)

represented in sndy ™. The additional superscript index (p,q) are

added with the same reasons as in sndép @)

e smsg(s1,$2), where € V; and both s; and s9 are symbolic repre-
sentations of a set of nodes. This symbolic representation is used to
represent a set containing the path information of the guessed nodes
for x represented in s; and also the path information of the guessed
nodes for z represented in s5. The purpose of introducing this sym-
bolic representation is to collect the path information of all guessed
nodes for  we have so far.

As we shall see later, our power set construction is based on a reachabil-
ity construction, where only representation transitions for the reachable
states are computed. If a symbolic representation of a set of nodes is
a part of a reachable state, it turns out that the additional superscript
plays no role. The additional superscript index is only needed whenever
the reachable state becomes an input state of a representation transition.
For this purpose of reachable states, additionally we also introduce snd,
(without an additional superscript index) as a symbolic representation of
a set of nodes, which can be seen as a general representation of a set of
nodes which are guessed for the node variable x.

In the following we give the formal definition for the representation of the states
of the automaton for every MSO* formula.

Definition 29 (Representation of The States). Let Dwy, = {d, | = €
VitU{nd, |z e Vi}U{e, |z €V} U{ind, | i € Ny, € V;} be the set of
symbolic representations for the Dewey notation (path information) of a node
and Sdwy, = {0, | x € V1} U {sndc(pp’q) | © € V1, p,g € Ny} U {sce, | x €
ViU {i.sndc(pp’q) | © € Vi, i,p,q € Ny} U {smsy(s1,82) | © € V1, 81,82 €
Sdwy, } U {snd, | x € V1} be the set of symbolic representations for the Dewey
notation (path information) of a set of nodes. Let also Gs = {_L, T} be the set
of flags used for the guessing mechanism in the construction of the automaton
for a first order quantification formula.

Let ¢ € MSO*(X,V1,V2) 4, 7. We define a family St(y) = {St(p)v,|U1 C V1 } of
sets of representation of states for the deterministic automaton of ¢ considering
Ui. The set Uy contains the node variables, which are bounded in the formula
where ¢ is its subformula, but does not contain the node variables, which are
bounded in . Similarly, we also define Styon(¢) = {Stnon(¥)v, U1 C V1} for
the nondeterministic automaton of .

The set of representation of states for the deterministic automaton of ¢ is defined
as the following:

St(p) = St(p)g,

and the set of representation of states for the nondeterministic automaton of ¢
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is defined as the following:
Stnon(p) = Stnon(#)o-
We define for every Ui C Vi, St(p)u, as the following:
o v =true
St(e)u, = {1}.
o o = label,(x)
St((p)U1 = {07 1}
e p=zxeX
St((p)U1 = {07 1}
e p=(r==y
St(cp)Ul = {07 1}
o ¢ = type,(z)
St((p)U1 = {07 1}
e = edge;(r,y)
St(p)u, ={0,1,2}.
e p=xovery
St(cp)Ul = {07 15 2}
*pc Tl%%,l\}ﬁuf
St(e)u, = {(vi,...,v) |lis the number of different variables in ¢,
and for every j € [l], if ; € Uy, then v; € Sdwy,,
otherwise v; € Dwy, }
[ ] Y = —V(/)
St(p)u, = St(¥)u, -
* o =PI NP2
St()u, ={(q1,42) | @1 € St(Y1)uv,, 42 € St(Y2)u, }-
e p=Tr:0. Y
St(p)v, = P(Stnon(9)u, ), where:
Stnon(@)U1 = {(Qa f) | qc€ St(w)Ulu{x}a f € GS}
e o =31X :7.1.
St(p)u, = P(Stnon (), ), where:
Stron(p)v, = St(Y)v,
[l

7.3 Representation of The Transitions

By using our representation of the extended alphabets and the states, in the
following we give a representation of the transitions for the automata of atomic
formulas and show how the cross product, projection, and the power set con-

structions are realized by using this representation.
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7.3.1 Representation Transitions of Atomic Formulas

Since we attempt to have less number of representation transitions (compared
to the number of transitions using the naive construction), in general we come
to the following idea for representing the transitions of the atomic formulas:

e We represent some transitions which have the same behavior as one repre-
sentation transition. For example, if we consider the formula labelpger. (),
then the transitions for input symbols whose first components are other
than DECL, e.g. the elements of ¥ whose ranks are 0: IDENT, INTTYP,
and BOOLTYP (regardless of the first order and second order variables in
their second and third components), will have the same output state, i.e.
the state 0. In this case, we benefit from our representation of the ex-
tended alphabets, where we can combine those transitions by combining
their input symbols. This means, instead of having the transitions with
the following input symbols (for the rank 0):

~ (IDENT, {}, {}), (IDENT, {}, {X}), (IDENT, {4}, {}),
IDENT, {}, {X}), (IDENT, {=}, {}), (IDENT, {2}, {X}),
IDENT, {y, 2}, {}). (IDENT, {y, =}, {X}),

INTTYP, {},{}), (INTTYP, {},{Y}),
BOOLTYP, {},{}), (BOOLTYP, {},{Y}),

o~ o~~~

we can have only one representation transition function using a repre-
sentation input symbol, namely ({IDENT, INTTYP, BOOLTYP}, {}, {}), which
covers all the above mentioned input symbols.

e We do not represent the transitions which are never used. Such transitions
can be left out in our representation for several reasons:

— Since we have the assumption that an automaton runs on well-marked
trees, there are transitions whose input states are not reachable by
this assumption. Such transitions are not necessary to be represented.
For instance, if we reconsider the formula labelpger.(x), then we do not
need to represent the transitions in which the state 1 occurs more
than once in their input states (since state 1 means that we have
seen a node labeled by DECL and x and by our assumption, £ can not
label more than one node).

— Since we consider the ranked alphabets, the variables, and the nodes
are sorted, there are transitions whose input states reflect a labeling of
a variable at a node without respecting the sort. Such transitions are
also not necessary to be represented. For instance, if we consider the
formula edge; (x,y), then we do not need to represent the transition
with the input symbol (DPAIR, {z},{}) and the input states (1,0),
since this input states means that the first successor of the node
labeled by (DPAIR,{xz},{}) is labeled by the node variable y (which
is reflected by the state 1 in the first input state). But, we would
not have such situation, since the sort of y is {Ident}, and the first
successor of the node labeled by (DPAIR,{x},{}) is the node which
has the sort Decl.
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The representation should not only aim to minimize the number of transitions,
but moreover the transitions are represented in the following way:

e Complete, that means, with respect to our assumption, given an input
symbol and a tuple of input states, we can always find a representation
of transition for that input symbol and tuple of input states. This can be
achieved if we consider all possible representation input symbols for every
possible configuration of input states with respect to our assumption.

e Non-overlapping, that means, with respect to our assumption, given an
input symbol and a tuple of input states, we have exactly one transition
in our representation for that input symbol and tuple of states. This can
be achieved if we define all possible representation input symbols non-
overlappingly for every possible configuration of input states with respect
to our assumption.

Based on these general ideas, we can now define the representation transitions
for atomic formulas. For every formula, we start by giving the informal descrip-
tion of how we define the representation transitions and then we give the formal
definition.

First of all, we need to define the function dtrans : MSO*(Z,V1,Va)ar —
P(Dtr(X,V1,V2)), which takes a formula ¢ € MSO*(X,V1,V2) 4,7 and gives
a set dtrans(yp) € P(Dtr(X, V1, Vs)) of representation transitions for the de-
terministic bottom-up tree automaton of the formula o, where Dtr(%,Vy, Vs)

is a set of representation transitions, such that for every (rank) k € N, ¢ €
MSO*(Z, V1, VQ)AJ:, and dtk,g, S Dt?‘(z, Vi, Vg):

dty,, : Bxt(3, V1, Va) x St(p)* — St(p).

If ¢ is clear from the context, we write dt;, instead of dty, .

We define the representation transitions for every atomic formula as the follow-
ing:

p =true € MSO*(Z, V1, Vo) a7 ‘

Since the automaton for this formula has only one state, i.e. state 1, then for
every rank k € Ranky, we have only one possible k-tuple of input states, i.e. all
input states in this k-tuple are 1. For this tuple of input states, we have only
one transition for every k € Ranks, that covers every input symbol in Xy, v,
with the rank k. In our representation, those symbols can be represented by

s {3 -

Formally, we define dtrans(p) as the smallest set by the following scheme:

For every k € Ranks:

(dte (Ck, {1, (@1, -+ qx)) = 1) € dirans(yp),

with g; = 1 for every i € [k].
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Since the representation input symbol (X, {}, {}) covers every input symbol in
3y, v, with the rank k£ and we define a representation of transition using our
representation input symbol for every rank k, then the transition functions for
this formula are represented completely and non-overlappingly in this way.

We give an example.

Example 2. Consider the formula ¢ = true € MSO*(X,V1,V2) 4, 7. Then:

dtrans(p) ={ dto(({IDENT, INTTYP, BOOLTYP}, {},{}),()) =1,

dt1 (({DSINGLE}, {}, {}), (1)) =1,
dto(({DECL,DPAIR}, {},{}),(1,1))=1 }

We can compare this result with the transitions which are constructed by fol-
lowing the formal construction given in subsection 6.2.2, where we consider for
every input symbol, every state as the input of the transition functions. By rep-
resenting the transitions in this way, we obtain only 3 representation transitions,
whereas following the formal construction we obtain 16 transitions:

e 8 transitions having the input symbols with the first component:
IDENT(®:14e)  where we consider 2 node variables (y{1dent} and z{Tdent})
1 node set variable (X 192t}) "and no input state,

e 2 transitions having the input symbols with the first component:
INTTYP(s-TYPE*P) where we consider no node variables, 1 node set variable
(Y {TyeExp}) " and no input state,

e 2 transitions having the input symbols with the first component:
BOOLTYP(S:T¥PExP) wwhere we consider no node variables, 1 node set variable
(Y {TyeExp}) " and no input state,

e 1 transition having the input symbol with the first component:
DSINGLE(Pech:DList) where we consider no node variable, no node set variable,
and one combination of input states, i.e. (1),

e 1 transition having the input symbol with the first component:
DPATR(Pecl DList,DList) - where we consider no node variable, no node set
variable, and one combination of input states, i.e. (1,1).

e 2 transitions having the input symbols with the first component:
DECL(1dent TypExpDecl) \where we consider 1 node variable (2P°¢1}), no node

set variable, and one combination of input states, i.e. (1,1). O
We handle the following four atomic formulas similarly:
o p =label,(z) € MSO*(E, V1, Vo) a7
e p=(reX)e MSO*(Z, V1, V2)aF
o o= (r==y) € MSO*(Z,V1,V2) 4.7
o p =typey(x) € MSO* (X, Vi, Vo) 4,7

where we define, for every rank £ € Ranky, the representation transitions with:



Representation of The Transitions 46

e all components of their k-tuples of input states are the state 0,

e exactly one component of their k-tuples of input states is the state 1,
whereas the other components are the states 0. Recall from subsection
6.2.2 that the state 1 is only reached:

— if we have visited a node labeled by x and o, for the formula label, (),
— if we have visited a node labeled by x and X, for the formula z € X,
— if we have visited a node labeled by x and y, for the formula x ==y,

— if we have visited a node labeled by x and 7 is the sort of the node,
for the formula type,(z).

Since we consider well-marked trees on which the automata run, then
there exists exactly one node which is labeled by z. This means we do not
need to represent the transitions with more than one component of their
k-tuples of input states are the state 1, since those transitions will never
be used due to our assumption.

These are all the possible input states of the representation transitions we may
have for these four atomic formulas with respect to our assumption. By con-
sidering these possible input states, in the following we discuss how we define
the representation of the transitions for every of these four formulas. In par-
ticular, we show how we group the input symbols from the extended ranked
alphabet (considering the behavior of the transitions) by means of our repre-
sentation input symbols, such that the transitions are defined completely and
non-overlappingly.

| ¢ = (label, (w)) € MSO* (2, V1, V2) a7 |

For this formula, first we consider the input symbols which have the same ranks
as the rank of o and then we consider the other ranks:

1. For symbols of ¥, where k € Ranky, is the rank of o:

(a) For k-tuple of input states where all components are the state 0, we
define the representation transitions for the following representation
input symbols:

o ({0}, {x},{}), where the output state of the representation tran-
sition for this representation input symbol is 1,

e ({o},{Z},{}), where the output state of the representation tran-
sition for this representation input symbol is 0,

o (i \{o},{},{}) — if the input symbols represented by this re-
presentation exist — where the output state of the representation
transition for this representation input symbol is 0.

These are all the possible representation input symbols which are
complete and non-overlapping for the k-tuple of input states where
all components are the state 0.

(b) For k-tuple of input states with exactly one component is the state 1
(and the other components are the state 0), we define the represen-
tation transitions for the following representation input symbols (if
they exist):



Representation of The Transitions 47

o {a € Xk | sortres(a) € sort(x)},{T},{}), where the output
state of the representation transition for this representation input
symbol is 1,

o ({a€Xy | sortres(a) ¢ sort(x)},{},{}), where the output state

of the representation transition for this representation input sym-
bol is 1.

These are all the possible representation input symbols which are
complete and non-overlapping, with respect to our assumption, for
the k-tuple of input states with exactly one component is the state
1. Note that for the first item, it is not necessary to define the
representation transition for the representation input symbol ({« €
Yk | sortres(a) € sort(x)}, {x},{}), since for this k-tuple of input
states it will never be used (recall that the state 1 in this k-tuple
of input states means we have visited a node in a well-marked tree
which is labeled by ¢ and x, hence there are no more nodes in that
well-marked tree which can be labeled by ).

2. For symbols of ¥/, for every k' € Ranks \ {rank(o)}:

(a)

For k’-tuple of input states where all components are the state 0,
we define the representation transitions for the representation input
symbol (X, {},{}), where the output of the representation transi-
tion for this representation input symbol is 0.

Since the representation input symbol (X, {},{}) covers every in-
put symbol in Xy, y, with the rank &/, then for this &’-tuple of input
states we have only one representation transition. In this way, the
transitions for this k’-tuple of input states are represented completely
and non-overlappingly.

For k'-tuple of input states with exactly one component is state 1 (and
the other components are the state 0), we define the representation
transitions for the following representation input symbols (if they
exist):
o ({a € Xy | sortres(a) € sort(x)}, {T},{}), where the output of
the representation transition for this representation input symbol
is 1,
o ({a € Xy | sortres(a) ¢ sort(x)}, {},{}), where the output of
the representation transition for this representation input symbol
is 1.
These are all the possible representation input symbols which are
complete and non-overlapping, with respect to our assumption, for
the k-tuple of input states with exactly one component is the state
1. Note that for the first item, it is also not necessary to define
the representation transitions for the representation input symbol
({a € Zk | sortres(a) € sort(z)},{z},{}) for the same reason as
mentioned in item 1b.
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Formally, we define dtrans(p) as the smallest set by the following scheme:
If rank(o) = k with k € Ranky, then:

(considering the k-tuple of input states with all components are the state 0)

o (dtx(({o}, {z},{}) (a1, -, k) = 1) € dirans(p)

with ¢; = 0 for every i € [k],

o (dt(({o}, {Z}, {}): (a1, ..., ax)) = 0) € dtrans(p)
with ¢; = 0 for every i € [k],

o if ¥ \ {0} # 0, then:

(dtr(Z \ {o b {1 A}, (1, -, ax)) = 0) € dtrans(y)
with ¢; = 0 for every i € [k],

(considering the k-tuple of input states with exactly one component is the state
1)
e if there is @ € Xy, with sort,.s(a) € sort(z), then:
for every i € [k] with ¢; = 1:
(dtr(({a € Ty | sortres() € sort(x)}, {T}.{}),
(q1y---3Giy---,qk)) = 1) € dtrans(p),
where for every j € [k] \ {i}: ¢; =0,
e if there is @ € Xy, with sort,.s(a) ¢ sort(z), then:
for every i € [k] with ¢; = 1:
(dtr(({a € Ty | sortres(a) & sort(z)} {}.{}),
(q1y--3Qis- -5 qx)) = 1) € dtrans(p),
where for every j € [k] \ {i}: ¢; = 0.

And for every k' € Ranky, \ {rank(c)}, we have the following:

(considering the k-tuple of input states with all components are the state 0)

o (dtr (k{141 (q1,---,qr)) = 0) € dtrans(y)
with ¢; = 0 for every i € [k'],

(considering the k-tuple of input states with exactly one component is the state
1)
e if there is o € Xy with sort,s(a) € sort(z), then:
for every i € [k'] with ¢; = 1:
(dtp (({a € B | s0rtres(@) € sort(x)}, {T}, {}),
(@1, -3 Giy---,qx)) = 1) € dtrans(y),

where for every j € [K']\ {i}: ¢; =0,
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o if there is o € Xy with sortyes(«) ¢ sort(x), then:
for every i € [k'] with ¢; = 1:

(dte ({a € B | sortres(a) & sort(z)}, {} {}),
(G1y- - Giy-- - qr)) = 1) € dtrans(p),

where for every j € [k']\ {¢}: ¢; =0.
We give an example.

Example 3. Consider the formula ¢ = labelpger(z) € MSO*(X, Vi, Va2)a 7
Then:

dtrans(e) = { {IDENT, INTTYP,BDDLTYP}, L4, () =0,

((
dt, (({DSINGLE}, {}, {}), (0 )) =
dt,(({DSINGLE}, {}, {}), (1
dts(({DECL}, {z}, {}),
dts(({DECL}, {7}, {}),
dta(({DECL}, {7}, {}),
dts(({DECL}, {7}, {}),
dts(({DPAIR}, {}, {}),
dta(({DPAIR}, {},{}),
dta(({DPAIR}, {},{}),

‘90 =(reX)e MSO*(27V1;V2)A,]:‘

For this formula, we consider for every rank k € Ranky, the following:

1. For k-tuple of input states with all components are the state 0, we de-
fine the representation transitions for the following representation input
symbols (if they exist):

o ({o € Xy | sortres(o) € sort(z)},{z},{X}), where the output state
of the representation transition for this representation input symbol
is 1,

e ({0 € Xy | sortres(o) € sort(x)}, {z}, {X}), where the output state
of the representation transition for this representation input symbol
is 0,

o ({o €% | sortres(o) € sort(x)},{Z},{ }), where the output state of
the representation transition for this representation input symbol is
0,

o ({0 € Xy | sortres(o) ¢ sort(x)},{},{}), where the output state of

the representation transition for this representation input symbol is
0.

These are all the possible representation input symbols which are complete
and non-overlapping for the k-tuple of input states where all components
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are the state 0. Note that we choose to group the input symbols for this
k-tuple of input states by deciding for every o € Xy, whether sort,.s(c) €
sort(z) or sorty.s(o) ¢ sort(xz). Another alternative is to group them by
deciding for every o € ¥y, whether sort,..;(o) € sort(X) or sorty.s(o) ¢
sort(X), but this makes no difference, since for this formula sort(xz) =
sort(X) (cf. definition 23).

2. For k-tuple of input states with exactly one component is the state 1
(and the other components are the state 0), we define the representation
transitions for the following representation input symbols (if they exist):

o ({o €3y | sortres(o) € sort(z)},{T},{}), where the output state of
the representation transition for this representation input symbol is

L

o ({0 € Xy | sortres(o) ¢ sort(x)},{},{}), where the output state of
the representation transition for this representation input symbol is
1.

These are all the possible representation input symbols which are complete
and non-overlapping, with respect to our assumption, for the k-tuple of
input states with exactly one component is the state 1. Note that for the
first item, it is not necessary to define the representation transition for the
representation input symbol ({o € Xy | sortres(o) € sort(x)}, {z}, {}),
since for this k-tuple of input states it will never be used (recall that the
state 1 in this k-tuple of input states means that we have visited a node in
a well-marked tree which is labeled by x and X, hence there are no more
nodes in that well-marked tree that can be labeled by x).

Formally, we define dtrans(p) as the smallest set by the following scheme:
For every k € Ranks:

(considering the k-tuple of input states with all components are the state 0)

e if there is o € ¥y, with sort,.s(c) € sort(x) then:

= (dte(({o € By | sortres(o) € sort(x)}, {z}, {X}), (g1, qr)) = 1)
€ dtrans(p)
with ¢; = 0 for every j € [k],

= (dty(({o € Bk | sortyes(0) € sort(x)}, {z}. {X}), (@1,---. k) = 0)
€ dtrans(y)
with ¢; = 0 for every j € [k],

— (dtp(({o € Tk | sortres(o) € sort(x)}, {Z},{}), (q1,--.,qx)) =0)
€ dtrans(p)
with ¢; = 0 for every j € [k],

e if there is o € Xy, with sort,.s(c) ¢ sort(x) then:
(dti(({o € B | sortres(o) & sort(z)}, {}, {}),
(q1,-..,qr)) = 0) € dtrans(p)

with ¢; = 0 for every j € [k],



Representation of The Transitions 51

(considering the k-tuple of input states with exactly one component is the state
1)
e if there is o € Xy with sort,.s(o) € sort(x) then:
for every j € [k] with ¢; = 1:

(dtp(({o € 2k | sortyes(o) € sort(x)},{Z}, {}),
(Q1s--sGjs---yqr)) = 1) € dtrans(yp),
where for every ¢ € [k] \ {j}: ¢ =0,
e if there is o € Xy with sort,.s(o) ¢ sort(x) then:
for every j € [k] with ¢; = 1:

(dix(({o € By, | sortres (o) ¢ sort(z)}, {}, {}),
(Q1a BN ERRE) qk)) = 1) € dtrans(ga),
where for every i € [k] \ {j}: ¢ =0,
We give an example.

Example 4. Consider the formula ¢ = (y € X) € MSO*(3,V1,V2) 4, 7. Then:

dtrans(p) =1{ dto(({IDENT}, {y},{X}),()) =
dto(({IDENT}, {y}, {X}), ()
dto(({IDENT}, {7}, {}), () =

dto(({INTTYP, BOOLTYP}, {},{}),()) =0

((
((
((
((
dt (({DSINGLE}, {}, {}), (0)) = 0
(( (
((
((
((

0

dt, ({DSINGLE}, {1}, {}), (1)) = 1

dto(({DECL, DPAIR}, {},{}), (0,0))

dto(({DECL, DPAIR}, {}, {}), (1,0))
1),(0,1))

0
1
dto(({DECL,DPAIR}, {}, { 1

}

¢ = (& ==y) € MSO* (2, V1, Va)a 7]

For this formula, we consider for every rank k£ € Ranky, the following:

1. For k-tuple of input states with all components are the state 0, we de-
fine the representation transitions for the following representation input
symbols (if they exist):

o ({o € B | sortres(o) € sort(x)}, {z, vy}, {}), where the output state
of the representation transition for this representation input symbol
is 1,

o ({o € 3y | sortyes(o) € sort(z)},{z,y}, where the output state of

the representation transition for this representation input symbol is
0,
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o ({o € X | sortres(o) € sort(z)},{T},{ }), where the output state of
the representation transition for this representation input symbol is
0,

o ({o € Xy | sortres(o) ¢ sort(z)},{},{}), where the output state of

the representation transition for this representation input symbol is
0.

These are all the possible representation input symbols which are complete
and non-overlapping for the k-tuple of input states where all components
are the state 0. Note that we choose to group the input symbols for this
k-tuple of input states by deciding for every o € ¥y, whether sort,.s(c) €
sort(z) or sorty.s(o) ¢ sort(xz). Another alternative is to group them by
deciding for every o € X, whether sort,.s(o) € sort(y) or sort..s(o) ¢
sort(y), but as in the formula x € X, this also makes no difference, since
for this formula sort(z) = sort(y) (cf. definition 23).

. For k-tuple of input states with exactly one component is the state 1
(and the other components are the state 0), we define the representation
transitions for the following representation input symbols (if they exist):

o ({o € Xy | sortres(o) € sort(x)},{Z,y}, {}), where the output state
of the representation transition for this representation input symbol
is 1,

o ({0 € Xy | sortres(o) ¢ sort(z)},{},{}), where the output state of

the representation transition for this representation input symbol is
1.

These are all the possible representation input symbols which are complete
and non-overlapping, with respect to our assumption, for the k-tuple of
input states with exactly one component is the state 1. Note that for the
first item, it is not necessary to define the representation transition for the
representation input symbols with the second components: {z,y}, {z,7},
and {Z, y}, since for this k-tuple of input states it will never be used (recall
that the state 1 in this k-tuple of input states means that we have visited
a node in a well-marked tree which is labeled by x and y, hence there are
no more nodes in that well-marked tree that can be labeled either by x or

by ).

Formally, we define dtrans(p) as the smallest set in the following scheme:

For every k € Ranky:

(considering the k-tuple of input states with all components are the state 0)

e if there is o € ¥y, with sort,.s(c) € sort(x) then:

= (dtr(({o € Xy [ sortres(0) € sort(2)}, {2, 9}, {}); (a1, -, ) = 1)

€ dtrans(y)
with ¢; = 0 for every j € [k],

= (dtr(({o € Xy [ sortres(0) € sort(2)}, {2, 5}, {}): (a1, -, k) = 0)

€ dtrans(p)
with ¢; = 0 for every j € [k],
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= (dte(({o € B | sortres(o) € sort(x)},{Z},{}), (q1,- - -, k) = 0)
€ dtrans(p)
with ¢; = 0 for every j € [k],

e if there is o € ¥y, with sort,.s(c) ¢ sort(x) then:

(dte(({o € i | sortres(o) ¢ sort(x)}, {},{}),
(q1,-..,qr)) = 0) € dtrans(p)

with ¢; = 0 for every j € [k],
(considering the k-tuple of input states with exactly one component is state 1)
e if there is o € Xy with sort,.s(o) € sort(x) then:
for every j € [k] with ¢; = 1:
(dtx(({o € Tk | sortyes(o) € sort(z)},{T, 7}, {}),
(s Gjs---yqr)) = 1) € dtrans(yp),
where for every i € [k] \ {j}: ¢ =0
o if there is o € Xy, with sort,es(o) ¢ sort(x) then:
for every j € [k] with ¢; = 1:
(dtr(({o € By | sortres(o) ¢ sort(x)},{}.{}),
(Q1a RN ERRE) qk)) = 1) € dtrans(ga),
where for every i € [k]\ {j}: ¢ =0

We give an example.

Example 5. Consider the formula ¢ = (y == z) € MSO*(Z,V1,Vo)a r
Then:
dtrans(p) = { dto(({IDENT}, {y, 2},{}), () =

dto(({TDENT}, {y, 2}, {}), () =
dto(({IDENT}, {7}, {}), () = 0,
dto(({INTTYP, BOOLTYP}, {}, {}) ()=
dt1 (({DSINGLE}, {}, {}), (0)) =
dt1 ({DSINGLE}, {}, {}), (1)) = 1,
dto(({DECL,DPAIR}, {},{}), (0,0)) =0,
dto(({DECL,DPAIR}, {},{}),(1,0)) =1,
dto(({DECL,DPAIR}, {},{}),(0,1))=1 }
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| ¢ = (type, (2)) € MSO*(2,V1, V) 4 7|

For this formula, we consider for every rank k£ € Ranky, the following:

1. For k-tuple of input states with all components are the state 0, we de-
fine the representation transitions for the following representation input
symbols (if they exist):

(a) ({o € Zk | sortres(o) = n}, {x},{}), where the output state of the
representation transition for this representation input symbol is 1,

(b) ({o € Zk | sortres(o) = n},{T},{}), where the output state of the
representation transition for this representation input symbol is 0,

(¢) ({o € Ik | sortres(o) # n},{},{}), where the output state of the
representation transition for this representation input symbol is 0.

These are all the possible representation input symbols which are complete
and non-overlapping for the k-tuple of input states where all components
are the state 0.

2. For k-tuple of input states with exactly one component is the state 1
(and the other components are the state 0), we define the representation
transitions for the following representation input symbols (if they exist):

o ({o€Xy | sortres(o) € sort(x)}, {T},{}), where the output state of
the representation transition for this representation input symbol is
L

o ({0 € Xy | sortres(o) ¢ sort(x)},{},{}), where the output state of
the representation transition for this representation input symbol is
1

)

These are all the possible representation input symbols which are complete
and non-overlapping, with respect to our assumption, for the k-tuple of
input states with exactly one component is the state 1. Note that for the
first item, it is not necessary to define the representation transition for the
representation input symbol ({o € Xy | sortyes(o) € sort(x)}, {x}, {}),
since for this k-tuple of input states it will never be used (recall that the
state 1 in this k-tuple of input states means that we have visited a node in
a well-marked tree with the sort s and which is labeled by x, hence there
are no more nodes in that well-marked tree that can be labeled by z).

Formally, we define dtrans(p) as the smallest set by the following scheme:
For every k € Ranky:

(considering the k-tuple of input states with all components are the state 0)

e if there is o € Xy with sort,.s(c) =7, then:

— (dtr(({o € T | sortres(o) = nt {z}, {}): (q1: - aw)) = 1)
€ dtrans(p)
with ¢; = 0 for every j € [k],
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= (dtr(({o € Xy [ sortres(0) =0} {7} {}), (q15- -+ qx)) = 0)
€ dtrans(p)

with ¢; = 0 for every j € [k],

e if there is o € ¥y, with sort,.s(c) # n, then:

(dtr(({o € Ty | sortres(o) # 0} {}{}), (a1, -, k) = 0) € dirans(e)
with ¢; = 0 for every j € [k],

(considering the k-tuple of input states with exactly one component is state 1)
e if there is o € ¥y, with sort,.s(c) € sort(x), then:
for every j € [k] with ¢; = 1:
(dtr(({o € T | sortres(0) € sort(x)}, {T}, {}),
(Q1a sy ey qk)) = 1) € dtrans(ga),
where for every i € [k]\ {j}: ¢ =0,
e if there is o € ¥y, with sort,.s(c) ¢ sort(x), then:
for every j € [k] with ¢; = 1:
(dtr(({o € T | sortres(o) & sort(x)}, {},{}),
(G1s--Gjs---yqr)) = 1) € dtrans(yp),
where for every i € [k] \ {j}: ¢ =0,
We give an example.

Example 6. Consider the formula ¢ = typemer(y) € MSO*(X,V1,V2)a 7
Then:

dtrans(¢) ={ dto({TDENT}, {y}, {}). () =
dto(({IDENT}, {7} {}). ())
dto(({INTTYP,BOOLTYP} {} {}) ()) =0,
dt: (({DSINGLE}, {}, {}), (0))
s ({DSTNGLE}, {}. (1), (1)) = 1
dts(({DECL, DPATR}, {}, {}). (0,0)) = 0,
dt(({DECL, DPATRY, {}, {}). (1,0)) = 1,
dt(({DECL, DPATR}, {}, {}), (0,1)) =1 }

O

For these four atomic formulas, we give a comparison of the number of the
transitions using our representation with those transitions which are constructed
by following the formal construction given in subsection 6.2.2 (where we consider
for every input symbol, every state as the input of a transition functions). The
comparison is shown in table 7.2.

Note that we have the same number of transitions which are constructed fol-
lowing the formal construction given in subsection 6.2.2 (in the column ”Non-
represented”). Those transitions are obtained from the following;:
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MSO* Formula Non-represented Represented

label,(x) 26 10
reX 26 9
==y 26 9
type,(z) 26 8

Table 7.2: A comparison of the number of transitions (represented and non-
represented) for the formulas label,(z), z € X, x == y, and type,(x)

8 transitions having the input symbols with the first component:
IDENT(®:14e2%) ' where we consider 2 node variables (y{14ent} and z{Ident})
1 node set variable (X {T9e7t}) "and no input state,

2 transitions having the input symbols with the first component:
INTTYP(&TPEP)  wwhere we consider no node variables, 1 node set variable
(Y {TyeExp}) "and no input state,

2 transitions having the input symbols with the first component:
BOOLTYP(S:T¥PExP) wwhere we consider no node variables, 1 node set variable
(Y {1yeExp}) " and no input state,

2 transitions having the input symbols with the first component:
DSINGLE(Pech:PList) = where we consider no node variables, no node set
variable, and two combinations of input states, i.e. (0) and (1)

4 transitions having the input symbols with the first component:
DPATR(Decl DList.DList) ~ where we consider no node variable, no node set
variable, and four combinations of input states, i.e. (0,0), (0,1), (1,0), and

(1,1),

8 transitions having the input symbols with the first component:
DECL(1dent TypExpDecl) wwhere we consider 1 node variable (2{P*¢1}), no node
set variable, and four combinations of input states, i.e. (0,0), (0,1), (1,0),
and (1,1).

Now we consider the following two atomic formulas which we handle similarly:

v =edge;i(z,y)) € MSO*(X, V1, Vo) A, 7
v = over(z,y) € MSO*(Z, V1, Vo) a7

We define, for every rank k& € Ranks, the representation transitions for these
two formulas with the following input states:

all components of their k-tuples of input states are the state 0,

exactly one component of their k-tuples of input states is the state 1,
whereas the other components are the states 0. Recall from subsection
6.2.2 that the state 1 is reached, if we have visited a node labeled by .
And since we consider well-marked trees on which the automata run, then
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there exists exactly one node which is labeled by y. This means we do not
need to represent the transitions with more than one component of their
k-tuples of input states are the state 1, since those transitions will never
be used due to our assumption.

Note that for the formula edge;(z,y), following its operational semantics
defined in subsection 6.2.2, we shall distinguish in the definition of the
representation transitions for this k-tuple of input states into the cases
whether the state 1 is at the i-th position (for ¢ < k) or the state 1 is not
at the i-th position. On the other hand, these two cases have no difference
for the formula over(z,y). Hence, for the formula over(x,y) we do not
make such distinction.

e exactly one component of their k-tuples of input states is the state 2,
whereas the other components are the states 0. We also do not need to
represent the transitions with more than one component of their k-tuples
of input states are the state 2, since state 2 is reached, if we have visited
a node labeled by z (after visited a node labeled by y beforehand) and
in well-marked trees on which the automata run there exists exactly one
node which is labeled by .

These are all the possible input states of the representation transitions we may
have for both atomic formulas with respect to our assumption. By considering
these possible input states, in the following we discuss how we define the repre-
sentation of the transitions for these two formulas. In particular, we show how
we group the input symbols from the extended ranked alphabet (considering
the behavior of the transitions) by means of our representation input symbols,
such that the transitions are defined completely and non-overlappingly. The
only difference in grouping input symbols between these two formulas is only
when we consider the k-tuple of input states which has exactly one component
of the state 1.

[ = (edgei(z,y) € MSO*(E, V1, Vo) az |

For this formula, we consider for every rank k£ € Ranky, the following:

1. For k-tuple of input states with all components are the state 0, we de-
fine the representation transitions for the following representation input
symbols (if they exist):

o ({o € Xy | sortres(o) € sort(y)},{y},{}), where the output state of
the representation transition for this representation input symbol is

L

o ({o € Xy | sortres(o) € sort(y)},{v},{}), where the output state of
the representation transition for this representation input symbol is
0,

o ({o € Xy | sortres(o) ¢ sort(y)},{},{}), where the output state of
the representation transition for this representation input symbol is
0.

These are all the possible representation input symbols which are complete
and non-overlapping for the k-tuple of input states where all components
are the state 0.
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2. For k-tuple of input states with exactly one component is the state 1 at
the i-th position (for i < k), we define the representation transitions for
the following representation input symbols (if they exist):

o ({0 € X | sortres(0) € sort(x) A sortres(c) € sort(y) A sorti,, (o) €
sort(y)}, {z, 7}, {}),
where the output state of the representation transition for this repre-
sentation input symbol is 2,

o ({o € Xk | sortres(o) € sort(x) A sortyes(o) € sort(y) A sorti, (o) €
sort(y)}, {7, v}, {}),
where the output state of the representation transition for this repre-
sentation input symbol is 0,

o ({0 € X | sortres(o) € sort(x) A sortres(c) & sort(y) A sorti,, (o) €
sort(y)} L, (1),
where the output state of the representation transition for this repre-
sentation input symbol is 2,

o ({0 € Xk | sortres(o) € sort(z) A sortres(c) ¢ sort(y) A sortin, (o) €
sort(y)}, {7} 1),
where the output state of the representation transition for this repre-
sentation input symbol is 0,

o ({0 € Xk | sortres(o) & sort(x) A sortyes(o) € sort(y) A sorty,, (o) €
sort(y)}, {7} 1)),
where the output state of the representation transition for this repre-
sentation input symbol is 0,

o ({0 € Xk | sortres(o) & sort(x) A sortyes(o) ¢ sort(y) A sorti,, (o) €
sort(y)}, {}, {}),
where the output state of the representation transition for this repre-
sentation input symbol is 0.

Note that for this k-tuple of input states, we check whether we are visiting
a node which is labeled by x, after having visited its direct i-th successor
node labeled by y. The grouping of input symbols is made concerning the
sorts of the variables x and y. Moreover, for this k-tuple of input states,
we only represent the transitions where the i-th input sort of an input
symbol (which is the sort of the i-th successor node of this input symbol)
is in the sort of y. The reason is that, the state 1 at the i-th position
is reached only if the direct i-th successor node of the input symbol we
consider is labeled by y. Then, if the sort of the direct i-th successor node
of the input symbol we consider is not in the sort of y, this i-th successor
node can not be labeled by y. Hence, it is also not the case that the input
state at the i-th position of the k-tuple is the state 1.

By this way of grouping, the representation transitions for this k-tuple of
input states are defined completely and non-overlappingly, with respect to
our assumption.

3. For k-tuple of input states with exactly one component is the state 1 at
the m-th position, where m € [k] and m # i, we define the representation
transitions for the following representation input symbols (if they exist):
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o ({0 € Xk | sortres(o) € sort(y) A sorty,,, (o) € sort(y)}, {y}, {}),
where the output state of the representation transition for this repre-
sentation input symbol is 0,

o ({0 € Xk | sortres(o) & sort(y) A sorti,,, (o) € sort(y)}, {},{}),
where the output state of the representation transition for this repre-
sentation input symbol is 0.

Note that for this k-tuple of input states, in grouping the input symbols
we do not distinguish whether they are labeled by = or not, since this k-
tuple of input states means that we have visited a successor node which is
labeled by y and this node is not the i-th successor node. Hence, the fact
that we are visiting a node which is labeled or not labeled by x afterward
is not significant (since both give the same output state). The grouping of
input symbols is made concerning the sorts of the variable y. Moreover,
for the same reason as in the case where the state 1 is at the i-th position,
we only represent the transitions where the m-th input sort of an input
symbol (which is the sort of the m-th successor node of this input symbol)
is in the sort of y.

By this way of grouping, the representation transitions for this k-tuple of
input states are defined completely and non-overlappingly, with respect to
our assumption.

4. For k-tuple of input states with exactly one component is state 2 (and the
other components are the state 0), we define the representation transitions
for the following representation input symbols (if they exist):

o ({0 €Xy | sortres(o) € sort(x) N sortres(c) € sort(y)}, {Z, g}, {}),
where the output state of the representation transition for this repre-
sentation input symbol is 2,

o ({o € Iy | sortres(o) € sort(x) N sortres(o) ¢ sort(y)},{T},{}),
where the output state of the representation transition for this repre-
sentation input symbol is 2,

o ({o € Xy | sortres(o) & sort(x) A sortres(o) € sort(y)}, {y}.{}),
where the output state of the representation transition for this repre-
sentation input symbol is 2,

o ({o € Zp | sortres(o) ¢ sort(z) A sortres(o) ¢ sort(y)}, {},{}),
where the output state of the representation transition for this repre-
sentation input symbol is 2,

The grouping of input symbols is made concerning the sorts of the vari-
ables x and y. By this way of grouping, the representation transitions for
this k-tuple of input states are defined completely and non-overlappingly,
with respect to our assumption. No representation transitions with repre-
sentation input symbols labeled by variable without overline (either z or
y) are needed, since by our assumption those transitions are never used.
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Formally, we define dtrans(p) as the smallest set by the following scheme:
For every k € Ranky:

(considering the k-tuple of input states with all components are the state 0)
e if there is o € Xy with sort,.s(o) € sort(y) then:

— (dtr(({o € T | sortres(0) € sort(y)} . {y}, {}): (q1.-- - aw)) = 1)
€ dtrans(p)
with ¢; = 0 for every j € [k],

— (dix(({o € I | sortres(o) € sort(y)}, {F}{}); (a1, -, ak)) = 0)
€ dtrans(p)
with ¢; = 0 for every j € [k],

o if there is 0 € Xj, with sort,es(0) ¢ sort(y) then:

(dti(({o € X | sortres(o) & sort(y)}, {} {}),
(q1,--.,qr)) = 0) € dtrans(p)

with ¢; = 0 for every j € [k],

(considering the k-tuple of input states with exactly one component is the state
1 at the i-th position, for i < k)

o if there is 0 € ¥j with sort,.s(o) € sort(z), sortres(o) € sort(y), and
sortn, (o) € sort(y) then:
Let ielemgy = {0 € Z | sortres(0) € sort(x) A sortres(o) € sort(y) A
sortin, (o) € sort(y)}.

— (dtg((ielemgy, {2, 7}, {}), (@1, -, @, - -, qx)) = 2) € dtrans(yp)
with ¢; = 1 and for every m € [k] \ {i}: ¢m =0,

— (dtx((ielemqy, {Z, 7}, {}), (q1, - - @iy - . -, q)) = 0) € dtrans(p)
with ¢; = 1 and for every m € [k] \ {i}: ¢m =0,

e if there is o € 3y with sort,.s(o) € sort(z), sorty.s(c) ¢ sort(y), and
sortin, (o) € sort(y) then:
Let ielem, = {o € Z | sortyes(o) € sort(x) A sortres(o) & sort(y) A
sortiy, (o) € sort(y)}.

- (dtk((lelemma {ZL'}, {})7 (‘hv L P qk)) = 2) € dtrans(cp)
with ¢; = 1 and for every m € [k] \ {i}: ¢gm =0,

— (dtr((telemy, {T},{}), (@15 -+ iy -, qx)) = 0) € dtrans(p)
with ¢; = 1 and for every m € [k] \ {i}: ¢gm =0,

o if there is 0 € ¥y with sort,.s(o) ¢ sort(z), sortres(o) € sort(y), and
sortn, (o) € sort(y) then:
Let ielemy = {0 € X | sortres(o) ¢ sort(x) A sortres(o) € sort(y) A
sortin, (o) € sort(y)}.
(dti((ielemy, {g},{}), (g1, s - -, qk)) = 0) € dtrans(p)
with ¢; = 1 and for every m € [k] \ {i}: gm =0,
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o if there is 0 € ¥j with sort,.s(o) ¢ sort(z), sortres(o) ¢ sort(y), and

sort, (o) € sort(y) then:
Let ielem = {0 € Xy | sortyes(o) € sort(x) A sortres(o) ¢ sort(y) A
sortin, (o) € sort(y)}.

(dtg((ielem, {},{}), (q1, -, qis-- -, qx)) = 0) € dtrans(p)
with ¢; = 1 and for every m € [k] \ {i}: ¢m =0,

(considering the k-tuple of input states with exactly one component is the state
1 at the m-th position, where m € [k] and m # i)

e if there is o € Xy with sort,.s(o) € sort(y) then:

For every m € [k] \ {i} with sort,,, (o) € sort(y) and g, = 1:
Let melemy = {0 € 3y, | sortyes(0) € sort(y) A sorti,, (o) € sort(y)}.

(dti((melemy, {g}, {}): (@1s-- s qm,-- -, qx)) = 0) € dirans(p),
where for every n € [k] \ {m}: ¢, =0,

o if there is 0 € Xj, with sort,es(0) ¢ sort(y) then:

For every m € [k] \ {i} with sort;,,, (o) € sort(y) and ¢, = 1:
Let melem = {o € Xy, | sortres(o) & sort(y) N sorti,, (o) € sort(y)}.

(dtg((melem,{},{}), (q1,-- -, @m,---,qx)) = 0) € dtrans(yp),
where for every n € [k] \ {m}: ¢, =0,

(considering the k-tuple of input states with exactly one component is the state

2)

o if there is 0 € Xy with sort,.s(o) € sort(z) and sortyes(c) € sort(y) then:

Let jelemgy = {0 € L | sortres(o) € sort(z) A sortres(o) € sort(y)}.
For every j € [k] with ¢; = 2:

(dti((Gelemgy, {7, 7}, {}), (@15 -+, G5, - - -, qr)) = 2) € dirans(p),

where for every j' € [k]\ {j}: ¢ =0,

o if there is 0 € Xy, with sort,es(0) € sort(z) and sort,.s(o) ¢ sort(y) then:

Let jelemy = {0 € Ty | sortyes(0) € sort(z) A sortres(o) ¢ sort(y)}.
For every j € [k] with ¢; = 2:

(dtr((jelemy, {T},{}), (q1,-- -1 455 -5 qr)) = 2) € dirans(yp),

where for every j' € [k]\ {j}: ¢;» =0,

o if there is 0 € Xy with sort,.s(o) ¢ sort(z) and sortyes(c) € sort(y) then:

Let jelemy = {0 € 3y, | s0rtres(0) ¢ sort(x) N sortres(o) € sort(y)}.
For every j € [k] with ¢; = 2:

(dtrp((jelemy, {7} {}): (@1, -1 45, .-, qr)) = 2) € dtrans(yp),

where for every j' € [k]\ {j}: ¢ =0,

o if there is 0 € Xy with sort,.s(o) ¢ sort(z) and sortyes(o) ¢ sort(y) then:

Let jelem = {o € Xy, | s0rtres(0) & sort(x) A sortres(o) ¢ sort(y)}.
For every j € [k] with ¢; = 2:

(dtk((jelem’ {}a {})7 ((Z1, RN (A aqk)) =2)¢€ dtrans(go),
where for every j' € [k]\ {j}: ¢ =0,
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We give an example.

Example 7. Consider the formula ¢ = edgei(z,y) € MSO*(3,V1,Va)a .

Then:

dtrans(e) = { dto(({IDENT}, {y},{}),()) =1,
dto({IDENT}, {7}, {}),()) =0
dto(({INTTYP, BOOLTYP}, {},{}),()) =0,
dt, ({DSINGLE}, {}, {}), (0)) =0,
dt, ({DSINGLE}, {}, {}), (2)) = 2,
dto(({DECL,DPAIR}, {},{}), (0,0)) =0,
dtz(({DECL}, {x},{}), (1,0)) = 2,
dtQ(({DECL}v {f}a {})7 (L 0)) =0,
dtQ(({DECL}’ {f}a {})7 (2a 0)) =2,
dto(({DECL}, {7}, {}),(0,2)) = 2,
dtz(({DPAIR}, {},{}), (2,0)) = 2,
dts(({DPAIR}, {},{}),(0,2)) =2 }

Note that we do not have the following representation transitions:

dt1 (({DSINGLE}, {},{}), (1)) = 1, since the sort of the first successor node
of DSINGLE is Decl, and such node can not be labeled by y, which has the
sort {Ident}.

dt2(({DECL}, {},{}), (0,1)) = 0, since the sort of the second successor node
of DECL is TypExp, and such node can not be labeled by y, which has the
sort {Ident}.

dt2(({DPAIR}, {},{}), (1,0)) = 1, since the sort of the first successor node
of DPAIR is Decl, and such node can not be labeled by y, which has the
sort {Ident}.

dt2(({DPAIR}, {},{}),(0,1)) = 0, since the sort of the second successor
node of DPAIR is DList, and such node can not be labeled by y, which has
the sort {Ident}. O

o=

(x over y) € MSO*(E,V1,V2) 4.7 ‘

For this formula, we consider for every rank k£ € Ranky, the following:

1.

For k-tuple of input states with all components are the state 0, we de-
fine the representation transitions for the following representation input
symbols (if they exist):

o ({o € Xy | sortres(c) € sort(y)}, {y}, {}), where the output state of
the representation transition for this representation input symbol is
L

o ({0 € Xy | sortres(c) € sort(y)}, {y}, {}), where the output state of
the representation transition for this representation input symbol is
0,
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o ({o € Xy | sortres(o) ¢ sort(y)},{},{}), where the output state of
the representation transition for this representation input symbol is
0.

These are all the possible representation input symbols which are complete
and non-overlapping for the k-tuple of input states where all components
are the state 0.

2. For k-tuple of input states with exactly one component is the state 1, we
define the representation transitions for the following representation input
symbols (if they exist):

o ({0 € Xy | sortyes(o) € sort(x) A sortres(o) € sort(y)}, {z, v}, {}),
where the output state of the representation transition for this repre-
sentation input symbol is 2,

o ({0 € Xy | sortyes(o) € sort(x) A sortres(o) € sort(y)}, {Z,7}, {}),
where the output state of the representation transition for this repre-
sentation input symbol is 1,

o ({0 € Xi | sortres(o) € sort(x) N sortres(o) ¢ sort(y)},{z}, {}),
where the output state of the representation transition for this repre-
sentation input symbol is 2,

o ({0 € Xi | sortres(o) € sort(x) N sortres(o) ¢ sort(y)},{z}, {}),
where the output state of the representation transition for this repre-
sentation input symbol is 1,

o ({0 € X | sortres(o) & sort(x) A sortres(o) € sort(y)}, {g}, {}),
where the output state of the representation transition for this repre-
sentation input symbol is 1,

o ({0 € X | sortres(o) & sort(x) N sortyes(o) ¢ sort(y)}, {}, {}),
where the output state of the representation transition for this repre-
sentation input symbol is 1,

Note that for this k-tuple of input states, we check whether we are visiting
a node which is labeled by x, after having visited a node labeled by y. The
grouping of input symbols is made concerning the sorts of the variables
z and y. In contrast to the formula edge;(x,y), here we do not need to
consider a particular node successor, since the state 1 in the input state
is reached whenever we have visited a node (not necessarily a particular
direct successor) labeled by y.

By this way of grouping, the representation transitions for this k-tuple of
input states are defined completely and non-overlappingly, with respect to
our assumption.

3. For k-tuple of input states with exactly one component is state 2 (and the
other components are the state 0), we define the representation transitions
for the following representation input symbols (if they exist):

o ({0 €3y | sortres(o) € sort(x) N sortres(c) € sort(y)}, {Z,y}, {}),
where the output state of the representation transition for this repre-
sentation input symbol is 2,
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o ({0 € Xy | sortres(o) € sort(x) N sortres(o) ¢ sort(y)},{z}, {}),
where the output state of the representation transition for this repre-
sentation input symbol is 2,

o ({0 € Xi | sortres(o) & sort(x) A sortres(o) € sort(y)}, {y}, {}),
where the output state of the representation transition for this repre-

sentation input symbol is 2,

o ({0 € X | sortres(o) & sort(x) N sortyes(o) ¢ sort(y)}, {}, {}),
where the output state of the representation transition for this repre-

sentation input symbol is 2,

The grouping of input symbols is made concerning the sorts of the vari-
ables x and y. By this way of grouping, the representation transitions for
this k-tuple of input states are defined completely and non-overlappingly,
with respect to our assumption. No representation transitions with repre-
sentation input symbols labeled by variable without overline (either z or
y) are needed, since by our assumption those transitions are never used.

Formally, we define dtrans(y) as the smallest set by the following scheme:
For every k € Ranks:

(considering the k-tuple of input states with all components are the state 0)
e if there is o € Xj, with sort,.s(c) € sort(y) then:

— (dix(({o € T | sortres(o) € sort(y)}, {y}, {}); (a1, k) = 1)
€ dtrans(p)
with ¢; = 0 for every j € [k],

— (dtr(({o € Ty | sortres(0) € sort(y)} . {y}, {}): (a1, - ax)) = 0)
€ dtrans(p)
with ¢; = 0 for every j € [k],

o if there is o € Xj, with sort,es(0) ¢ sort(y) then:

(dti(({o € X | sortres(o) & sort(y)}, {}{}),
(q1,-..,qr)) = 0) € dtrans(p)

with ¢; = 0 for every j € [k],

(considering the k-tuple of input states with exactly one component is the state
1)

o if there is 0 € X with sort,.s(o) € sort(z) and sort,es(c) € sort(y) then:
Let elemly,y = {0 € E | sortres(0) € sort(xz) A sortres(o) € sort(y)}.

— for every j € [k] with ¢; = 1:
(dtr((elemlyy, {z, T} {}): (a1, G5y i) = 2) € dirans(p),
where for every i € [k]\ {j}: ¢ =0,

— for every j € [k] with ¢; = 1:

(dtk((elemlwy}’ {fa y}v {})a (qla REEN /P aqk)) =1)¢€ dtrans(go),
where for every i € [k]\ {j}: ¢ =0,
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o if there is 0 € Xy with sort,.s(o) € sort(z) and sortyes(c) ¢ sort(y) then:
Let eleml, = {0 € Ty, | s0rtres(0) € sort(x) A sortres(o) ¢ sort(y)}.

— for every j € [k] with ¢; = 1:
(dti((elemly, {x}, {}), (q1s-- -, qjs---,qr)) =2) € dtrans(p),
where for every i € [k]\ {j}: ¢ =0,

— for every j € [k] with ¢; = 1:

(dti((elemly, {Z}, {}), (@1, -1 qs---,qr)) = 1) € dtrans(p),
where for every i € [k]\ {j}: ¢ =0,

e if there is 0 € ¥ with sort,.s(o) ¢ sort(z) and sort,.s(c) € sort(y) then:
Let eleml, = {0 € Ty | sortyes(o) & sort(z) A sortres(o) € sort(y)}.
For every j € [k] with ¢; = 1:

(dtr((elemly,{y},{}), (q1,---,q5,--.,qr)) = 1) € dtrans(y),
where for every i € [k] \ {j}: ¢ =0,

e if there is 0 € ¥, with sort,.s(o) ¢ sort(z) and sort,.s(c) ¢ sort(y) then:
Let eleml = {0 € Ty, | sort,es(o) ¢ sort(x) A sortres(c) & sort(y)}.
For every j € [k] with ¢; = 1:
(dtr((elem,{},{}), (q1,---,qj,---,qr)) = 1) € dtrans(yp),
where for every i € [k] \ {j}: ¢ =0,

(considering the k-tuple of input states with exactly one component is the state
2)

o if there is o € Xy, with sort,.s(o) € sort(x) and sort,.s(o) € sort(y) then:
Let elem2,, = {0 € E, | sortres(o) € sort(xz) A sortr.s(o) € sort(y)}.
For every j € [k] with ¢; = 2:

(dti((elem24y,{Z, 7}, {}): (@1, -+ ¢, - - -y qx)) = 2) € dtrans(yp),
where for every i € [k] \ {j}: ¢ =0,

o if there is o € Xy, with sort,.s(o) € sort(x) and sort,.s(o) ¢ sort(y) then:
Let elem2, = {0 € Ty, | s0rtres(0) € sort(x) A sortres(o) ¢ sort(y)}.
For every j € [k] with ¢; = 2:

(dti((elem24,,{Z}, {}), (@1, -+ 455 -+, qr)) = 2) € dtrans(yp),
where for every i € [k] \ {j}: ¢ =0,

e if there is 0 € ¥, with sort,.s(o) ¢ sort(z) and sort,.s(c) € sort(y) then:
Let elem2, = {0 € Ly | sortyes(o) & sort(z) A sortres(o) € sort(y)}.
For every j € [k] with ¢; = 2:

(dtr((elem2y,{y},{}), (q1,-- -, ¢, -, qr)) = 2) € dtrans(yp),
where for every i € [k] \ {j}: ¢ =0,

e if there is 0 € X with sort,.s(o) ¢ sort(z) and sort,.s(c) ¢ sort(y) then:
Let elem2 = {0 € Ty, | sortyes(0) ¢ sort(x) A sortres(c) & sort(y)}.
For every j € [k] with ¢; = 2:
(dtr((elem2,{},{}), (q1,---,qj,---,qr)) = 2) € dtrans(p),
where for every i € [k] \ {j}: ¢ =0,



Representation of The Transitions 66

We give an example.

Example 8. Consider the formula ¢ = (z over y) € MSO*(XZ,V1,V2)a 7
Then:

dtrans(p) = { {IDENT}, {y}, {}),

(
dto(({IDENT}, {71}, {}). ( )
dto(({INTTYP, BOOLTYP}, {}, {
dt; (({DSINGLE}, {}, {}), (0)
dt, ({DSINGLE}, {},{}), (1)

):(2)

dt1 (({DSINGLE}, {},{}), (2

}),( =0,

((
((
(( ;
(( ) =0,
(( )=1,
(( )
dto(({DECL,DPAIR}, {},{})
dt2(({DECL}, {2}, {}),
dt2(({DECL}, {z}, {}),

((

((

((

((

((

((

((

((

)

(1
), (0
dts(({DECL}, {7}, {}), (1
dtz(({DECL}, {7}, {}), (0 :
dtz(({DECL}, {7}, {}), (2 :
dtz(({DECL}, {7}, {}), (0,

) (1

); (0

) (2

); (0

)

dt2(({DPAIR}, {}, {}),
dto(({DPAIR}, {},{}),
dto(({DPAIR}, {},{}),
dts(({DPAIR}, {1}, {}),

)
)
)

0
1
2,
0))
2
2
=1,
1
2
2
1
1
2
2

}
O

We give a comparison of the transitions for these two formulas, by comparing
the number of transitions using our representation and those which are con-
structed by following the formal construction given in subsection 6.2.2, where
we consider for every input symbol, every state as the input of a transition
function. This is shown in table 7.3.

MSO* Formula Non-represented Represented
edge;(x,y) 42 12
over(z,y) 42 17

Table 7.3: A comparison of the number of transitions (represented and non-
represented) for the formulas edge;(z,y) and over(z,y)

Note that we have the same number of transitions which are constructed fol-
lowing the formal construction given in subsection 6.2.2 (in the column ”Non-
represented”). Those transitions are obtained from the following:

e 8 transitions having the input symbols with the first component:
IDENT(®:19em%) ' where we consider 2 node variables (31142t} and z{Tdent})
1 node set variable (X T97t}) "and no input state,



Representation of The Transitions 67

2 transitions having the input symbols with the first component:
INTTYP(TYPE*P) wwhere we consider no node variables, 1 node set variable
(Y {TyeExp}) " and no input state,

2 transitions having the input symbols with the first component:
BOOLTYP(®:T¥PExP) wwhere we consider no node variables, 1 node set variable
(Y {TyeExp}) " and no input state,

3 transitions having the input symbols with the first component:
DSINGLE(Pech.PList) = where we consider no node variables, no node set
variable, and three combinations of input states, i.e. (0), (1), and (2),

9 transitions having the input symbols with the first component:
DPATR(Pecl DList,DList) - where we consider no node variable, no node set
variable, and nine combinations of input states, i.e. (0,0), (0,1), (1,0),
(1,1), (0,2), (2,0), (1,2), (2,1), and (2.2),

18 transitions having the input symbols with the first component:
DECL(1dent TypExpDecl) \where we consider 1 node variable (2P°¢1}), no node
set variable, and nine combinations of input states, i.e. (0,0), (0,1), (1,0),
(1,1), (0,2), (2,0), (1,2), (2,1), and (2,2).

For all atomic formulas we have discussed so far, we define the representation
transitions in the following steps:

1.

We define all possible configurations of input states with respect to our
assumption.

For every possible configuration of input states, we group input symbols
by means of our representation of input symbols. The idea of group-
ing this input symbols is to group the transitions which have the same
behavior, i.e. give the same output state on the same configuration of
input states. The input symbols are grouped, such that the transitions
for a given configuration of input states are represented completely and
non-overlappingly with respect to our assumption.

In the following, we consider the representation transitions of an attribute for-

mula.

Compared to the other atomic formulas, we define the representation

transitions of an attribute formula slightly different.

(p e

T gr) € NSO Vi Vo)

Before we define the representation transitions of this formula, we give some
observations which distinguish the way we represent the transitions for this
formula from the other atomic formulas:

Observation 1.

In the atomic formulas we have discussed so far, it often happens that
the presence of some node variables (which occur in the formula) as a
part of input symbol in a transition have no influence to the output state.
As an example, for the atomic formula label, (), the output state of the
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transition with the input symbol not containing ¢ does not depend on the
occurrence of x in that input symbol.

This is not the case for an attribute formula. The presence of a node
variable (that occurs in the formula) as a part of input symbol in a tran-
sition is significant to determine the output state. The reasons are the
following:

— If a node variable occurs as a label of a node, then this is the first
and the only occurrence of this node variable in a well-marked tree.
Or, in the other words, we never visited another node before with
such node variable as its label. This is reflected by a dummy value
for the value of this node variable in the input state. The occurrence
of this node variable as a node’s label changes the value of the node
variable from a dummy value into ¢ of the Dewey notation, which
is reflected in the output state (recall the transition function of the
automaton for an attribute formula defined in subsection 6.2.2).

— On the other hand, if a node variable does not occur as a label of a
node and such node variable has never been a label of the nodes vis-
ited before, then the value of this node variable remains as a dummy
value, which is reflected in the output state.

Since the presence of a node variable (that occurs in an attribute formula)
as a part of input symbol in a transition determines the output state, then
for every node variable that occur in an attribute formula, the fact whether
a node variable is a part of the input symbol of a transition should be
clearly represented in the representation input symbol of a representation
transition. This is realized by having combinations of representation node
variables with overlines or without overlines in the representation input
symbol. For example, if there are two node variables occur in an attribute
formula, e.g. = and y, then there are four combinations for representing
the occurrences of z and y as a part of the input symbol:

— (z,y), which means that both z and y are labels in the input symbol,

— (z,y), which means that only z (and not y) is a label in the input
symbol,

— (Z,y), which means that only y (and not z) is a label in the input
symbol,

— (Z,y), which means that both x and y are not labels in the input
symbol.

e Observation 2.
Having the first observation, given a representation input symbol with
the knowledge whether a node variable is a part or not a part of this
representation input symbol, we can derive all possible configurations of
input states for the representation transitions of this representation input
symbol with respect to our assumption. Suppose we are considering a
k-tuple of input states, where k is the rank of the input symbol, then the
value of a node variable in this k-tuple of input states is derived by the
following fact:
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— If a node variable, say z, is known to be a part of an input symbol,
then as we have mentioned in the first observation, this occurrence
of x will be the first and the only occurrence in a well-marked tree.
This means the value of z, i.e. the position of the node labeled by =z,
in every input state must be a dummy value (which means that we
have never seen x as a label of the nodes we have visited so far).

— On the other hand, if a node variable, say x, is not a part of an
input symbol, then there are two possibilities of value for x in every
component of this k-tuple of input states:

* a dummy value, which means that a node labeled by = has never
been visited before,

x a Dewey notation representing the path of a node labeled by x
we have already visited. Since we consider a well-marked tree,
then there is exactly one such node and consequently there is
exactly one input state with the value of the node variable z is
a Dewey notation (and the value of node variable z in the other
input states are dummy values).

Based on these two observations, we shall define the representation transitions
for an attribute formula. As a running example, consider the attribute formula:

v = gt({often, z)((name,y)), null) € MSO* (2, V1, V2) .-

We define the representation transitions for the attribute formula ¢ in the fol-
lowing steps:

1. We collect all different node variables that occur in ¢. For our running
example, we have the set {z,y}.

2. Defining the representation input symbols.

From this set of node variables, for every k € Ranksx we group every
symbol of ¥, to derive a representation input symbol, such that for every
symbol of X, it is a part of exactly one representation input symbol.
Since every representation input symbol should respect the definition 28
(in particular regarding the result sort of the symbol from ¥ and the sort of
representation node variables), we propose the following idea for grouping
such symbols:

e We collect all complete two partitions (CP) of the set of node vari-
ables that occur in ¢. For our running example, we have:

— CP; consists of the first partition: {} and the second partition:

{z,y},

— CP;, consists of the first partition: {«} and the second partition:

{v},

— C'P5 consists of the first partition: {y} and the second partition:
{z},

— CP; consists of the first partition: {z,y}, the second partition:

{}-
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e For every complete two partitions, we group for every k € Ranky,
every symbol of ¥i such that its result sort is in the sort of every node
variable of the first partition, but is not in the sort of any variable of
the second partition (if such symbols exist). In this way of grouping,
each symbol of ¥ can only be a member of exactly one group. The
groups of symbols of ¥ for every k € Ranks, are shown in table 7.4,
table 7.5, and table 7.6.

CP 1 Partition 27¢ Partition Group of Xg-symbols

P {} {z,y} {INTTYP, BOOLTYP}
CPy, |z} {y} {}
cpP;  {y} {=} {IDENT}

cry {z.y} { {

Table 7.4: The groups of symbols of ¥y = {IDENT, INTTYP, BOOLTYP}

CP 1 Partition 27¢ Partition Group of X;-symbols
cp {} {z,y} {DSINGLE}

CPy {ax} {y} {}

CP; {y} {=} {}

CPy {zy} {} {}

Table 7.5: The groups of symbols of ¥; = {DSINGLE}

CP 1 Partition 279 Partition Group of Xp-symbols
cr {} {z,y} {DPAIR}

CP, {x} {y} {DECL}

CP;  {y} {z} {

CP; {x,y} {} {}

Table 7.6: The groups of symbols of 33 = {DPAIR, DECL}

e A representation input symbol for every k € Ranks can now be
constructed by using the non-empty group of symbols from X to-
gether with the first partition of the corresponding C' P from which
the symbols of Xj are grouped. Note that for every representation
input symbol, we can always have {} as the set of representation
node set variables. This is because the output state of a transition
for an attribute formula does not depend on any occurrence of node
set variable in an input symbol (recall from our first observation, that
only the presence of a node variable in an input symbol have influence
to the output state). Indeed, no node set variable is contained in an
attribute formula. For our running example, we have the following:

— for the rank O:
({INTTYP, BOOLTYP}, {}, {}) and ({IDENT}, {y},{}),
— for the rank 1:

({DSINGLE}, {}, {}),
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— for the rank 2:
({DPAIR}, {}, {}) and ({DECL}, {z},{}),

These are not all of the representation input symbols we have, since
if we reconsider our first observation, we know that the presence of a
node variable in an input symbol of a transition determines the out-
put state. Hence, this should also be reflected in our representation
input symbols. This is done by constructing for every representation
input symbol in which the representation node variable occur without
overline, another representation input symbols with variants in their
representation node variables (by having or not having overlines).
For example, for the representation input symbol ({IDENT}, {y},{})
in our running example (which means that y occurs in the input sym-
bol together with IDENT), we construct another representation input
symbol, i.e. ({IDENT}, {7}, {}) (which means that y does not occur
in the input symbol together with IDENT). All representation input
symbols for our running example is shown in table 7.7.

Rank Representation Input Symbol
0  ({INTTYP,BOOLTYP},{},{})

{IDENT}, {y}. {})
{1DENT}, {7}, {})
{DSINGLE}, {},{})

{DPAIR}, {},{})

{DECL}, {x},{})

{pECL}, {7}, {})

Table 7.7: Representation input symbols for gt({often, z)({name,y)), null)

[\
o~~~

3. Defining the input states.

Having all representation input symbols, by our second observation, we
can derive for every representation input symbol all possible configura-
tions of input states. Recall from section 7.2, that we have an [-tuple as
a state, where [ is the number of different node variables in ¢. Moreover,
the components of this [-tuple is represented symbolically. In an input
state, an [-tuple can have a component which is either a dummy value (re-
presented as d,, where x is a node variable in an attribute formula) or a
general representation of Dewey notation (which is nd,,, where x is a node
variable in an attribute formula). Here we need a general representation
nd, (and not the other two particular representations) as a component of
an [-tuple, since as an input state any Dewey notation can be a compo-
nent of an [-tuple. And nd, as a general representation of Dewey notation
represents all of them (cf. section 7.2).

Since every element of an [-tuple corresponds to the value of a node
variable in an attribute formula, we fix the order of elements in the [-
tuple by following the order of node variables appearing in the formula
from left to right.
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We define now how we can derive all configurations of input states for
every representation input symbol based on our second observation:

e If arepresentation input symbol contains a representation node variable
without overline, say x, then the value of the j-th component (where
7 is the position in [-tuple, assigned for the value of the node variable
x) of every input state is a representation of a dummy value, d,.. This
holds for every representation node variable appears in the represen-
tation input symbol.

e Otherwise, there is at most one input state with the value of the j-th
component (where j is the position in I-tuple, assigned for the value
of the node variable x) is a general representation of Dewey notation,
ndy.

In table 7.8 we give for every representation input symbol of our running
example, all possible configurations of input states.

| Rank | Representation Input Symbol | Input States Configuration |
0 | ({INTTYP,BOOLTYP}, {},{})
({IDENT}, {y}, {})
({TDENT}, {7}, {})
({psINGLE}, {},{})

2| ({DPAIR}, {},{})

({DECL}, {z}, {})
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Table 7.8: Input states configurations for gt({often,z)({(name,y)), null)
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4. Defining the output state.
The output state of a transition is determined as the following:

e if we have a representation node variable z; in the representation
input symbol (this is the case where we are visiting a node labeled
by x; now), then e,; is the value of node variable z; in the I-tuple
output state,

e if there is exactly one input state, e.g. the i-th input state, with
the value of node variable x; is nd,,; (this is the case where we have
visited a node labeled by x;), then i.nd,; is the value of node variable
x; in the [-tuple of output state. This describes that the node which
is labeled by x; can be found by following the i-th successor and the
path information represented in nd,;.

e otherwise (this is the case where we have not been visiting a node
labeled by x;), then d,, is the value of node variable z; in the [-tuple
of output state.

By defining the representation input symbol and all possible configuration of
input states in this way, we obtain a complete and non-overlapping representa-
tion transitions with respect to our assumption.

In the following, we formally define what we have just described.
Let Var(y) be the set of all node variables in ¢ and | = card(Var(p)).

We define CP, as a set of all complete two partitions of Var(y), where each
complete two partition is represented as a pair:

CP, ={(P,P) | P, CVar(e) N P, =Var(e)\ P1}.

Let k € Ranks. We define Grp, : CP, — P(3) as a function that given
a complete two partition (P, ) € C'P,, it groups the symbols from ¥j such
that their result sorts are in the sort of every node variables of P;, but not in
the sort of any variable of Ps:

Grpe (P, P2)) = {0 € Xy |Vo € Pr. sortyes(o) € sort(xz) A
Vo € Ps. sortres(o) ¢ sort(z)}.

Let SCVy, S={7" |27 € S},and 5 =SUS.

We define a function, that given a set of node variables R, it computes all sets
R’ of representation node variables where every set R’ describes the presence of
every node variable in R (which is represented by having or not having overline),

Pr:PWVar(p)) — P(P(VE@))) such that:
Pr(R) = {R' C R| card(R') = card(R) A Yz € R. (€ R' V T € R')}.

To compute all configurations of input states (k-tuple of input states, where

e

k € Ranks), we define the function InSt, j : P(Var(p)) — P(St(p)*), that
given a set of representation node variables F1, it computes all possible k-tuples
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of input states with respect to our assumption:

We define the function InSt, (E1) as the biggest set I C St(p)*, such that for
every ((q11,---5q11),- -+, (Q1,---,qu)) € I the following conditions are satisfied:

For every j € [I]:
e if 2; € )y, then for every i € [k], qij = do;,
e otherwise, there exists at most one i € [k] such that ¢;; = nd,,.

The representation transitions can now be defined formally. We define dtrans(p)
as the smallest set by the following scheme:

For every k € Ranky:

e case: k=0
For every j € [I] and for every (P, P») € CP,:
if Grpyo((P1, P2)) # 0, then for every Ey € Pr(P;) we have:

(dto((Grpyo((Pr, P2)), E1,{}),()) = (v1,...,u)) € dtrans(y),

where for every j € [I]:

— if z; € E1, then v; = &4,

— otherwise, v; = d;.

e case: k>0
For every j € [l] and for every (Pi, P») € CPy:
if Grpe k((P1, P2)) # 0, then for every Ey € Pr(P;) and
((qi1s---5q11)s -5 (@1, - - -, qrt)) € InSty 1(Er) we have:

(dte((Grpe,k((P1, 2)), E1,{}),
(@11, q11)s -5 (@1, - -5 qr1))) = (V1,-..,17)) € dtrans(p),
where for every j € [I]:

— if z; € E1, then v; = e,
— if 3% € [k]. gij = nd,,, then v; = i.nd,,,

— otherwise, v; = d;.
We give the representation transitions of our running example.

Example 9. Consider again our running example:

¢ = gt({often, z)({name,y)), null) € MSO* (2, V1,Va) A, 7.
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Then:

dtrans(y)
={ dto(({INTTYP,BOOLTYP}, {}, {}), () = (da dy),

dto(({IDENT}, {y}, {}), () = (da Ey)

dto({IDENT}, {7}, {}), () = ( )

dt, ({DSINGLE}, {}, {}), ((d dy))) = (du, dy),
dt1(({DSINGLE}, {}, {}), (ds,n = (dg, 1.ndy),

dt, ({DSINGLEY}, {}, {}), ((nd, ))) (1.ndy, dy),

dt1 (({DSINGLE}, {},{}), (ndy, nd y))) = (1.ndy, 1.ndy),
dta(({DPAIR}, {}, {}), ((da, dy), (da, dy))) = (da
dta(({DPAIR}, {}, {}), ((da, dy), (da, nd v))) = (d 2nd v);
dta2(({DPAIR}, {}, {}), ((da, dy), (nds, dy))) = (2.nde, dy),
dts({DPAIR}, {}, {}), (s dy), (ndz; ndy))) = (2.1ndy, 2.nd,),
dtz({DPAIR}, {},{}), ((d; ndy), (dz, dy))) = (de, 1.ndy),
dta(({DPAIR}, {}, {}), ((da, ndy), (ndy, dy))) = (2.ndy, 1.ndy),
dts({DPAIR}, {}, {}), (nds, dy), (dz, dy))) = (1.ndy, dy),
dta(({DPAIR}, {}, {}), ((nde, dy), (dz; ndy))) = (1.ndy, 2.ndy),
dta(({DPAIR}, {}, {}), ((nd, ndy) (dey dy))) = (Lndy, 1.ndy),
dta({DECL}, {z}, {}), (de, dy), (dey dy))) = (e, dy),
dta({DECL}, {z}, {}), ((da, dy), (dz ndy))) = (2, 2.ndy),
dta(({DECL}, {2}, {}), ((des nddy), (da, dy))) = (€2, Lndy)
dta(({DECL}, {7}, {}), ((da dy) (de, dy))) = (da, dy)
dtz2(({DECL}, {7}, {}), ((das dy), (de, ndy)) = (dz, 2.ndy)
dtz2(({DECL}, {7}, {}), ((das dy), (nde, dy))) = (2.1d, dy)
dto(({DECL}, {Z}, {}), ((ds, dy), (ndy, ndy))) = (2.ndy, 2.nd,)
dta(({DECL}, {7}, {}), ((das ndy), (da, dy))) = (da, 1.ndly)
dtz2(({DECL}, {7}, {}), ((das ndy), (ndz, dy))) = (2.ndy, Lndy)
dta({DECL}, {7}, {}), ((nda, dy) (de, dy))) = (1.0dy, dy),
dts({DECL}, {7}, {}), (nda, dy), (de, ndy))) = (1.ndy, 2.ndy)
dto(({DECL}, {7}, {}), (nda, nd ), (ds,dy))) = (1.ndy, 1.nd,) }

As we know from subsection 6.2.2, the automaton of an attribute formula has
an infinite number of states. Hence, if we consider a naive construction of tran-
sitions we also have an infinite number of transition. We have shown here,
that by representing the state symbolically, we are able to obtain a finite num-
ber of representation transitions (in our example, we obtain 28 representation
transitions).
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Remark 1. If an attribute formula becomes a subformula of a built formula,
then the value of every node variable in the attribute formula that appears in
the input states of a representation transition is represented in the following
way:

Let x be a node variable in the attribute formula.

e We use d, or the general representation of Dewey notation nd,, if the
node variable z is not quantified in the built formula where the attribute
formula is contained. Every symbolic representation nd, that appears in
the input states represents the same value of the node variable x, since if
we let the automaton run on a well-marked tree, there exists exactly one
node which is labeled by 2 (and this node is the value of the node variable
x, which is represented by ndy).

e We use ), or sndgcp ’q), if the node variable x is quantified in the built for-

mula where the attribute formula is contained. The additional superscript
index (p, q) is uniquely defined for every symbolic representation of a set
of nodes for & which occurs in the input states. The additional superscript
index (p, q) distinguishes every symbolic representation sndc(pp 9 that ap-
pears in the input states. They have to be distinguished, since every such
symbolic representation represents different nodes which are guessed for
the node variable x.

We define a function which transforms a state containing a symbolic represen-
tation of a particular Dewey notation, i.e. the symbolic representation other
than nd, and snd,, into a symbolic representation representing a general re-
presentation, i.e. nd; and snd,, and keeps the index x only. This function is
needed particularly when the cross product, the projection, and the power set
constructions are performed, where we consider only reachable states. When
an attribute formula is involved, such reachable state will contain a symbolic
representation representing a particular Dewey notation. And since a reach-
able state is later considered as an input state of a representation transition,
then that particular representation of Dewey notation should be transformed
into a general one. We define for every representation state of MSO* formula
@ € MSO*(X,V1,Va) 4,7 the transformation function trf, : St(¢) — St(p) as
the following:

e For the formula ¢ = true, ¢ = label,(x), p =z € X, ¢ = (x == y),
¢ = type, (), o = edgei(v,y), ¢ = over(z,y):
trfy(q) = q, with ¢ € St(p).
Bool )
* v €T X vur
trfo((ve,...,v)) = (vf,...,v]), where for every j € [I]:
— if v; = &4, then v} = nd,, with z € V1,
— if v; = i.nd,, then v; = nd,, with i € Ny and z € Vi,
— if v; = scey, then v;- = snd,, with z € V1,

—ifv; = snd&p’”, then vg- = snd,, with p,¢q € N} and z € V),

—ifv; = i.sndc(pp’q), then U;» = snd,, with i,p,q € Ny and z € V),

— if v; = smsy(s1, s2), then vg = sndg, with x € V; and s1, s2 € Sdwy,,
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— otherwise v} = v;.

o =
trfe(q) = trfy(q), with s € St(p).
® o= (Y1 Nih2)
trfo((q1,q2)) = (trfy, (q1), tr fy,(g2)), with g1 € St(1) and g2 € St(t2).
o o= (Jz:1n. ).
trfl,a(P = U(q,f)eP{(trfl/J(q)a f)}a with P e St((p)'
. o= (X :7.0).
trfo(P) = U epltrfo(a)}, with P € St(p).

7.3.2 Diamond Operator

To deal with our representation of input symbols in the cross product construc-
tion, the projection construction, and the power set construction, we introduce
here a binary operator, viz. the diamond operator, which is denoted as .
With the diamond operator, given two representation input symbols, e.g.
(E',E},E}) and (E", EY, EY), we compute a new representation input symbol
(E, FEy, E3), which represents all common input symbols represented by both
(E',E},E}) and (E”,E{,EY). Such common represented input symbols are
computed when we need to derive the representation input symbols of the new
representation transitions (by one of the above mentioned constructions) from
the representation transitions of subformulas (or from the representation of non-
deterministic transitions, in case we consider the power set construction).

The idea to compute (F, E1, Es) from (E', E1, EY) and (E”, EY, EY) is described
in the following:

e Since E' (and E”, respectively) is a set of symbols from X, then the
common symbols of ¥ from E’ and E” are simply those symbols which
occur in both E' and E”. Hence, F can be computed by taking the
intersection of E' and E".

e If F is not empty, then we compute the new set of representation node
variables F7, by taking both the representation node variables in F{ and
in E). This is because all elements in E are from E’ and E”, where the
representation input symbol labeled by E’ (and E”, respectively) is also
labeled by F (and EY, respectively). Since we take both representation
node variables from Ej] and E{, we can compute F; by taking the union
of E{ and EY. One thing we should notice is that the union can not be
done, if E] contains a variable without overline, e.g. =, and E} contains
the same variable name but with overline, e.g. T, or vice versa. Intuitively,
this means that F/ allows z to be included as a part of an input symbol,
but on the other hand, E} does not allow x to do so. This contradictory
situation disallows the new set of representation node variables E; to be
computed.
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e With the same reason as in the computation of F;, we compute Es by
taking the union of Ef and EY.

Formally, we define ¢ : Ext(X, V1, Va) X Ext(X, V1, Vo) — Ext(X, V1, Vs) as the
following: (we write ¢ as an infix operator)

(B, By, Ep) o (B, EY, EY) =
o if (B'NE" 1)
Nz eE.T¢E]) N (VoeEY.T¢E)
ANNVX€eE, X¢FE)) N (VX eFE) X ¢E))
then: (E'NE",E{UEY EyUEY),
e otherwise: undefined.

We give some examples.

Example 10. We compute the common input symbols from the following two
representation input symbols by using the diamond operator:

e Consider these two representation input symbols:

— ({IDENT, INTTYP,BOOLTYP}, {}, {}) which represents the following in-
put symbols:

« (IDENT, {}, {}), (IDENT, {y},{}), (IDENT, {z}, {}),
(IDENT, {}, {X}), (IDENT, {y},{X}), (IDENT, {=},{X}),

(IDENT, {y, 2}, {}), (IDENT, {y, z}, {X}),
+ (INTTYP, {}, {}), (INTTYP, {},{Y}),
* (BOOLTYP, {},{}), (BOOLTYP, {},{Y}),

— ({IDENT}, {y}, {}) which represents the following input symbol:

 (IDENT, {y}, {}), (IDENT, {4}, {X}), (TDENT, {y, =}, {}), and
(IDENT, {y, z},{X}).

They have common input symbols, viz.:

— (IDENT, {y}.{}),

— (IDENT, {y}, {X}),
— (IDENT, {y,z},{}),
— (IDENT, {y,z},{X}).

These common input symbols can be computed by the diamond operator:

({IDENT, INTTYP, BOOLTYP}, {}, {})o({IDENT}, {y}, {}) = {IDENT}, {y}, {}),
where the result indeed represents those common input symbols.

e Consider these two representation input symbols:

— ({DECL}, {z}, {}) which represents the input symbol (DECL, {z}, {}),
— ({DECL}, {Z}, {}) which represents the input symbol (DECL, {}, {}).

Applying the diamond operator to the two given representation input
symbols gives the following:

({DECL}, {z},{}) ¢ ({DECL},{T},{}) = undefined, which means there are
no common input symbol for these two representation input symbols.

O
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7.3.3 Compression of Representation Transitions

In the subsequent subsections, we shall discuss three constructions of repre-
sentation transitions, viz. the cross product construction, the projection con-
struction, and the power set construction. It turns out that after performing
these constructions, we could obtain some representation transitions which have
the same behavior but are defined individually. Such representation transitions
have the same input states and also give the same output state. They actually
differ only in their representation input symbols. Indeed, they can be combined
together into one representation transition.

In this subsection we propose a mechanism to compress representation tran-
sitions resulting from the three constructions. By compression we mean that we
combine some representation transitions which have the same behavior into one
representation transition such that eventually after compression we can have
less number of representation transitions.

The idea of the compression is the following. Given a set of representation
transitions resulting from one of the three constructions, we examine every two
representation transitions which have the same input states and the same output
state. From their representation input symbols, we can decide whether these
two representation transitions can be compressed into one representation tran-
sition (which covers exactly both of the compressed representation transitions).
Having two representation transitions which have the same input states and the
same output states, we combine them if their representation input symbols, say
(E', E}, Eb) and (E”, EY, EY), have one of the following properties:

e The representation input symbols differ only in their first component, i.e.
E’ and E”. This means we can combine both representation transitions
into one representation transition with the representation input symbol
(E' U E" E}, E}), since by our definition of representation input sym-
bol it represents the same input symbols which are represented by both
(E', B}, E}) and (E”, EY, EY).

e The representation input symbols differ only in their second component,
ie. E{ and E{. Their difference should be only in one representation
node variable, say x, where x exists in F{ and T exists in E{, or vice
versa. Intuitively, this means that the occurrence of x in the input symbol
does not influence the behavior of the transition. This means we can leave
out x from the input symbol. Hence, we can combine both representation
transitions into one representation transition with the representation input
symbol (E’, E1\ {z}, ES) (in case z is in E}) or (E', E1\ {Z}, E%) (in case
T isin EY).

e The representation input symbols differ only in their third component, i.e.
El and EJ. Similar to the second property, they should only differ in one
representation node set variable, say X, where X exists in E and X exists
in EY, or vice versa. For the similar reason as in the second property,
we can combine both representation transitions into one representation
transition with the representation input symbol (E’, Ef, E{ \ {X}) (in
case X is in Ej) or (E', B}, E5\ {X}) (in case X is in F}).

This procedure should be performed to every two different representation transi-
tion until there are no more representation transitions which can be compressed.
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Given a set of complete and non-overlapping representation transitions with
respect to our assumption, we claim that this compression mechanism keeps the
set of representation transitions complete and non-overlapping with respect to
our assumption. The reason is the following:

e Combining two representation transitions that differ only in their first
component of representation input symbols, i.e. £’ and E” in (E’, E{, E})
and (E”, EY, EY), respectively, keeps the representation transitions com-
pletely and non-overlappingly. The reason is that, we combine these two
representation transitions only by deriving a new representation input
symbol, i.e. (E'UE" | E}, E}) for the new representation transition. But,
by our interpretation of representation input symbols (cf. page 37), this
new representation input symbol represents exactly the same input sym-
bols as they are represented by (E’, Ef, E4) and (E”, EY, EY).

e Combining two representation transitions that differ only in their second
component of representation input symbols, i.e. E] and EY in (F’, E1, Eb)
and (E", EY, EY), respectively, keeps the representation transitions com-
pletely and non-overlappingly. The reason is that, we combine these two
representation transitions only by deriving a new representation input
symbol, where we leave out the representation node variable whose occur-
rence in the representation input symbol is not significant in determining
the output state. But, by our interpretation of representation input sym-
bols (cf. page 37) and our discussion on page 38 (especially in the first
item), the new representation input symbol represents exactly the same
input symbols as they are represented by (E’, E1, E}) and (E”, EY, EY).

e For the similar reason as in the previous item, combining two represen-
tation transitions that differ only in their third component of represen-
tation input symbols, i.e. E} and EY in (E',E{, E}) and (E”,E{, EY),
respectively, also keeps the representation transitions completely and non-
overlappingly.

Based on this idea, we define now the compression of representation transitions
formally.

In the following, we assume that two representation transitions with the same
input states and the same output state are already given. We define a func-
tion that given the representation input symbols of these two representation
transitions, it combines them into one representation input symbol, i.e. the
representation input symbol of the new compressed representation transition, if
they meet one of the above mentioned properties.

We define function compress : Ext(X, V1, Vo) X Ext(X, V1, V) — Ext(Z, V1, V2)
as the following:

compress ((E', By, Ey), (E", EY, Ey)) =

o if (B] = EY) A (Ey = EY))
then: (E'UE" E}, EY)
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o if (E' = E") A (Ey=EY) A
(3B, CV1.(Ef = By U{a}) A (BY = By U{T})))
then: (E', By, E})

o if (' = B") A (E}, = BY) A
(3> € Vo.(Ej = B, U{X}) A (B = B, U{X})))
then: (E', E{, E2)

e otherwise: undefined
(Note: this means the two representation input symbols are not combin-
able.)

Given a set of representation transitions, every two different representation tran-
sitions in this set have to be examined for the possibility of compression, which
will produce a new set containing more compact representation transitions (if
some representation transitions are successfully compressed). The representa-
tion transitions in this new set should again be examined, to see whether the
compression procedure can again be applied. This has to be done repeatedly
until we obtain the final set of compressed representation transitions, where no
more representation transitions in this set can be compressed. The representa-
tion transitions which can not be compressed are left unchanged.

We give an example.

Example 11. Consider the following (uncompressed) representation transi-
tions:

1. dto(({IDENT, INTTYP, BOOLTYP}, {},{}),()) =0
2. dt1(({DSINGLE}, {},{}),(0)) =0
3. dt;(({DSINGLE}, {},{}), (1)) =1
4. dts(({DECL}, {},{}), (0,0)) = 1
5. dta(({DECL}, {},{}), (0,1)) =1
6. dia(({DECL}, {},{}), (1,0)) =1
7. dta(({DECL}, {},{}), (1,1)) = 1
8. dta2(({DPAIR}, {},{}),(0,0))=0
9. dto(({DPAIR},{},{}),(0,1)) =1
10. dto(({DPAIR}, {},{}),(1,0)) =1
11. dto(({DPAIR}, {},{}),(1,1)) =1

By comparing every two representation transitions, the following pairs of repre-
sentation transitions can be compressed:

e representation transition 5 and representation transition 9,

e representation transition 6 and representation transition 10,
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e representation transition 7 and representation transition 11,

where the new compressed representation input symbol for each of these pairs
is computed as follows:

compress (({DECL}, {}, {}), ({DPAIR}, {}, {})) = ({DECL,DPAIR}, {}, {}).

Note that the rest of the representation transitions can not be compressed.
Hence, after compressing the three pairs of representation transitions we have
the following:

1. dto(({IDENT, INTTYP, BOOLTYP}, {},{}),()) =0
2. dt1(({DSINGLE}, {},{}),(0)) =0

3. dt1(({DSINGLE}, {},{}), (1)) = 1

4. dt2({DECL}, {}, {}), (0,0)) =1

5. dto(({DPAIR}, {},{}),(0,0)) =0

6. dt>(({DECL,DPAIR}, {},{}),(0,1)) =1

7. dto(({DECL,DPAIR}, {},{}),(1,0)) = 1

8. dt>(({DECL,DPAIR}, {},{}),(1,1)) =1

From the last result, we compare again every two representation transitions to
see whether the compression procedure can be applied again. Since no more
representation transitions can be compressed, then this eight representation
transitions is the final result. By this example, we can see that the compression
procedure is able to minimize the number of representation transitions from 11
representation transitions to 8 representation transitions. ([

7.3.4 Representation Transitions by Cross Product Con-
struction

In this subsection, we show how the cross product construction is realized for
our representation transitions. Recall that the cross product construction is
needed when we deal with a built formula of MSO* logic using conjunction. In
the following, first we shall give the idea of the construction informally and then
its formal construction.

We compute the cross product of the representation transitions by using
the reachability construction. This means we compute the representation tran-
sitions only for the reachable states. Thus, we can decrease the number of
representation transitions.

In the reachability construction, we maintain four sets, i.e. the sets T,
Sery, AT, and AS... The set S, contains all the states that are reachable
so far, whereas the set AS,, contains the new reachable states resulting from
the new representation transitions with all possible current reachable states as
their input states. The content of the set S, is then constantly updated by the
set AS... Hence, the set S, can be seen as an accumulator for the reachable
states.
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The set T, contains all representation transitions of the cross product con-
struction so far. It is also updated constantly with the new transition functions
which are computed in AT,,.. Hence, the set T, can also be seen as an accu-
mulator for the representation transitions.

The set S.. and the set T, are initially empty. The set AT, initially
contains the new representation transitions of all possible representation input
symbols with the rank 0 and the set AS,, initially contains all reachable states
(output states) of the new representation transitions in the initial AT,,.

The reachability construction is completed whenever no new reachable states
are produced anymore, i.e. when AS.. = (. At this point the current set S
contains all (reachable) states and the current set T, together with the current
set AT, contain all representation transitions of the cross product construction.

To compute the new representation transitions, in general we use the same
approach as in the original cross product construction (cf. subsection 6.2.2 for
the automaton of formula with conjunction). The particular things of our cross
product construction (compared to the original construction) are that we only
consider reachable states (instead of all states) and we have representation input
symbols (instead of the original input symbols). To derive the representation
input symbol of the new representation transition, we use the diamond operator.

As a running example, consider the following formula:
(labelpger(x) A edger(z,y)) € MSO* (X, V1, Va) 4,7,

and for the purpose of the following presentation, suppose that we are now
computing the representation transitions of this formula for the rank 2 with the
input states ((0,1),(0,0)), where both states (0,1) and (0,0) are reachable states.

We give in the following the idea of how to compute a new representation
transition of the formula (¢ A 12), for the rank k with k € Ranks, given a
k-tuple of reachable states, say ((q11,¢21),- - -, (q1k, ¢2x)), as the input states for
the new representation transition (recall that an input state of a new transition
is a pair of states, where the first element of the pair is a state of 11, whereas
the second one is a state of 1)2):

1. We extract from ((q11,q21),---, (q1k,q2k)), two k-tuples of states, viz.

(q11,---,qux) and (g1, - -, q2k)-
For our running example, we have the following two 2-tuples of states:

(0,0) and (1,0) which are obtained from ((0,1),(0,0)).

2. Since the idea of the cross product construction is to let the automata run
parallel on a tree, we search from the set of representation transitions of
11, the representation transitions with (g1, ...,q1x) as their input states
(for short, let us call them reps;) and from the set of representation tran-
sitions of )2, the representation transitions with (go1,...,q2x) as their
input states (for short, let us call them repss), if they exist. If they do
not exist, then it means that no representation transition with the k-tuple

of input states ((q11,¢21), - - -, (q1k, g2k )) is needed, since this configuration
of input states can never occur in the parallel run of the automata for the
subformulas.

For our running example, we have the following representation transitions
of the formula labelpger.(z) with the input state (0,0), cf. example 3:
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e dto(({DECL}, {}, {}),(0,0)) = 1
e dis(({DECL}, {T}, {}). (0,0)) = 0
o dto(({DPAIR}, {}.{}), (0,0)) = 0

and the following representation transitions of the formula edge; (z, y) with
the input state (1,0), cf. example 7:

e diz(({DECL}, {}, {}), (1,0))
e diy(({DECL}, {7}, {}), (1,0))

3. By using the representation input symbols from reps; and repss, we de-
rive the representation input symbols for the new representation transi-
tions. Since the new representation input symbols are used for the new
representation transitions with the input states ((q11,¢21), - - -, (q1k, G2k )),
then this new representation input symbols should represents the common
represented input symbols both from reps; and repss. These common re-
presented input symbols can be computed via the diamond operator by
taking each representation input symbol of reps; and each representation
input symbol of repsy as the arguments of the diamond operator.

2
0

For our running example, we compute the following:

({pECL}, {2}, {}) o ({DECL}, {z}, {}) = ({DECL}, {x}, {}),
({pECL}, {z},{}) © ({DECL},{Z},{}) = undefined (or, no common
represented input symbol),

e ({DECL}, {Z},{}) o ({DECL}, {z},{}) = undefined (or, no common
represented input symbol),

e ({pECL}, {7}, {}) o ({DECL}, {7}, {}) = ({DECL}, {7}, {}),
e ({DPAIR},{},{}) ¢ ({DECL},{z},{}) = undefined (or, no common
represented input symbol),

e ({DPAIR},{},{}) ¢ ({DECL},{Z},{}) = undefined (or, no common
represented input symbol).

For this example, we only have two new representation input symbols:
({DECL}, {z},{}) and ({DECL}, {Z},{}), each for the representation tran-
sition with the configuration input states ((0,1),(0,0)). Note that we do
not obtain a new representation input symbol with the first component
containing DPAIR, since if we consider the run of the automaton for the
formula edge;(x,y), it will not happen that a node which is labeled by
DPAIR has a first successor node which is labeled by y (this is reflected
by the state (1,0), which we consider for the automaton of the formula
edge;(x,y)). The reason is that y has the sort {Ident}, whereas the first
successor of the node labeled by DPAIR has the sort Decl. And since the
run of the automaton for labelpger(z) A edge;(x,y) on a tree t means that
both the automaton for labelpger(x) and the automaton for edge;(x, y) run
parallel on the same tree ¢, then there will be also no such tree ¢ on which
the automaton for labelpger(z) A edge;(x,y) runs. Hence, no representa-
tion transition with the representation input symbol containing DPAIR is
needed.



Representation of The Transitions 85

Remark 2. With respect to our assumption, given that the representa-
tion input symbols of reps; represent all input symbols for the input states
(g11,---,q1k) and the representation input symbols of repss represent all
input symbols for the input states (ga1, . . ., g2 ), we can claim that by using
our diamond operator we derive the new representation input symbols that
represent all input symbols for the input states ((¢11,¢21),- - -, (q1k, G2k)),
with respect to our assumption. This is because the new representation in-
put symbols are derived by considering each representation input symbols
of reps; and each representation input symbols of repss as the arguments
of the diamond operator when we compute the new representation input
symbols. O

4. The output state of a new representation transition, which is a pair of
states, is derived by pairing the output states of the representation tran-
sitions of the subformulas, from which their representation input symbols
are derived.

For our running example, we obtain the following two representation tran-
sitions (for the configuration input states ((0,1),(0,0)) and two new repre-
sentation input symbols):

o diy(({DECL}, {x},{}), ((0,1),(0,0))) = (1,2)
e dis(({DECL}, {7}, {}), ((0,1),(0,0))) = (0,0)

With respect to our assumption, we claim that the new representation tran-
sitions produced by our cross product construction indeed represents the tran-
sitions of the automaton for a built formula with conjunction (as described in
subsection 6.2.2), since:

e in general, to produce a new representation transition we use the same
approach as in the original cross product construction, which produce
the transitions of the automaton for a built formula with conjunction.
Though our construction only considers reachable states, but the essence
of the construction is still the same.

e though we use our representation input symbols in the representation tran-
sitions, in Remark 2, we have argued that for a given configuration of input
states we can compute the representation input symbols that represents
all input symbols for this configuration of input states. Since we can do
this for every possible configuration of input states, then with respect to
our assumption, this cross product construction will compute complete
and non-overlapping representation transitions.

Based on this idea, we define now the reachability construction for cross product
formally.

To compute the set of representation transitions dtrans(¢y A 12) of the au-
tomaton for the formula (¢1 A t2) € MSO*(3, V1, Va) 4,7, we assume that the
set of representation transitions dtrans(i;) of the automaton for the formula
1 € MSO*(2,V1,V2) 4.7 and the set of representation transitions dtrans(iys)
of the automaton for the formula ¢2 € MSO*(X, V1, Va) 4,7 are given.
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First, we define for a given rank k with k¥ € Ranks 4, the function crtransy, :
P(St(r Aha))k — P(Dtr(3, V1, Vs)) that given k sets of reachable states, it
computes the new representation transitions of k-tuples of input states, where
each k-tuple of input states comes from the given k sets of reachable states:

crtransg(S1, ..., Sk)
={ dt((E, B, E2),((¢1,4))s - (@, 4¢)) = (¢, q") |
(E7 E17 EQ) = (E/v E{v Eé) ¢ (E//a Eilv Eé/)a
where (E, E1, Es) is not undefined,
(qllaqlll) € Slﬂ ceey (Q;caq;cl) € Sk’
(dtr((E', E1, E3), (41, -+, q;)) = ¢') € dtrans(yr),
(dtr.((E", EY,Ey), (¢, q)) = ") € dtrans(ya),
( /7E15Eé)a (E//aEilvEé/) € E$t(E,V1,V2),
q € St(yr),q" € St(12) }

We define the reachability construction for cross product as function reach., :
P(DﬁT(Z,V1,V2)) X P(St(wl A ha)) X P(Dtr(E,Vl,Vg)) X P(St(’t/]l Ahg)) —
P(Dtr(X, V1, Va)) x P(St(¢1 Ah2)). Tt is defined based on the idea of the “semi-
naive” method [14] for computing the closure of a given set (in this case, the set
of reachable states) according to an operation (in this case, the cross product
construction) by keeping track of just the truly new data items (in this case,
the new reachable states) which are added to the set on each pass.

The function reach,, is defined as the following:

TeaChcr (Tc'h SC’I‘7 ATCT; ASC’I‘) =

L4 ﬁ ASC’I‘ = @7
then: (TCT U ATCT7 Sc’r‘)

AT,

e otherwise: reache, (T, S eraos ASer o),

cr? cr?
where:

o I =T, UAT,,
Note: T/, collects all representation transitions computed so far.

o Sl =S8;UAS,
Note: S’ collects all states which are reachable so far.

AT, = UkeRankg,+ ( crtransg(Sery - -« Sery ASer )U

k—1
ertransk(Sery -« -y Sery ASer, SLYU ..U
———
k—2
crtransg(ASer, SL,., ..., S.,) )
————
k—1
Note: AT, computes for every rank k € Ranks 4 the new represen-
tation transitions, which is performed by function crtransi. The new
representation transitions are only computed for the states reachable so
far as their input states. By “semi-naive” method, we avoid to compute
for every rank k € Ranks 4+, crtransg(Ser, ..., Ser), since this means we
—— —
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compute the representation transitions considering only the old reachable
states, but this in fact has been computed in the previous recursive call.

ASeroo = trfpiap,) (@) € St(h1 A2) |
(dtk((Ev Elv E2)7 (Q1a s aqk)) = Q) € A7167“>m
. k>0, (E,El,EQ) S El‘t(z,Vl,VQ),

Gy, q €50, H\ S,

Note: AS.,_, collects the new reachable states, with function 7 f(y, ay.)
defined in remark 1.

We can compute now the set of representation transitions dtrans(i; A 1s) of
the automaton for the formula (1 A tp2) € MSO*(Z,V1,V2) 4,7 by using the
reachability construction for cross product.

Let (transer, stser) = reachey (0,0, ATer_,, ASer_,), where:

AT, = { dtO((EaElaEQ)v( ) = (qlvq”) |
(E,FE1,Es) = (F',E{,EY) o (E", EY, EY),
where (E, E1, E3) is not undefined,
(dto((E', B}, F), ()) = &) € dtrans(ipr),
(dto((B”, EL, ), () = ") € dtrans(ibz),
(E',E1, E}), (E",E{, EY) € Ext(X,V1,Va),
q' € St(vr),q" € St(vz) }

ASer_y =1 trfpags) (@) € St Aba) |
(dto((E, E1, E2), () = q) € ATy,
(E,El,EQ) (S El‘t(z,Vl,Vg) }

Then, we have:
dtrans(iy A 2) = trans.

Additionally, sts.. is the set of all reachable states of the automaton for the
formula (1/}1 A 1/}2) € MSO*(E, V1, VQ)_AJ:.

Example 12. Consider again our running example:
(labelpeer(z) A edger(x,y)) € MSO* (X, V1, V2) 4, F.

Let us recall the representation transitions dtrans(1) of the automaton for the
subformula v = labelpger.(x) which was given in example 3:

1. dto(({IDENT, INTTYP, BOOLTYP}, {},{}),()) =0,
2. dt;(({DSINGLE}, {},{}), (0)
{DSINGLE}, {}, {}), (1
{DECL}, {x}, {}),

2

3

0
0
0

dt>(({DECL}, {7}, {}),
dt>(({DECL}, {7}, {}),
{DECL}, {7}, {}), (0,1

1

3

(( )
dty (( )
(( )
(( )
(( )
dta(( )

N@P‘FP-’

)
(0,0)
(0,0)
(1,0)
(0,1)
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8. di2(({DPAIR}, {},{}),(0,0)) =0,
9. di2(({DPAIR}, {},{}), (1,0)) =1,
10. dt(({DPAIR}, {},{}), (0,1)) = 1.

and the representation transitions dtrans(¢s) of the automaton for the subfor-
mula 19 = edge; (z,y) which was given in example 7:

L. dto(({IDENT}, {y}, {}), () = 1,

2. dio(({IDENT}, {5}, {}), () = 0,
3. dto(({INTTYP, BOOLTYP}, {},{}),()) = 0,
4. dt, ({DSINGLE}, {}, {}), (0)) =

5. di:(({DSINGLE}, {}, {}), (2)) = 2,
6. dto(({DECL,DPAIR}, {},{}),(0,0)) =
7. di(({DECL}, {z}, {}), (1,0)) =

8. diz(({DECL}, {7}, {}), (1,0)) =

9. diz(({DECL}, {7}, {}),(2,0)) =
10. dty(({DECLY, {7}, {}), (0,2)) =
11. dty(({DPAIR}, {},{}), (2,0)) = 2,
12. dty(({DPAIR}, {},{}), (0,2)) =

We compute the set of representation transitions dtrans(i1 Ae) from dtrans(y)
and dtrans(i2) by using the reachability construction of cross product. We start
by computing:

reache. (0,0, ATer_y, ASer_,),

where:

ATero, =1 dio(({IDENT}, {y}, {}), () = (0, 1),
dto(({IDENT}, {57}, {}), () = (0,0),
dto(({INTTYP, BOOLTYP}, {}, {}), ()) = (0,0) }

Ascr:o = {(07 1)) (07 0)}

Following our formal definition of reach.,, we perform the following recursive
call (we give here an additional index to the arguments, just to distinguish the
arguments of one recursive call with the other recursive call):

reache. (T, S’ AT,

(,7‘(1)) (,7‘(1)) C’l“>0(1)7

AS

C€T>0(1) )a

where:
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T/

CT(l)

AT,,_,
ASer_,
)}

{(0,1), (0,0
ertransy (ASer_, )U

crtransz (0, ASe_,) U ertransa(ASer_y, Sy )
crtransy (ASer_,) UD U crtranss (ASe-_,, S-

cr(l))
ertransy (ASer_,) U crtranss (ASCT 0r Seryy)

dt, ({DSINGLE}, {}, {}), ((0,0))) = (0,0) }

dta(({DECL}, {z},{}),
dt>(({DECL}, {7}, {}),
dtQEE{DPAIR} AR,
(

CT(l)

AT,

CT>0(1)

-~ C ~

dto(({DECLY, {z}, {}),
dts(({DECL}, {7}, {}
{(0,0),(1,0),(1,2)}

{(1,0),(1,2)}

NI
/\/\/—\/\/\
o000 o
— = O O O
\_/\_/\—/\_/\_/
A~ N N~ o~
o000 o
o O O oo
S N N e
S N N e
S N N e
I T T I
~ o~ o~ —~
SR OoO -
o OO O

P e

ASC’”>0(1)

Since ASCT>0<1> # (), we perform the following recursive call:

reache, (T2, S

CT(2)? 7Cr(2)’ TCT>0(2)’

AS

€T>0(2) )’

where:
T/

CT(Q)

U AT,

cr(l) C€T>0(1)

Sl UAS

ereny erso(1)
{(0’1)7(0’0)7(170)7( ) )}
ertransy (AS, U

crtranss(Sey ., »

)
crtransa(ASer_ o) Sery,)
(1,
(1,

CT(z)

AT,

CT>0(2) C7">0(1))

ASC’“>0(1) U

\
—_~

dt, ({DSINGLE}, {}, {}), (
dt1 ({DSINGLE}, {}, {}), (

dta(({DECL}, {7}, {}), ((0,0), (1,0))
dta(({DPAIR}, {}, {}), ((0,0),(1,0))
dts(({DECL}, {7}, {}), ((0,0), (1,2))
(( );((0,0), (1,2))
(( );((0,1), (1,0))

0)))
2)))

(

N O
N

—~
—_ =

—~~
S~—
—

dts(({DPAIR}, {}, {}
dts(({DECL}, {7}, {}

dta(({DECL}, {7}, {}), ((1,
dta(({DPAIR}, {},{}), ((1,
(( ): (1,
(( ); (1,

S N e N
=
o NN OO

NN SN

)
)
)
)
)

—~

dto(({DECL}, {7}, {}
dts(({DPAIR}, {}, {}
{(1,0), (1L,2)}\ Sey )
0

11
—~ o~ —~
— ===
NN OO
S e N

1
1
1
1

AS

CT>0(2)

Since AS,

erso2y = 0, we have then the following:

U AT, S’

Cr>o0(2)? cr@))

reache, (T2, ,SL. AT, AS

Cr(2)? 7cr(2)? €r>o0(2)’ CT>0(2)) ( cr(2)

and the representation transitions dtrans(yp) of the automaton for the formula
© = labelpger(x) A edger (z,y) resulting from the cross product construction is



Representation of The Transitions 90

the following:

dtrans(p) = U AT,

(2) €r>o0(2)
= { dto(({IDENT} {v},{}): () =(0,1),
dto(({IDENT} {z}.{}). () = (0,0),
dto(({INTTYP, BOOLTYP}, {}, {}), ()) = (0,0),
dt1 (({DSINGLE}, {},{}), ((0,0))) = (0,0),
dt1 (({DSINGLE}, {},{}), ((1,0))) = (1,0),
dt1(({DSINGLE}, {}, {}), ((1,2))) = (1,2),
dtQ(({DECL}v {l‘}, {} ) ((07 O)a (07 O))) = (L 0)7
dt2(({DECL}, {7}, {}), ((0,0),(0,0))) = (0,0),
dt2(({DECL}, {«}, {}), ((0,1),(0,0))) = (1,2),
dt2(({DECL}, {7}, {}), ((0,1),(0,0))) = (0,0),
dt2(({DECL}, {7}, {}), ((0,0),(1,0))) = (1,0),
dt2(({DECL}a {z}.{}). ((0,0),(1,2))) = (1,2),
dt2(({DECL}, {z},{}), ((0,1),(1,0))) = (1,0),
dt2(({DECL}, {7}, {}), ((1,0),(0,0))) = (1,0),
dt2(({DECL}, {7}, {}), ((1,2),(0,0))) = (1,2),
dt2(({DPAIR}, {},{}), ((0,0),(0,0))) = (0,0),
dtQ(({DPAIR}a {}7 {})a ((07 O)a (17 0))) = (L 0)7
dtQ(({DPAIR}a {}7 {})a ((07 O)a (17 2))) = (L 2)7
2(({DPAIR}5 {}7 {})a ((17 O)a (07 0))) = (L 0)7
dt2(({DPAIR}, {},{}), ((1,2),(0,0))) = (1,2) }
Additionally, Sér(z) ={(0,1),(0,0),(1,0), (1,2)} is the set of all reachable states

of the automaton for the formula labelpge () A edger (x, y).

If we attempt to apply the compression procedure on dtrans(y), we shall get
the same result, because no representation transitions in dtrans(y) can be more
compressed. (I

We give a comparison of the number of states and transitions using our repre-
sentation and those which are constructed by following the formal construction
given in subsection 6.2.2. This is shown in table 7.9.

Non-represented Represented
Number of States 6 4
Number of Transition 126 20

Table 7.9: A comparison of the number of states and transitions (represented
and non-represented) for the formulas labelpger(x) A edger (z,y)

Note that the following states are not reachable:

e (0,2), since the second component of this pair (considering the second
subformula, edge;(x,y)) means that the nodes labeled by y and z have
been visited (hence, we have the state 2), but on the other hand the
first component of this pair (considering the first subformula, labelpger.())
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means that the node labeled by x has never been visited (hence, we have
the state 0). Thus, such combination of states can not occur.

(1,1). The second component of this pair (considering the second sub-
formula, edge;(z,y)) means that a node which is labeled by y is visited.
With respect to X and the sort of y ({Ident}), only the nodes which are
labeled by IDENT can also be labeled by y, since IDENT is the only symbol
of ¥ which has the result sort Ident. On the other hand, the first com-
ponent of this pair (considering the first subformula, labelpger(x)) means
that the node labeled by x has been visited. But, this can not be true,
since the node which is labeled by IDENT and y is a leaf (IDENT is a nullary
symbol of ¥), hence no other node has been visited before (in particular,
also the node which is labeled by x). Moreover, the node which is labeled
by IDENT can not be labeled by z, since z has the sort {Decl}, which does
not fit to the result sort of IDENT.

Those 126 transitions in table 7.9 are obtained by following the formal construc-
tion of the automata for formulas with conjunction as given in subsection 6.2.2,
where every input symbol and every state as the input states of the transitions
are considered:

8 transitions having the input symbols with the first component:
IDENT(®:19em%) ' where we consider 2 node variables (31142t} and z{Ident})
1 node set variable (X {192t}) "and no input state,

2 transitions having the input symbols with the first component:
INTTYP(s-TYPE*P) where we consider no node variables, 1 node set variable
(Y {1yeExp}) " and no input state,

2 transitions having the input symbols with the first component:
BOOLTYP(-TYPEXP) where we consider no node variables, 1 node set variable
(Y {TyeExp}) " and no input state,

6 transitions having the input symbols with the first component:
DSINGLE(Pech.PList) = where we consider no node variables, no node set
variable, and 6 combinations of input states, i.e. ((0,0)), ((0,1)), ((0,2)),

((1,0)), ((1,1)), ((1,2)),

36 transitions having the input symbols with the first component:
DPATR(Pecl DList,DList) - where we consider no node variable, no node set
variable, and 36 combinations of input states,

72 transitions having the input symbols with the first component:
DECL(1dent TypExpDecl) wwhere we consider 1 node variable (2P*¢1}), no node
set variable, and 36 combinations of input states.

7.3.5 Representation Transitions by Projection Construc-

tion

In this subsection, we show how the projection construction is realized for our
representation transitions. Recall that the projection construction is needed
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when we deal with a built formula of MSO* logic using quantifier, where we
obtain a nondeterministic tree automaton from a deterministic one.

As in the cross product construction, we compute the projection of the re-
presentation transitions by using the reachability construction. This means we
compute the representation transitions only for the reachable states. Thus, we
can decrease the number of representation transitions.

The idea of the reachability construction of projection is the same as in the
cross product. We do not repeat it here. The difference is only when computing
the new representation transitions, which we shall discuss later. As in the reach-
ability construction of cross product, for projection we also maintain four sets,
i.e. the sets Ty, Spr, ATy, and AS,,.. Each of them has the same role as its
counterpart in the cross product construction (cf. the roles of the sets Te., Ser,
AT, and AS,, in subsection 7.3.4).

Before we give the idea of how to compute the representation transitions by
the reachability construction of projection, we need to define our representation
transition of a nondeterministic bottom-up tree automaton.

We define the function ndtrans : MSO*(X,V1,V2)a.r — P(Ntr(X,V1,Vs)),
which takes a formula ¢ € MSO*(X, V1, V1) 4,7, where:

e o= (Jz:7.v),or
e o= (3X : 7. Y).

and gives a set ndtrans(yp) € P(Ntr(XZ,V1,Vs)) of representation transitions
for the nondeterministic bottom-up tree automaton of the formula ¢, where
Ntr(3,V1,Vs) is a set of representation transitions, such that for every (rank)
EeN, o= 3z :7.9) or p = (3X : 7. ¥), and ndty,, € Ntr(X, V1, Va):

ndty,., : Ext(2, V1, Va) X Stpon(0)F — P(Stnon ().

If ¢ is clear from the context, we write ndt; instead of ndty .

Basically, the formula with quantifier over node variable and over node set
variable have the same pattern of reachability construction. The difference is
only in computing the new representation transitions.

We define the reachability construction for projection as the following function
reachy, : P(Ntr(X, Vi, V2)) X P(Stynon(@)) X P(Ntr(X, Vi, V2)) X P(Stnon(p)) —
P(Ntr(2,V1,Vz2)) X P(Stnon(p)):

reachpr (Tpr, Spry ATpr, AS,,) =

o if ASpr = @7
then: (Tpr U ATy, Spr)

e otherwise: reachy, (1),., S0, ATy, ASproy)

pr> Ppro
where:

° TIQT = Tpr U AT,
Note: TIQT collects all representation transitions computed so far.
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e S, =Spr UASy,
Note: S,,. collects all states which are reachable so far.

AT _ ATpri., fe=3x:n. 9

pr>o ATpro., fe=3X:7m.9¢

Note: AT),_, computes for every rank k € Ranks, t the new representa-
tion transitions. For the first order quantification formula, it is performed
by the function AT}, ,, whereas for the second order quantification for-
mula by AT,.2.,. We shall define them, when we discuss each of these
quantification formulas. As in the cross product construction, the new
representation transitions are only computed for the states reachable so
far as their input states.

ASproy ={ qetrf,(P)]
(ndtk((EvElaE2)a (qla .- "qk)) = P) € AT;D7“>0’
° k>0, (E,El,EQ) S E:Et(E,Vl,VQ),
Gty sk € Shyy P € P(Staon(p)) P\ Shr

Note: AS,,., collects the new reachable states, with function tr f,, defined
in remark 1.

The set of representation transitions ndtrans(y) of the automaton for the for-
mula ¢ € MSO*(X, V1, V2) 4,7 can be computed as the following.
Let (transpy, stspy) = reachp, (0,0, AT,,_,, ASpr_,), where:

[ ]
AT;DT:O = { ATPH:O %f v S 77;1/1
ATpro_, fo=3X:n.9¢
Note: The functions AT),1_, and AT)p.o_, will be defined later when we
discuss each of the quantification formula.

ASpr_y ={ qetrfy,(P)]|
(ndto((E, Er, E2), () = P) € ATyr_,,
(E,El,Eg) IS E.’I]t(zavlaVQ)a Pe P(Stnon(@)) }

Then, we have:
ndtrans(p) = transp,.

Additionally, stsy, is the set of all reachable states of the automaton for the
formula ¢ € MSO* (3, V1, Va) a7

To compute the new representation transitions (in AT,,_, and AT, ), gen-
erally we use the same approach as in the original projection construction (cf.
subsection 6.2.2 for the automaton of formula with quantifier). The particular
things of our projection construction (compared to the original construction)
are that we counsider reachable states only (instead of all states) and we have
representation input symbols (instead of the original input symbols). To derive
the representation input symbol of the new representation transition, we also
use the diamond operator.
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We give in the following the idea of how to compute the representation transi-
tions of the formula 3z : 7. ¥ and the formula 3X : 7. ¢, for the rank k with
k € Ranks.

To compute the representation transitions ndtrans(y) for the formula ¢, we
assume that the set of the representation transitions dtrans(¢) for the formula
Y € MSO*(E, V1 U{z"},Vs) 4,7 is given.

As in the original projection construction, we compute a new transition by
considering two transitions from the subformula which only differ in the input
symbol, where one transition has x in its input symbol and the other does not.
For the projection construction in our representation, in general we follow the
original projection construction and proceed as the following (by case distinc-
tion):

e We start by looking for a representation transition from dérans(y) with
the representation input symbol containing , which means that x is not
contained in the input symbol of the transition represented. Following
the original projection construction, we should find the representation
transition with the representation input symbol containing x and having
the common represented input symbols modulo the quantified variable x
(the common represented input symbols can be computed by our diamond
operator). Here we can have two possibilities:

— We successfully find such representation transition. Then, a new re-
presentation transition is constructed from the representation tran-
sition with Z in the input symbol and the representation transition
with z in the input symbol. The new representation transition re-
flects that we may do both the guessing and no guessing of .

— We do not find such representation transition. This is possible, since
if a representation transition reflects that a node labeled by x has
already been visited, then due to our assumption we need only to
have a representation transition with the representation input symbol
containing Z. For instance, for the formula labelpger(x) we have:

dts(({DECLY, {}, {}), (1,0)) = 1,

and we do not have:

dt?(({DECL}a {x}a {})7 (L 0)) =1,

In this case, a new representation is only constructed from the repre-
sentation transition with Z in the input symbol, which reflects that
only no guessing of x can be made.

e We have a representation transition from dtrans(t) with the representa-
tion input symbol containing neither  nor z. Such representation tran-
sition can exist if the output state of the representation transition does
not depend on the fact whether x occurs or T occurs in the representa-
tion input symbol. In this situation, in case no guessing of = has been
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made before, the new representation transitions are defined by splitting
the representation input symbol into the following:

— A representation transition with the representation input symbol con-
taining those X-symbols whose result sort is in the sort of x. In this
case, we may do both the guessing of x or no guessing.

— A representation transition with the representation input symbol con-
taining those ¥-symbols whose result sort is not in the sort of z. In
this case, only no guessing of x can be made.

Additionally, in case we have done a guessing of = before, we do not need
to split the representation input symbol (with respect to the sort of x),
since no more guessing is needed.

We define now formally how we compute the new representation transitions
based on the idea above.

First, we define a function that collects from dtrans(i)) the representation tran-
sitions for the rank k € Ranks, with the representation input symbol containing
the given node variable and the given input states, coltrly : Vi x St(y)F —
P(Dtr(X, V1, Va)). It is defined as follows:

coltrly(z, (q1,- - -, qx))
={ (dtx((E, E1, E2),(q1,---,qr)) = q) € dtrans(¢) |
(E, E1, Es) € Ext(X,V1,Vs), x € By, q € St(v) '}

The set of representation transitions for ¢ are computed as follows. We define
the set AT}1_, which contains the representation transitions of ¢ for the rank
0 and the set AT},1., which contains the representation transitions of ¢ for the
rank greater than 0. Recall that both sets are used in the reachability construc-
tion of projection, i.e. reachy,.

1. ATpri1_, is defined as the smallest set in the following scheme:
For every (dto((E, E1,E2),()) = q) € dtrans(v), with (E, Eq, E2) €
Ext(X,V1,Vs) and q € St(y):
e Casel: T € E;

— if coltrlg(z,()) # 0, then:
for every (dto((E', Ef, EL), () =¢') € coltrlo(x,()):
if (E,E1\ {T}, F2)o (B, Ef\ {z}, F}) is defined and
(B By BY) = (B, s \ {7}, Fz) o (B, B} \ {x}, ), then:

(ndto((E”, Eila Eg)a ( )) = {(qa l)a (q/a T)}) € ATPN:O

— otherwise:

(ndto((E, Ex \ {ZT}, E2), () = {(¢, L)}) € ATy,
e Case 2: 2,7 ¢ F;

— if there is 0 € E with sort,.s(c) € 7, then:
Let elemy 5 = {0 € E | sortyes(o) € }.
(ndto((elemo,, En, E2), () = {(q,1),(q, T)}) € ATpr1_,
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— if there is 0 € E with sort,.s(c) ¢ 7, then:
Let nelemy 5 = {0 € E'| sortes(0) ¢ 1}.
(ndto((nelemﬁ,ﬁa Ex, EQ)’( )) = {(q7 L)}) € AT;DTI:O

2. AT, is defined as the smallest set in the following scheme:

rlso

For every (dtx((E, E1, E2), (q1,---,qk)) = q) € dtrans(y), with:
k € Ranks, +, (E, Er, Es) € Ext(X,V1,Vs), and q,q1, - .., qr € St(y):

e Casel: T € E;

— if coltrlg(z, (q1,---,qx)) # 0, then:
Let ctq = coltrly(z, (q1,..-,qx)).
For every (dty((E', E1, E%), (q1,---,qx)) = ¢') € ct1:
if (E,E1\ {7}, Es) o (E',E}\ {z}, EY) is defined and
(B, B, BY) = (F, By \ {7}, Ba) o (5%, B} \ {z}, ), then
« if (¢1,L),...,(qx, L) € S),., then:

pr?

(ndtk((Eﬁa Eila Eg)a ((QI, L), (Qk, 1))
= {(q7 L)v (qla T)}) € AT;D7“1>o

* for every i € [k]:

ﬁ (qlaJ—)w-- (qi—laJ—)7(qiaT)7(qi+1;J—)a'"a(qkaL) € Séra
then:

(ndtk((E”’ Eila Eé’), ((QI; l)a cey (qi—la l)a (Qi; T)a
(qi-i-la L)’ SRR (Qka L))) = {(qa T)}) € AT1)T1>0'

— otherwise:
* ﬁ(qle—)vv(qkaJ-) S Sl

prs then:

(ndty((E, Ex \ {7}, E2),
((q1; L), (ar, 1)) = {(g, L)}) € ATy,

x for every i € [k]:

ﬁ (qlaJ—)w-- (qi—laJ—)7(qiaT)7(qi+1;J—)a'"a(qkaL) € S;[/)ra
then:

(ndtk((Ea Ey \ {f}v EQ)a ((qla J—)a SR (qifla J—)a (qia T),
(QiJrlv J—)v ) (qu J—))) = {(Qa T)}) € ATPT1>0'

e Case 2: ,T ¢ F;

— if there is 0 € E with sort,.s(c) € 77 and
(qla J—)a ) (qu J—) S S;T, thﬂ:
Let elemy 5 = {0 € E | sortyes(o) € 17}

(ndti(elemy 5, E1, Es),
((qla J*)’ R (qk’ J*))) = {(qa l)a (q7 T)}) € AT:DT1>0
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— if there is 0 € E with sort,.s(c) ¢ 77 and

(qlal)a-'-v(qk, )ESpT,then:

Let nelemy 5 = {0 € E'| sortyes(0) ¢ 1}.

(ndti((nelemg 5, Ev, Es),
((qla L) (Qk; 1) = {(q7 J*)}) € AT:DT1>0

Additionally, for every ¢ € [k]:
lf (Q17 )7"'a(qiflvj—)v(qiv—r)v(qi+1;J—)a'"a(qu ) ESpra then:

(ndtk((Ev En, E2)7 ((Q17 J—)v R (qiflv J—)v (qiv T),
(QiJrlv J—)v s (qu J—))) = {(Qa T)}) € ATPT1>0'

We give an example.

Example 13. Consider the following formula:

¢ = (Fz : {Decl}. labelpger(x)) € MSO*(S, Vi \ {#PH Y Vo) 4+

The representation transitions for the subformula:
labelDECL(z) c MSO*(E, Vl, VQ)_A”’F
was already given in the example 3, i.e the following:

1. dto(({IDENT, INTTYP, BOOLTYP}, {},{}),()) =0,

2. dt, ({DSINGLEY}, {}, {}), (0)) =
3. dt,(({DSINGLE}, {}, {}), (1))= ,
4. dts(({DECL}, {z}, {}), (0,0)) =
5. dta(({DECL}, {7}, {}), (0,0)) =
6. dta(({DECL}, {7}, {}), (1,0)) =
7. dto(({DECL}, {7}, {}), (0, 1)) =
8. dta(({DPAIR}, {}, {}), (0,0)) = 0,
9. dia(({DPAIR}, {}, {}), (1,0)) = 1,
10. dt>(({DPAIR}, {}, {}), (0,1)) =

We compute the set of representation transitions ndtrans(y) from dtrans(iy)
by using the reachability construction of projection. In the following, we put
(%) after a representation transition to mean that the representation transition
is derived by case 1 and (xx) for the representation transition which is derived
by case 2. We start by computing:

reachy, (0,0, ATy_y, ASpr_, ),

where:
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ATy, = ATy,
= {ndto(({IDENT, INTTYP, BOOLTYP}, {},{}), () = {(0, L)} ¥}
ASZDT:U = {(Ovj-)}

Following our formal definition of reachy,, we perform the following recursive
call (we give here an additional index to the arguments, just to distinguish the
arguments of one recursive call with the other recursive call):

TeaCh:DT ( Pr1)’ S;Iw(l) ’ TPT>0(1) ’ A‘S’PT>0(1) )’
where:
TIZT(I) = ATpT:o
p’r‘(l) = ASPT:O
= {0,1)}
AT:DT>0(1) = ATI?7“1>0(1)
— [ ndty ({DSTNGLE}, {}, {}), (0, 1))) = {(0, 1)},
ndtz (({DECL}, {}, {}), ((0,1),(0,1)))
= {(07 J—)v (L T)}(*)a
ndta(({DPAIR}, {}, {}) ((0, 1), (0, 1)) = {(0, L)} }
ASP’”>0(1) = {(Ovj-) ( )}\ PT(1)
= {@,T)}
Since ASyr_ ) # (), we perform the following recursive call:
Tea’ChpT ( pr(2)’ S;IW(Z) ’ ATp7">o(2) ’ ASp7">o(2) )7
where:
Té’!‘(z) = 1/)7‘(1) U ATpT>0(1)
pr(2) = SpT 1 U ASID’”>0(1)
= {(, l) (L, T)}
ATPT>0(2) - ATPT1>0(2)
= AT:DT1>0(1) U
{ ndt({DSINGLE}, {}, {}), (1, T))) = {(1, T)}*),
ndts(({DECLY, {}, {}), (1, T), (0, 1)) = {(1, T)},
ndta(({DECL}, {},{}), ((0, 1), (1, T))) = {(1, 7))},
ndta(({DPATR}, {}, {}), ((1, T), (0, 1)) = {(1, T)}*,
”dt2(({DPAIR}a {30, (0, 1),(1, M) = {1, T)y* 3
ASP’“>0(2) = {(1 T }\ pr(2)
= 0
Since ASyr_ ., = 0, we have then the following:
TeaCh:DT ( pr(2)’ S;zlnr@)a TPT>0(2) ’ AS:DT>0(2)) = (ngr(z) U AT:D7“>o(2) ’ Sgl)r(z))

and the representation transitions ndtrans(p) of the automaton for the formula
@ = Ja : {Decl}. labelpger () resulting from the projection construction is the
following:



Representation of The Transitions 99

ndtrans(p)
- T;l;r@) U ATp7“>o(2)
={ ndto(({IDENT, INTTYP, BOOLTYP}, {},
ndt, ({DSINGLE}, {3}, {}), ((0, ))) =
ndt; ({DSINGLE}, {},{}), ((1
ndty(({DECL}, {}, {}), ((O,L),(
ndta(({DECLY, {}, {}). (1. T). (
(( ((0, L), (
((
((
((

ndtQ {DECL}a{}v{}>a 7J-)7
ndts (({DPAIR}, {}, {}), ((0, L
ndts (({DPAIR}, {}, {}), ((1,T),
ndte(({DPAIR}, {},{}), ((0, L

)

Additionally, Sy, = {(0,1),(1,T)} is the set of all reachable states of the

automaton for the formula Jx : {Decl}. labelpger(x).

If we attempt to apply the compression procedure on ndtrans(y), it turns out
that some representation transitions can be compressed:

e ndiy(({DECL}, {}, {}), (1, T), (0, 1))) = {(1,T)} and
ndts({DPAIR}, {},{}), (1, T), (0, 1)) = {(1, T)},

e ndty(({DECL}, {}, {}), (0, 1), (1, T))) = {(1, T)} and
ndts(({DPAIR}, {},{}), (0, 1), (1,T))) = {(1, T)}

where the representation input symbol of every compressed representation tran-
sition from these two pairs is computed as the following:

compress (({DECL}, {}, {}), ({DPAIR}, {}, {})) = ({DECL, DPAIR}, {}, {}).

Hence, after compressing the two pairs of representation transitions we have the
following (which is also the final result, since no more representation transitions
can be compressed):

ndtrans(p)
= { ndto(({IDENT, INTTYP BDDLTYP} (4D, 0) ={(0, 1)},

ndty ({DSINGLE}, {}, {}). (0. 1)) = {(0, L)}.

ndt, (({DSINGLE}, {}, {}),((1,T ) = {1, T)},
ndty(({DECL}, {}, {}), ((0, 1), (0, 1)) = {(0, L), (1, T)},
ndty({DPAIR}, {},{}), (0, 1), (0, 1))) = {(0, L)},
ndts(({DECL, DPATR}, {},{}), (1, T), (0, 1)) = {(1, T)},
ndts(({DECL, DPATR}, {}, {}), ((0, 1), (1, 7)) ={(1, T)} }

We give a comparison of the number of states and transitions using this repre-
sentation and those which are constructed by following the formal construction
given in subsection 6.2.2. This is shown in table 7.10.

Note that the following states are not reachable:

e (0, T), since this state means that the guessing of  is made (shown by the
second component of the pair, T) at the node where the guessing actually
can not be made (shown by the first component of the pair, 0).
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Non-represented Represented
Number of States 4 2
Number of Transition 48 7

Table 7.10: A comparison of the number of states and transitions (represented
and non-represented) for the formulas 3 : {Decl}. labelpger(x)

e (1,.1), since this state means that the guessing of = is not made (shown
by the second component of the pair, 1) at the node where the guessing
actually should be made (shown by the first component of the pair, 1).

Those 48 transitions in table 7.10 are obtained by following the formal construc-
tion of the automata for formulas with quantifier over node variable as given in
subsection 6.2.2, where every input symbol and every state as the input states
of the transitions are considered:

e 8 transitions having the input symbols with the first component:
IDENT(®:14em%) | where we consider 2 node variables (31142t} and z{Tdent})
1 node set variable (X {T97t}) "and no input state,

e 2 transitions having the input symbols with the first component:
INTTYP(&TYPEXP) wwhere we consider no node variables, 1 node set variable
(Y {TyeExp}) " and no input state,

e 2 transitions having the input symbols with the first component:
BOOLTYP(S:T¥PExP) wwhere we consider no node variables, 1 node set variable
(Y {TyeExp}) " and no input state,

e 4 transitions having the input symbols with the first component:
DSINGLE(Pech.DList) = where we consider no node variables, no node set
variable, and 4 combinations of input states, i.e. ((0,L)), ((0,T)), ((1,L1)),
and ((1,T)),

e 16 transitions having the input symbols with the first component:
DPATR(Pecl DList,DList)  where we consider no node variable, no node set
variable, and 16 combinations of input states,

e 16 transitions having the input symbols with the first component:
DECL(1dent TypExpDecl) ' where we consider no node variable (since z is the
quantified variable), no node set variable, and 16 combinations of input
states.

To compute the representation transitions ndtrans(p) for the formula ¢, we
assume that the set of representation transitions dtrans(¢) for the formula
Y € MSO*(E, V1, Vo U{X"}) 4,7 is given.

Computing the new representation transitions for a second order quantification
formula is simpler than for the first order quantification formula. The reason
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is that the well-marked trees on which we assume the automaton runs do not
restrict the number of guessings of the quantified variable X (in contrast to the
guessing of a node variable x). In general, to construct a new representation
transition, we still follow the original projection construction for the second
order quantification formula and proceed as the following (by case distinction):

e We start by looking for a representation transition from dtrans(y) with
the representation input symbol containing X, which means that X is not
contained in the input symbol of the transition represented. Following
the original projection construction, we should find the representation
transition with the representation input symbol containing X and having
the common represented input symbols modulo the quantified variable X
(the common represented input symbols can be computed by our diamond
operator). In contrast to the first order quantification, here we have only
one possibility:

— we successfully find such representation transition and a new repre-
sentation transition is constructed from the representation transition
with X in the input symbol and the representation transition with X
in the input symbol which reflects that we may do both the guessing
of X or no guessing.

Note that given a representation transition with the input symbol con-
taining X we can always successfully find a representation transition with
the input symbol containing X. The reason is that we never use a second
order variable with overline, in our representation input symbol to restrict
that only one node in a well-marked tree can be labeled by X.

e We have a representation transition from dérans(¢) with the represen-
tation input symbol containing neither X nor X. Such representation
transition can exist if the occurrence of X in the representation input
symbol of this representation transition is not significant to determine its
output state. In this case, we do not split the representation input symbol
(with respect to the sort of X) as in the first order quantification case,
since the output state is always the same, either:

— we make a guessing or no guessing at the node whose sort is in the
sort of X, or

— we make no guessing at the node whose sort is not in the sort of X.

We define now formally how we compute the new representation transitions
based on the idea above.

First, we define a function that collects from dtrans(i) the representation tran-
sitions for the rank k& € Ranks, with the representation input symbol containing
the given node set variable and the given input states, coltr2y : Vo x St(y)*F —
P(Dtr(X,V1,Vs)). It is defined as follows:

coltr2i(X, (q1,---,qx))
={ (dt((E,E1, E2),(q1,---,qx)) = q) € dtrans() |
(E,El,EQ) S E:Et(E,Vl,VQ), X eFEs qe€ St(i/)) }



Representation of The Transitions 102

The set of representation transitions for ¢ are computed as follows. We define
the set AT}ro_, which contains the representation transitions of ¢ for the rank
0 and the set AT}, 2., which contains the representation transitions of ¢ for the
rank greater than 0. Recall that both sets are used in the reachability construc-
tion of projection, i.e. reachy,.

1. ATpro_, is defined as the smallest set in the following scheme:
For every (dto((E,E1,E2),( )) = q) € dtrans(v), with (E, Eq, E2) €
Ext(X,V1,Vs) and q € St(y):

e Case 1: X € F,

— if coltr2y(X, ()) # 0, then:
for every (dto((E', Ef, Eb), () =¢') € coltr2o(x, ()):
if (E,E1, B2\ {X})o (E',E;,E5\ {X}) is defined and
(B, B}, B§) = (B, Bv, By \ (X)) o (B, B, § \ {X}), then:

(ndto((E", EY, E3), () ={4¢.4'}) € ATpra_,

o Case 2: X, X ¢ Fy
Then:
(ndtO((Ea Ela EQ)) ( )) = {q}) € ATPTQ:O

2. ATp9._, is defined as the smallest set in the following scheme:

For every (dty((E, E1, E2), (q1,...,qr)) = q) € dtrans(¢), with:
k € Ranks y, (E, Ey, E2) € Ext(X,V1,V2), and q,q1,. .., qx € St():

e Case 1: X € Ey

— if coltr2x(X, (q1,---,qr)) # 0, then:
Let cta = coltr2i (X, (q1,-- -, qx)).
For every (dty((E', E{, E%), (q1,---,qx)) = ¢') € cta:
if (B, Ey, By \{X})o (E',E}, E5\ {X}) is defined, where
(B, 1), ) = (B, By, By \ {X}) o (E'. E{, I\ {X}) and
qi,- - qr € S, then:

(ndti((E", EY, E), (a1, qr)) = {a,4'}) € ATp2.,
e Case2: X, X ¢ E»

_ﬁqla"'aqkeszl)’r’

(ndty((E, E1, E2), (q1,---,ax)) = {q}) € ATpra.,

then:

We give an example.

Example 14. Consider the following formula:
¢ = (3X : {Ident}.y € X) € MSO*(X, V1, Vo \ {X {18t} 4 1.
The representation transitions for the subformula:
(ye X)e MSO* (X, V1,V2) a7

was already given in the example 4, i.e the following:
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{IDENT}, {y},{X}), () =
dto(({IDENT}, {y}, {X}). ())
dto(({IDENT}, {7}, {}), () =
{INTTYP,BOOLTYP}, {}

{DSINGLE}, {},{}), (0))
dt:(({DSINGLE}, {},{}), (1)) =

dt2(({DECL,DPAIR}, {}, {}), (0,0))
dto(({DECL,DPAIR}, {}, {}), (1,0))
dto(({DECL,DPAIR}, {},{}),(0,1))

We compute the set of representation transitions ndtrans(y) from dtrans(iy)
by using the reachability construction of projection. As in the example 13, we
also put (%) after a representation transition to mean that the representation
transition is derived by case 1 and (xx) for the representation transition which
is derived by case 2. We start by computing:

Tea’ChZDT ((Z)a @, ATZDT:m ASZDTZU)v

O

7{

—

):()) =0
0
1

0

1

dto ((
((
((
((
((
((
((
((

0
1

@@N@P‘F?"!\”!—‘

1

where:
ATy, = ATpro_,
={ ndto(({IDENT}, {y},{}), ()) = {0, }(*>
ndto(({IDENT}, {7}, {}), ()) = {0}**
ndto(({INTTYP BDDLTYP} {} {}) ()) = {0} **) }
ASpr_, = {0,1}

Following our formal definition of reachy,, we perform the following recursive
call (we give here an additional index to the arguments, just to distinguish the
arguments of one recursive call with the other recursive call):

TeaCh:DT ( pr(1)’? S;/)r(l) ) TPT>0(1) ’ A‘S’PT>0(1) )’
where:
T = AT,
;I)T(l) = ASPT:O
= {07 1}
ATP’”>0(1) = ATZ”"2>0(1)

={ ndt;(({DSINGLE}, {},{}), (0)) = {0},
ndty ({DSINGLE}, {},{}), (1)) = {1},
ndty(({DECL, DPAIR}, {}, {}), (0,0)) = {0} ),
ndts(({DECL,DPAIR}, {},{}), (1,0)) = {1}(**>

((

ndts (({DECL,DPAIR}, {},{}), (0, ))—{1} **) }

ASP’”>0(1) = {0 1}\ Pr(1)
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Since AS,

proony = ¥, we have then the following:

AS

PTr>o(1)

reachy. (T, .S, AT,

pr(1)’ ¥ pry’ PTr>o0(1)>

) = (T;gr(l) U AT’Zm”>0(1) ’ S}IW(I))
and the representation transitions ndtrans(p) of the automaton for the formula
¢ =3X : {Ident}. y € X is the following:

ndtrans(p) = Ty, UAT

pT(1 PT>o0(1)

{  ndto(({IDENT}, {y},{}), ()) = {0, 1},
ndto(({IDENT}, {7}, {}), () = {0},
ndto(({INTTYP,BOOLTYP}, {}, {}), ()) = {0},
ndi1(({DSINGLE}, {}, {}), (0)) = {0},
ndt1 (({DSINGLE}, {}, {}), (1)) = {1},
ndts(({DECL, DPAIR}, {}, {}), (0,0)) = {0},
ndt>(({DECL, DPAIR}, {},{}), (1,0)) = {1},
ndt>(({DECL,DPAIR}, {},{}),(0,1)) = {1}  }

Additionally, Szl?m) = {0, 1} is the set of all reachable states of the automaton

for the formula 3X : {Ident}.y € X.

If we attempt to apply the compression procedure on ndtrans(yp), we shall get
the same result, because no representation transitions in ndtrans(y) can be
more compressed. O

We give a comparison of the number of states and transitions using this repre-
sentation and those which are constructed by following the formal construction
given in subsection 6.2.2. This is shown in table 7.11.

Non-represented Represented
Number of States 2 2
Number of Transition 22 8

Table 7.11: A comparison of the number of states and transitions (represented
and non-represented) for the formulas 3X : {Ident}. y € X

Those 22 transitions in table 7.11 are obtained by following the formal con-
struction of the automata for formulas with quantifier over node set variable as
given in subsection 6.2.2, where every input symbol and every state as the input
states of the transitions are considered:

e 4 transitions having the input symbols with the first component:
IDENT(®:14em%) ' where we consider 2 node variables (y{14ent} and z{Ident})
no node set variable (since X is the quantified variable), and no input
state,

e 2 transitions having the input symbols with the first component:
INTTYP(&TYPEXP) wwhere we consider no node variables, 1 node set variable
(Y {TyeExp}) " and no input state,
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2 transitions having the input symbols with the first component:
BOOLTYP(®:T¥PExP) wwhere we consider no node variables, 1 node set variable
(Y {TyeExp}) " and no input state,

e 2 transitions having the input symbols with the first component:
DSINGLE(Pech.PList) = where we consider no node variables, no node set
variable, and 2 combinations of input states, i.e. ((0)) and ((1)),

e 4 transitions having the input symbols with the first component:
DPATR(Pecl DList,DList) - where we consider no node variable, no node set
variable, and 4 combinations of input states,

e 8 transitions having the input symbols with the first component:
DECL(1dent TypExpDecl) wwhere we consider 1 node variable (zP*¢1}), no node
set variable, and 4 combinations of input states.

With respect to our assumption, we claim that the new representation transi-
tions produced by our projection construction indeed represent the transitions
of the automaton for a built formula with existential quantifier (as described in
subsection 6.2.2), since:

e in general, we use the same approach as in the original projection construc-
tion to produce a new representation transition, except that we consider
only reachable states, but the essence of the construction is still the same.

e to define the representation input symbol of a new representation transi-
tion, we consider the common represented input symbols which are com-
puted by the diamond operator. Given that dtrans(y) is complete and
non-overlapping, we shall also obtain the complete and non-overlapping
ndtrans(p), since to produce a representation transition in ndtrans(y),
our construction considers all possible cases of representation input sym-
bols (regarding the occurrence of the quantified variable) in the represen-
tation transitions of dtrans(v).

7.3.6 Representation Transitions by Power Set Construc-
tion

In this subsection, we show how the power set construction is realized for our
representation transitions. Recall that the power set construction is needed to
determinize the nondeterministic bottom-up tree automaton resulting from the
projection on a first or second order variable.

Generally we use the power set construction defined in section 5.3 to pro-
duce the new transitions in our representation. Particularly we compute the
new representation transitions by considering only the reachable states as the
input states. In this way, we can have less number of representation transitions
compared to the number of transitions in case we consider all states.

The idea of the reachability construction of power set is the same as in the
cross product construction. We do not repeat it here. The difference is only
when computing the new representation transitions, which we shall discuss later.
As in the reachability construction of cross product, for the power set construc-
tion we also maintain four sets, i.e. the sets T}s, Sps, Alps, and AS,,. Each of
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them has the same role as its counterpart in the cross product construction (cf.
the roles of the sets T,., Ser, ATe,, and AS,, in subsection 7.3.4).

As a running example for our presentation, consider that we want to deter-
minize the representation transitions of the formula:

Jz : {Decl}. labelpgeL(x),

whose representation transitions (nondeterministic) are given in the example 13.
For our presentation, suppose that we are now computing the representation
transitions (deterministic) of this formula for the rank 2 with the reachable
states {(0, L)} and {(0,L1), (1, T)} as the input states, i.e.

({0, L)}, {(0, L), (1, T)})

(recall from section 5.3, that the state of a deterministic automaton by the
power set construction is a set).

Based on the original power set construction, we give now the idea of how
to compute a new representation deterministic transition. Note that a special
handling is needed when we use our procedure of power set construction to
compute the representation deterministic transitions for the first order quantifi-
cation formula, in particular if the subformula contains an attribute formula and
we quantify over a node variable that occurs in the attribute formula. In our
following discussion, we first give a construction which works for quantification
formula where no attribute formula is involved in the subformula. Later, we
show the problem that occurs if an attribute formula is involved in the subfor-
mula and we quantify over a node variable that occurs in the attribute formula.
We propose then a solution to overcome this problem, where we use a symbolic
representation of a set of nodes which we introduced in section 7.2.

Given a k-tuple of reachable states, say (P1,...,P;), with k € Ranksy, as the
input states for the new representation transition, to compute a new represen-
tation transition, we need to decide the representation input symbol and the
output state. We compute them as the following:

1. According to the original construction, the output state of a deterministic
transition for a particular input symbol with the input states (P, ..., P)
is the union of all output states of the nondeterministic transitions for the
same input symbol with the input states (q1,...,qx) € P1 X...x P;. Based
on this, we proceed as the following. We collect all representation nonde-
terministic transitions with the input states (¢1,...,qx) € Py X ... X Px.
Note that for some input states (qi,...,qx) € P1 X ... X Py, the represen-
tation nondeterministic transitions may not exist, for the reason that such
input states are not reachable. Thus, we actually collect only those re-
presentation nondeterministic transitions with the reachable input states
(q1y-.-,qx) € PL X ... X Py.

For our running example, we collect the representation transitions with
the input state (g1, ¢2) € {(0, L)} x{(0, L), (1, T)}, which are the following
input states:

e ((0,1),(0, 1)),
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e ((0,L),(1,T)).

And the representation nondeterministic transitions with these two input
states are:

o ndty(({DECL}, {}, {}), ((0, 1), (0, 1))) = {(0, L), (1, T)},
o ndtz(({DPAIR}, {}, {}), ((0, 1), (0, 1)) = {(0, L)},

o ndty(({DECL}, {}, {}), ((0, L), (1, T))) = {(1, T)},

e ndty(({DPAIR}, {}, {}), (0, L), (1, T))) = {(1, T)}.

Since only the representation input symbol and the output state are im-
portant to compute the new representation transitions for the input states
({(0, L)},{(0,L),(1,T)}), then we can leave out from these representation
transitions unnecessary information and take only their representation in-
put symbols and their output states. We can represent each of them as a
pair. Hence, we have the following:

(({pECL}, {}, {}), {(0, L), (1, T)}),
(({DPATR}, {}, {}), {(0, L)}),

e (({pECL}, {}, {}), {(1, T)}),
(({oPAIR}, {}, {}), {(1, T)}).

2. From the pairs of representation input symbols and output states, we can
derive the representation input symbol and the output state of the new
representation transition. The idea for deriving the new representation
input symbols is to find the common represented input symbols among the
diverse representation input symbols in the pairs. For this purpose we
can use the diamond operator. Given two pairs of representation input
symbols and output states (r1, P1) and (rq, P2), whenever from r; and 79
some common represented input symbols exist, then for this common re-
presented input symbols we compute the output state by taking the union
of P; and P,. This procedure is performed for every two different pairs
repeatedly until a fixpoint is reached, i.e. we have a pair of final repre-
sentation input symbols and their corresponding output states which are
complete and non-overlapping.

For our running example, applying this procedure yields the following
pairs of new representation input symbols and output states:

e (({pECL}, {},{}),{(0, 1), (1, T)}),
e (({pPAIR}, {}, {}),{(0, L), (1, T)}),

Remark 3. Given a set of representation nondeterministic transitions
which is complete and non-overlapping with respect to our assumption,
we can claim that the application of the above procedure repeatedly (until
a fixpoint is reached) will give a complete and non-overlapping represen-
tation deterministic transitions. The reason is that in the given represen-
tation transitions, which are complete and non-overlapping (with respect
to our assumption), for every configuration of input states, all input sym-
bols are completely and non-overlappingly represented. And, to produce
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the representation input symbol and the output state of a new represen-
tation deterministic transition (for a given configuration of input states),
we consider every possibility of obtaining the common represented input
symbols. This is done by applying the procedure to every two different
pairs of representation input symbols and output states (of the representa-
tion nondeterministic transition). The procedure is performed repeatedly
until a fixpoint is reached, which means that no more common represented
input symbols can be extracted from them and hence the representation
input symbols are non-overlapping one another. (I

3. From the given input states (Pi,...,P;) and every pair of the new re-
presentation input symbol and the output state ((E, E1, Es), P), we can
construct the new representation deterministic transitions:

dt,((E, E1, Es), (P1,...,Py)) = P.

For our running example, we have the following new representation tran-
sitions:

e from the pair (({DECL}, {},{}),{(0,L1),(1,T)}), we have:
dta({DECL}, {}, {}), ({(0, L)}, {(0, 1), (1, T)})) = {(0, L), (1, T)},
e from the pair (({DPAIR},{},{}),{(0,L1), (1, T)}), we have:

dtz(({DPAIR}, {}, {}), ({(0, L)}, {(0, 1), (1, T)})) = {(0, L), (1, T)}.

With respect to our assumption, we claim that the new representation deter-
ministic transitions produced by our power set construction indeed represents
the transitions of the deterministic automaton which are derived from the transi-
tions of the nondeterministic automaton by the power set construction described
in section 5.3, since:

e in general, to produce a representation deterministic transition we use the
same approach as in the original power set construction, except that we
consider only reachable states, but the essence of the construction is still
the same.

e in Remark 3, we have argued that given a set of representation nondeter-
ministic transitions which is complete and non-overlapping with respect
to our assumption, by our construction we shall also obtain a complete
and non-overlapping representation deterministic transitions.

Based on this idea, we define now the reachability construction for power set
formally.

To compute the representation transitions dtrans(p) of the deterministic au-
tomaton for the formula ¢ € MSO*(X,V1,V2) 4,7, where ¢ = (Jz : 7. ¢) or
© = (3X : 7. ¢), we assume that the set of representation transitions ndtrans(p)
of the nondeterministic automaton for the formula ¢ is given.
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First, we define a function that given a k-tuple of (input) states (Py, ..., Px) €
St(¢)* with k € Ranks ., it collects all pairs of representation input symbols
and output states from the representation transitions of ndtrans(y) with the
input states (qi,...,qx) € P1x...x Py. We define the function pstry : St(p)* —
P(Ext(Z,V1,V2) x St(p)) as follows:

pstrg (Pr, ..., Px)

E, Ey, Es), P) |

ndtk((E Ey, Es),(q1,-..,qx)) = P) € ndtrans(y),

E El,Eg) S Emt(Z V1,V2)

ql,...,Qk EPl XP]C,PESt((,D) }

={
(
(
(

With this collection of pairs, we can compute the representation input symbol
and the output state for the new representation transition for a given k-tuple
of input states (Pi,..., Py) € St(p)*. To achieve this goal, we proceed step by
step. We start by defining a function to compute a new pair of representation in-
put symbol and output state from two pairs of representation input symbols and
output states as the function np : (Ext(Z, V1, Vs2) x St(p)) x (Ext(Z, V1, Va) %
St((p)) — P(E:L't(z, Vi, VQ) X Stw):

p (((E/’E{aEé)apl)’ ((EII,E{I’EQ)’PQ)) =

o if (B, ) o (E", B!, EY) is defined,
then {((E', E1, Ej) o (E", EY, EY), Py U )},

e otherwise, (.

Let (r, P) be a pair (of representation input symbol and output state) and Zp
be a set of pairs (of representation input symbol and output state), we define
a function that apply np to the pair (r, P) and every element of Zp. We de-
fine the function sq,s : (Ext(XZ, Vi, Va2) x St(p)) x P(Ext(Z, Vi, Va) X St(p)) —
P(Ext(X, V1, V2) x St(p)) as follows:

Let Nzp = U, pryezpnp ((r, P), (', P')), then:

sqps ((r, P), Zp) =
o if Zp =10, then 0,
o if Zp+# () and Nzp # 0, then Nzp,
e otherwise, {(r, P)}.

Now we can use the function sg,s to compute the final collection of pairs of
representation input symbols and output states for the representation transi-
tion with the input states (Pi,..., P;) by considering all pairs we have from
pstry (P1, ..., P). Let Zt = pstri(P1,. .., P;) and

Azp: U S4ps ((7’, P)aZt\ {(Tv P)})v

(r,P)EZL
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we define function squeezeys : P(Ext(Z, V1, V2) X St(p)) — P(Ext(Z, V1, V) X
St(p)) as follows:

squeezeps Zt =
e if card(Zt) = 0, then 0,
o if card(Zt) = 1, then Zt,
o if card(Zt) > 2 and Azp # Zt, then (squeeze,s Azp),
e otherwise, Zt.

Having the definitions of pstry, np, sgps, and squeezeps, we are ready now
to compute the new representation deterministic transitions. For a given rank
k € Ranks. 1, we define the function pstransy, : P(St(p))* — P(Dtr(%, V1, Va))
that given k sets of reachable states, it computes the new representation deter-
ministic transitions of k-tuples of input states, where each k-tuple of input states
comes from the given k sets of reachable states:

pstransy, (S1,...,Sk)
={ dix((E,FE1,Ey),(P,...,P))=P]|
Pesy, ..., P, €8,
((E, Er, Es), P) € squeezeys (pstry (Pr,...,P)) '}

We define the following function reachps : P(Dtr(X,Vi,V2)) x P(St(yp)) X
P(Dtr(X,V1,Va)) x P(St(p)) — P(Dtr(%,V1,Va)) x P(St(p)) as the reach-
ability construction for power set:

reachps (Tps, Sps, ATps, ASps) =

[ ﬁ ASps = (Z)a
then: (Tps U AT, Sps)

e otherwise: reachys (1,5, AT ps. o, ASps.,);

where:
° ngs =Ty U AT
Note: TI’,S collects all representation transitions computed so far.

° S{,S = Sps UASps
Note: S,,; collects all states which are reachable so far.

ATpsoo = Ureranks | ( pstransg(Sps, - - -, Sps, ASps)U
’ —_————

k—1
pstransg(Sps, - - -, Sps, ASps, Sp) U . U
—_——

k—2
pStTGTLSk(ASps; S;L/)s’ R Sgl)s) )
—_—

k—1
Note: AT,s., computes for every rank k € Ranks  the new repre-
sentation deterministic transitions, which is performed by the function
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pstransy. As in the cross product construction, by “semi-naive” method,
we avoid to compute for every rank k € Ranks, 1, pstransi(Sps, ..., Sps),
——

since this means we compute the representation transitions considering
only the old reachable states, but this in fact has been computed in the
previous recursive call.

ASps., ={ trfe(P) e St(p)|
(dtk((E El,EQ (P ) S ATps>0,

° k> 0, (E El,Eg) S Ewt(E Vl,VQ)
Pi.....P €S, g

Note: AS,., collects the new reachable states, with function ¢r f, defined
in remark 1.

We can compute now the set of representation transitions dtrans(yp) of the de-
terministic automaton for the formula (¢) € MSO*(X, V1, Vs2) 4,7 by using the
reachability construction for power set.

Let (transps, stsps) = reachps (0,0, ATps_,, ASps_,), where:

ATy, =1{ dto((E,E1, Ey),())=P]|
(ndto((E, E1, E2),()) = P) € ndtrans(p),
(E, FE, EQ) € E:L't(z, Vi, VQ), P e St((p) }

ASps_y ={ trf,(P) e St(p) |
(dto((EvElﬂEQ)a ( )) = P) € ATPS:oa
(E,El,EQ) S Ezt(E,Vl,Vg) }

Then, we have:
dtrans(p) = transps.

Additionally, sts, is the set of all reachable states of the deterministic automa-
ton for the formula p € MSO*(X, V1, V2) 4, 7.

Example 15. Consider again our running example:
¢ = 3z : {Dec1}. labelpgey () € MSO* (2, V1 \ {22} Vo) 4+

Let us recall the representation nondeterministic transitions ndtrans(p), which
was given in Example 13:

ndtrans(p) = { ndto(({IDENT, INTTYP, BOOLTYP}, {},{}),()) = {(0, 1)},
ndt (({DSTNGLE}, {}., {}). (0. ¢>>> = {(0, 1)},
ndty ({DSTNGLE}, {}, {}). (1. T))) = {(1. T)}.
ndts(({DECLY, {}, {}), ((0, )(0 L>>> {(0,1), (1, T},
ndta(({DPATRY, {}, {}), ((0, 1), (0, 1))) = {(0, L)},
ndts(({DECL, DPATRY. {}. {}). (1. T), (0, 1))) = {(1. T)}.
ndts(({DECL, DPATR}. {}. {}). (0. 1), (1, T)) = {(1, T)} }



Representation of The Transitions 112

We compute the representation deterministic transitions dtrans(y) from the
representation nondeterministic transitions ndtrans(p) by using the reachability
construction of power set. We start by computing;:

reachys (0,0, ATps_y, ASps_, ),

where:
ATps:g = { dto(({IDENT, INTTYP, BDDLTYP}, {}, {}), ( )) = {(0, J_)} }
ASps.y = {{0,L)}}

Following our formal definition of reach,s, we perform the following recursive
call (we give here an additional index to the arguments, just to distinguish the
arguments of one recursive call with the other recursive call):

TeaCh:DS ( ps(l)’S;L/JS(l)’ TP5>0(1)’ASI’S>0(1))’
where:

T = ATy,

SI’,é(l) = ASp_,
= {{(O, D)} }

ATps oy = pstransi (ASps_y) U
pstransa (0, ASps_,) U pstranss(ASps_,, S;s(l))

= pstrans; (ASps_,) U D U pstranss(ASys_,, S;S(l))
= pstrans; (ASps_,) U pstranss(ASps_ 0,S;Ds(l))(*)

We compute first pstransi(ASys_,) and then pstransa(ASps_q, Sps . )-

To compute pstransi(ASps_, ), we need to compute pstry({(0, L)}) and
squeezeps (pstri({(0, 1)})):

pstr1({(0, 1)}) = {(({DSINGLE}, {}, {}),{(0, L)})},

and

squeezeps (pstri({(0, 1)})) = {(({DSINGLE}, {}, {}), {(0, L)})}-

Hence, we have:

pstransy(ASys_,) = {dty ({DSINGLE}, {}, {}), ({(0, )})) = {(0, L)}

To compute pstransz(ASps_y, Sy, ), We need to compute the values of

pstra({(0, 1)},{(0, L)}) and squeezeps (pstr2({(0, L)}, {(0, L)})):

pSﬁTg({(O, l)}a {(0’ L)}) = { (({DECL}7 {}a {})7 {(Oa 1), (17 T)})7
(({DPAIR}, {}, {}),{(0,1)}) }

For simplicity of our presentation here, let:

= (({pECL}, {}, 1), {(0, L), (1, T)}),



Representation of The Transitions 113

e po = (({DPAIR}, {}, {}), {(0, L)}).

We compute squeezeps (pstra({(0, L)}, {(0, L)})) as follows:
First, we compute:

Azp = sqps(p1,{p2}) U sqps(p2, {p1})
{p1,p2}
pstr2({(0, L)}, {(0, L)})

and since we have Azp = pstr2({(0, L)}, {(0, L)}), then:

squeezeps(pstra({(0, 1)}, {(0, 1L)}))
= { (({oECLY, {}. 1)) {(0. 1). (1. T)}),
({oPaTR}. {3, 1}). {(0. 1)) }

Hence, we have:

pstransz(ASps_o, S,

)
= {dta(({DECLY, {1, {}), (1(0. L)} {(0, 1)})) = (0, 1), (1, T)},
dta(({DPATRY, {3, (). ({(0. 1)}, {(0, 1)}) = {(0. 1)) }

Having the value of pstransi(ASps_,) and pstranss(AS, Sls. ), we can

PS=07 ¥ ps(1)
continue the computation of AT)s_,, in ():

AT,

e i }J.S'transl(ASpszo)Upstransz(ASps os Sps(l))
={ dt:(({pSINGLE}, {},{}), ({(0,1)})) = {(0, L)},
dtz(({DECL}, {}, {}), ({(0, 1)}, {(0, 1)}))
= {(Oa 1), (1 T)}
dt2(({DPAIR}, {}, {}), ({(0, L)}, {(0, L)}))
={(0,1)} ¥
ASpsseny = {H(0, } {(0, L), (4, T)} }\ Spsp,,
= {{0,1),@,T)}}
Since ASps_ .y, # (), we perform the following recursive call:
TeaCh:DS ( DPS(2)”’ S;:)s@) TP5>0(2)’ASPS>0(2))’
where:
TIQS(2) = Tlés(l) U ATT’S>0(1)
SI/?S@) = SI/75(1) U ASPS>0(1)
= {{(0, D)}, {(0, L), (1, T)}}
ATps. o0y = pstransl(ASp5>0(l)) Upstransz(Sps(l) ASpS>O(1)) U

pstransay(AS, S L

PS>o0(1)7 ~'ps(2)
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We have to compute the following:
o pstransi(ASps_ ., )

!/
o pstransy(Sys ) ASps.oqa) )

e pstranss (A5p8>o(1) ) S;S(Z) )

To compute pstransi(ASps_,,,), we need to compute pstri({(0, L), (1,T)})

and squeezeps (pstr1({(0, L), (1 H):

pstri({(0, 1), (1, T)}) = { (({PSINGLE}, {},{}), {(0, L)}),
(({psINGLE}, {}, {}), {(1,T)}) }

For simplicity of our presentation here, let:

e P = (({DSINGLE}, {}, {}), {(0, L)}),
o pb = (({DSINGLE}, {}, {}), {(1, T)}).

We compute squeezeps (pstri({(0,L1),(1,T)})) as follows:
First, we compute:

Azp = 5qps(Ph, {Pa}) U sqps(Ph, {P1})
= {(({psINGLE}, {},{}), {(0, L), (1, T)})}

and since we have Azp # pstr1({(0, L), (1, T)}), then we proceed by having the
subsequent recursive call of squeezeps:

squeezeps(pstr1({(0, L), (1, T)})) squeezeps Azp

= Azp, since card(Azp) = 1.
Hence, we have:

pstransl(ASpé>0(l))

= {dt(({psINGLE}, {}, {}), ({(0, 1), (1, T)})) = {(0, L), (1, T)}}

To compute pstranss (S, AS, ), we need to compute the following:

PS(1)’ PS>o(1)

pstra({(0, 1)}, {(0, 1), (1, T)})

={ (({pECL}, {},{}), {(0, L), (L, T)}),
({oPATR). {3, {}). {(0. 1))).
(({DECL, DPATR}, {}, {}), {(1, T)}) }

And squeeze,s (pstr2({(0, L)}, {(0,L),(1,T)})) has the following value (we
only show the final result):

squeezeps(pstra({(0, 1)}, {(0, 1), (1, T)}))
={ (({pECL}, {},{}),{(0, L), (L, T)}),
({oPATR}. {3, 11). {(0. ). (1.T)}) }
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Hence, we have:

pstransa(Sh,  , AS,

PS(1) p5>0(1))

= { dn(({oEcL. {}. (1), (10. )} {C. 1.1, )
dtz2({DPATR}, {1, {1), ({0, 1)}, {(0, 1), (LT))}’))

To compute pstransz(ASps_ .. Sz’)s@)), we need to compute:

L pstra({(0, 1), (1, T)}, {(0, 1)}) and
squeezeys (pstra({(0, 1), (1, T)}, {(0, L)})).
2. pstra({(0, 1), (1, T)}, {(0, 1), (1, T)}) and
squeezeys (pstra({(0, 1), (1, 7). {(0. L), (1 T)}).
where:
pstra({(0, 1), (1, T)},{(0, 1)})
= pstra({(0, 1), (1, )}, {(0, 1), (1, T)})
= { (({oECLY, {3, ). {(0. 1), (1. T},
(({DPAIR}, {}, {}), {(0, L)}),
({DECL.DPATRY, {}, (), {(LT))) 1
Therefore, squeezeps (pstra({(0, L), (1, T)},{(0,L1)})) also has the same value
as squeezeys (pstra({(0, L), (1, T)}, {(0 1),(1,T)})), which is the following:
squeezeps(pstra({(0, L), (1, T)}, (0, L)}))
= squeezeps(pstra({(0, L), (1, T)},{(0, L), (1, T)}))
={ (({pECL}, {},{}),{(0, 1), (1, T)}),
({oPaR}, {3, (). {(0. 1). (1L, T)}) }
Hence, we have:
pstransa(ASps_ ., 5;5(2))

={ dta(({DECL}, {},{}), ({(0, L), (1, T)}:{( )
dta({DPAIR}, {}, {}), ({(0, L), (1, T)}, {(0, 1)}))
dta(({DECL}, {1}, {}), ({(0, L), (1, T)},
dts({DPAIR}, {}, {}), ({(0, 1), (1, T)},

By using the values of pstransi(ASps_,,,), pstransa(Sp,,,, ASps,,), and

pstranss(AS, S!s...), we can now continue the computation of AT,

PS>0(1) ~ps(2) 5>0(2)
in (k):
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AT,

PS>o0(2)

pstransi (ASps_,,,) Upstransa(S,

ps@)y?
pstransy(ASps_ ., Sps,))
)

dt,(({osTNGLE}, {}, {}). ({(0. 1),
dta({DECL}, {}, {}), ({(0, L)}, {
dts({DPAIR}, {}, {}), ({(0, L)},
dta(({DECL}, {},{}), ({(0, L), (1,
dta({DPAIR}, {}, {}), ({(0, L), (1,
dta(({DECL}, {}, {}), ({(0, L), (1,
dts(({DPAIR}, {}, {}), ({(0, L), (1,
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and the representation transitions dtrans(¢) of the automaton for the formula

@ = Jx : {Decl}. labelpgeL(x) is the following:

dtrans(p)
= T;s 2 U ATps>0(2)
={ dto(({IDENT INTTYP,BOOLTYP}, {},{}),())
={(0, L)},
dt1({DSINGLE}, {}, {}), ({(0, 1)}))
={(0, L)},
dty ({DSINGLE}, {}, {}), ({(0,1),(1, T)}))
- {(07 J—)v (L T)}a
dt2(({DECL}, {}, {}), ({(0, L)}, {(0, L)}))
= {(07 L)v ,T)},
dt2(({DECL}, {}, {}), ({(0, L)}, {(0, L), (1, T)}))
- {(OvJ-)v aT)}a
dtz(({DECL}, {}, {}), ({(0, 1), (1, T)},{(0, L)}))
- {(OvJ-)v aT)}a
dt2(({DECL}, {}, {}), ({(0, L), (1, T)},{(0,1),(1, T)}))
= {(07 L)v ,T)},
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dt>(({DPAIR}, {}, {}), ({(0, L)}, {(Oi(t)}i);}
dt2(({DPAIR}, {}, {}), ({(0, L)}, {(0, L), (1, T)}))

= {(Oal)a (LT)}v
dtz(({DPAIR}, {}, {}), ({(0, L), (1, T)},{(0, 1)}))

= {(Oal)a (LT)}v
dt2(({DPAIR}, {}, {}), ({(0, L), (1, )}, {(0, L), (1, T)}))

= {(Oal)a (17T)} }

Additionally, Sz’)é(z) = {{(0, L)},{(0,L1),(1,T)}} is the set of all reachable states
of the deterministic automaton for the formula ¢ = 3z : {Decl}. labelpger.(z).

If we attempt to apply the compression procedure on ndtrans(y), it turns out
that the following pairs of representation transitions can be compressed:

e diy(({DECL}, {}, {}), ({(0, 1)}, {(0, L), (1, T)})) = {(0, L), (1, T)},
dta({DPAIR}, {}, {}), ({(0, L)}, {(0, 1), (1, T)})) = {(0, L), (1, T)}.

(( (1,
o diy(({DECL}, {}, {}), ({(0, L), (1, T)}, {(0, 1)})) = {(0, L), (1, T)},
dta({DPAIR}, {}, {}), ({(0, L), (1, T)}, {(0, L)})) = {(0, L), (1, T)}-
((
((

o diy(({DECL}, {}, {}), ({(0, L), (L, T)}, {(0, L), (1, T)})) = {(0, L), (L, T)},
dta(({oPATR}, {1, (1), ({(0, 1), (1. T)}, {(0, 1), (1. T)}) = {(0. 1), (1, T)}

where the representation input symbol of every compressed representation tran-
sition from these three pairs is computed as the following:

compress (({DECL}, {}, {}), ({DPAIR}, {}, {})) = ({DECL, DPAIR}, {}, {}).

Hence, after compressing the three pairs of representation transitions we have
the following (which is also the final result, since no more representation tran-
sitions can be compressed):

dtrans(p)
= T;s 2) U ATP‘5>0(2)
= { dto(({IDENT INTTYP BDDLTYP} {} {} ())
={(0, l)},
dt1 ({DSINGLE}, {}, {}), ({(0, L)}))
={(0, L)},
dt1 ({DSINGLE}, {}, {}), ({(0, 1), (1, T)}))
= {(O’L)’ (1,T)},
dt2({DECL}, {}, {}), ({(0, L)}, {(0, L)}))

Il
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dt2(({DPAIRY, {}, {}), ({(0, L)}, {(0{(%)}8}
dt>(({DECL, DPAIR}, {}, {}), ({(0, L)}, {(0, 1), (1, T)}))

= {(O,L),(l,T)},
dt2(({DECL, DPAIR}, {}, {}), ({(0, L), (1, T)},{(0, L)}))

= {(0,J.),(1,T>},
dt2(({DECL, DPAIR}, {}, {}), ({(0, L), (1, T)},{(0, L), (1, T)}))

= {(O,L),(l,T)},
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We give a comparison of the number of states and transitions using our repre-
sentation and those which are constructed by following the formal construction
given in section 5.3. This is shown in table 7.12.

Non-represented Represented
Number of States 16 2
Number of Transition 540 8

Table 7.12: A comparison of the number of states and transitions (repre-
sented and non-represented) for the deterministic automaton of the formula
Jz : {Decl}. labelpger(x)

We can have a significant reduction of the number of states, since the number of
states of the nondeterministic automaton itself (by our projection construction)
has been already reduced, from four states to two states (cf. table 7.10). If all
reachable states from the nondeterministic automaton are considered, we would
then have the following states in the deterministic automaton: {}, {(0,L1)},
{(1,T)}, and {(0,L),(1,T)}. But, by considering only the reachable states in
the power set construction, we can have less number of states, where only the
states {(0, L)} and {(0, L), (1, T)} are reachable.

Those 540 transitions in table 7.12 are obtained by following the formal con-
struction given in section 5.3, where every input symbol and every state as the
input states of the transitions are considered:

e 8 transitions having the input symbols with the first component:
IDENT(®:14em%) ' where we consider 2 node variables (31142t} and z{Tdent})
1 node set variable (X {197t}) "and no input state,

e 2 transitions having the input symbols with the first component:
INTTYP(TYPE*P) wwhere we consider no node variables, 1 node set variable
(Y {TyeExp}) " and no input state,

e 2 transitions having the input symbols with the first component:
BOOLTYP(s:T¥PExP) wwhere we consider no node variables, 1 node set variable
(Y {TyPExP}) “and no input state,

e 16 transitions having the input symbols with the first component:
DSINGLE(Pech:PList) = where we consider no node variables, no node set
variable, and 16 combinations of input states,

e 256 transitions having the input symbols with the first component:
DPAIR(Pecl DList,DList) - where we consider no node variable, no node set
variable, and 256 combinations of input states,

e 256 transitions having the input symbols with the first component:
DECL(1dent TypExpDecl) ' wwhere we consider no node variable (since z is the
quantified variable), no node set variable, and 256 combinations of input
states.
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The approach of the power set construction we discussed so far does not directly
work if we aim to produce the representation deterministic transitions of a
quantification formula, where the subformula contains an attribute formula and
we quantify over a node variable that occurs in the attribute formula. In the
following, we show the problem and then propose a refinement to our previous
approach such that it also works for this case.

What if an attribute formula is involved?

We use an example to illustrate the problem that happens when an attribute
formula is involved in a quantification formula, where we quantify over a node
variable that occurs in the attribute formula. Consider the following formula:

¢ = (Fz : {Decl}. gt({often, x)((name,y)), null))

c MSO*(E, V \ {x{Decl}}’ VQ).A,]:-

Recall the set of representation transitions for the subformula:

¥ = (gt((num, z)((name, y)),null)) € MSO*(Z,V1,V2) A, 7,

which was given in the example 9. To construct the set of representation nonde-
terministic transitions for the formula ¢, we apply the projection construction
to the set of representation transitions for the formula v, where we have the

following:

ZZ;Z?&Q;(N?TYP, BOOLTYP}, {}, {}), ( ))

(om0, Oy
nato(({IDENT}, {7}, {}). () )
ndlfl(({DSINGLE}7 {}, {}), (((dm, dy s L
ndty (({DSINGLE}, {},{}), (((dz,n
it ((STHGLE}, ), (). (s 01T
ndty (({DSTNGLE}, {}, {}). (((n )
ndta({DECLY, {}, 1), (((d.
nata(({DECLY, {}, 1), ((ds
ndta({DECLY, {}, 1), (((d.
ndta({DECLY, {}, 11). (((d.d,

ndt?(({DECL}a {}7 {})a (((dza ndy)a l)a ((dz7 dy
((dg,1.ndy), 1), (€2, 1.ndy), T)},

=Y

Y

sl
A A A A A
e e e e

Y

=Y

Y

S

|
——
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ndtz(({DECL}, {}, {}), (((dz, ndy), L), (ndz, dy), T)))
= {((2.ndy, 1.nd, )71—)},

ndty(({DECL}, {}, {}), (((nde, dy), T), (e, dy ), 1))

= {((1.ndz,dy), T)},
ndta(({DECL}, {}, {}), (((nds, dy), T), ((dz, ndy), L))
= {((1.ndy, 2.ndy), T)},
ndty(({DECL}, {1}, {}), (((ndx, ndy), T), ((de, dy), L))
={((1.ndz,1.ndy), T)},
ndt2(({DPAIR}, {},{}), ((ds,dy), L), ((ds, dy ) 1))
= {((ds,dy), L)},
ndta({DPAIR}, {}, {}), (((ds, dy), L), ((ds, ndy), 1))
= {((dz,2.nd,), 1)},
ndty(({DPAIR}, {}, {}), ((ds, dy), L), ((ndmd ), 1))
= {((2.ndy, dy), T)},
ndta({DPAIR}, {}, {}), (((ds, dy), L), ((ndwnd ), 7))
= {((2.ndy, 2.ndy), T)},
ndta({DPAIR}, {}, {}), (((ds, ndy), 1), ((ds, dy), L))
= {((dz, 1.ndy), L)},
ndta(({DPAIR}, {}, {}), (e, ndy), 1), ((nds, dy), T)))
={((2.ndy, 1.nd,), T)},
ndta({DPAIR}, {}, {}), (((nds, dy), T), ((ds, dy), 1))
={((1.ndy, dy), T)},
ndta(({DPAIR}, {}, {}), (((nds,dy), T), ((dz, ndy), 1))
={((1.ndy,2.ndy), T)},

We apply now the power set construction in order to obtain the set of repre-
sentation deterministic transitions from the nondeterministic one. We start
by constructing the representation transitions for the nullary ranked alphabet,
where we have the following representation transitions:

o dio(({INTTYP, BOOLTYP}, {}, {}), () = {((dz,dy), L)},
o dio(({IDENT}, {y}, {}), () = {((da,&y), L)},
o dto(({IDENT}, {7}, {}), () = {((dz,dy), L)}-

Up to this point, the reachable states are the following;:

b {((dwa dy)a L)}7

e {((ds;ndy), L)}.
Note that instead of {((dy,&y), L)}, we have {((d, nd,), L)} as a reachable
state, since by our construction a particular Symbohc representation of
Dewey notation that is contained in a reachable state, in this example ¢,
should be transformed into a general one via the function trf, (cf. the
definition of AS,,_, in page 111).

We proceed further to construct the representation transitions with these two
reachable states as input states and by our power set construction, we have the
following:
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L. dtl(({DSINGLE} {1 {1, {((da dy), 1)}))
={((dz, dy), L)},

2. dtl(({DSINGLE} {1 1), ({((de nddy), L)})
= {((ds, Lndy), 1)},

3. dtz(({DECL} {1 ({((dx,dy),l)},{((dx,dy),l)}))
= {((de, dy), L), (2, dy), T)},

n dtz(({DECL} 020 (A dy).
— {((ds2.nd, ), 1), (01 2:nd).

1)

T

5. dt2(({DECL}, {}, {}), ({((ds, ndy), L
= {((ds. 1y}, 1), (201 Ly}, T)

6. dtz(({DPAIR} {1 {1, ({((da dy), D)} {((das dy), 1)}))
= {((ds, dy), L)},

7. dtz(({DPAIR} {1 {1, ({((da dy), 1)} {((da; nddy), 1)}))
= {((ds, 2.ndy), 1)},

8. dta(({DPAIR}, {}, {}), ({((dz, ndy), 1)}, {((ds, dy), 1)}))
= {((ds, L.ndy), L)}.

And the new reachable states are the following (in addition to the two previous
reachable states):

1 A{((de, ndy), 1)}))

— —

2
)} A{((dey dy), 1)}))
2
)

o {((dg,dy), L), ((ndy,dy), T)} (from the representation transition 3),
o {((dg,ndy), L), ((ndy,ndy), T)} (from the representation transition 4).

We proceed further and to exhibit the problem, suppose we are at the point to
compute the representation transitions for the input symbol ({DPAIR},{},{})
with the input states:

({((dz dy), L), ((nds, dy), T)}, {((de, dy), L), (0, dy), T)})-

By our power set construction we have then the following:

dts(({DPAIR}, {}, {}),
({((da; dy), L), ((nd, dy), T)}, {((de, dy), L), (ndle, dy), T)}))

={((ds,dy), L), (1.ndy,dy), T), ((2.ndy, dy), T)}-(*)
Note that:

a) the state ((d;,d,), L) in the output state is obtained from the following
y
representation transition:

ndty(({DPAIR}, {}, {}), ((d; dy), 1), ((das dy), 1)) = {((da, dy), 1)}

b) the state ((1.nd;,d,), in the output state is obtained from the followin
y g
representation transition:

ndty(({DPAIR}, {}, {}), ((nda, dy), T), ((des dy), 1)) = {((1.nda, dy), T)}
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c) the state ((2.nd,,d,), in the output state is obtained from the followin
y g
representation transition:

ndty({DPAIR}, {}, {}), (s dy), L), ((nd, dy), T))) = {((2nde, dy), T)}

It turns out that the symbolic representation nd, in (b) does not necessarily
represent the same Dewey notation as represented by nd, in (¢). The reason is
that  is guessed at different nodes (some nodes are guessed from the left branch
of the node labeled by DPAIR and some others are guessed from its right branch).
But, in the representation transition (%), which is derived by the power set con-
struction, the symbolic representation nd, becomes indistinguishable. Hence,
there is a need to give an additional index to every symbolic representation nd,
in order to distinguish them. The representation transition in (x) now becomes
the following;:

dts(({DPAIR}, {}, {}),
({((ds, dy), L), ((ndy, dy), T)}, {((de, dy), L), ((ndZ, dy), T)}))
= {((dz,d ), L), (Lndy, dy), T), (2.nd3, dy), T)}.

But, this still leaves some problems. By the definition of the computation of
the new reachable state (cf. ASps_, in page 111), from the last representation
transition we shall not obtain a new reachable state, since after applying the
transformation function ¢rf,, to its output state we have the following (we also
drop the additional index, since a new index should be newly selected when
we later want to have the reachable state as an input state of a representation
transition):

trf‘#({((dma dy)’ L)’ ((1.7’Ldz, dy)a 1), ((Q-Hdma dy)’ T)})
= {((dma dy)’ L)’ ((ndma dy)’ T)}

From this computation of reachable state, ((1.ndg,dy), T) and ((2.nds,dy), T)
are now represented as ((ndy,dy), T) in the reachable state. But, the symbolic
representation 1.nd, in ((1.ndy,dy), T) and 2.nd, in ((2.nd,,d,), T) represent
different nodes which are guessed for the node variable . Hence, they can not
be represented as one symbolic representation nd, which represents only one
node. The idea to overcome this problem is to use the symbolic representation
of a set of nodes which was introduced in section 7.2. By using this symbolic
representation we are able to represent the union of the guessed nodes, which
can be realized by using the symbolic representation sms,(s1, $2), as one sym-
bolic representation.

We summarize two important things which we should consider for refining our
power set construction:

e Instead of using a symbolic representation of a node for representing the
value of the quantified variable, we need to use the symbolic representation
of a set of nodes to represent the guessed nodes for the quantified node
variable.
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e When a representation deterministic transition is constructed, there is a
need to have an additional index for every symbolic representation snd,
of the quantified variable z, which occurs in the input states, uniquely.
Hence, there is a clear reference for every symbolic representation of the
quantified variable, which occurs in the output state, to every symbolic
representation of the quantified variable, which occurs in the input states.
In our symbolic representation of a set of nodes (cf. section 7.2), we have
already included this additional index as a superscript.

Based on this consideration, in the following we give the idea to refine our power
set construction informally:

1. We start by computing the representation transitions for the nullary ranked
alphabet. These representation transitions can be derived from the repre-
sentation nondeterministic transitions for the nullary ranked alphabet,
where we transform every symbolic representation of a node for the quan-
tified variable into its corresponding symbolic representation of a set of
nodes. For the quantified variable x, there could be only two possibili-
ties of symbolic representation in the output state of the representation
nondeterministic transition for the nullary ranked alphabet:

e in case we do not make a guess, then we have d, and we transform
it to 0,

e in case we make a guess, then we have ¢, and we transform it to
SCEy.

Only the symbolic representation for x are modified, the rest structure of
the output state is left unchanged. This transformation can be realized
by induction on the structure of the state.

2. The new reachable states are computed in the same way as before, where
we transform every particular symbolic representation into a general sym-
bolic representation. This is realized by applying the function ¢rf, in
page 76 to the output state of every newly derived representation transi-
tion. Using the current reachable states, we compute other representation
transitions with the combinations of the reachable states as the configu-
rations of the input states. Since we do not keep the additional index (as
superscript in our symbolic representation) in a reachable state, then we
should give such index when this reachable state becomes an input state.
In general, the I-th input state (with [ € [k]) of a representation transition
for the rank k € Ranky has the following form (suppose z is the quantified
variable):

{((co)0a{ch), L), (fer)sndD(eh), T, (em)sndd ™) (er,), T},

where m > 0, ¢g, ¢, ..., Cm,Cl, are the rest structure of a state and the
indexing is done as it is shown above. This indexing scheme is done to
every symbolic representation of & which occurs in every input state of a
representation transition.
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3. Having k-tuple of such input states, i.e. Pi,..., P, we compute the new
representation transition by searching the representation nondeterministic
transitions with the input states (¢1,...,qx) € Py X ... X Py, in particu-
lar we search only those representation transitions with the input states
(q1,---,qr), where there is at most one j € [k], whose second component
is T (recall that ¢; € Stnon(p), with ¢ = 3z : 7. ).

To successfully search from the set of representation nondeterministic tran-
sitions, the symbolic representation sndgf ™) that occurs in one of the q;
(the state where a guess of z is made) has to be converted to the sym-
bolic representation nd,. Similarly, the symbolic representation (), has
to be converted to the symbolic representation d,. The reason is that in
the representation nondeterministic transitions we do not recognize the
symbolic representation of set of nodes, instead we use the symbolic re-
presentation of a node, i.e. nd, (and d,, respectively).

On the other hand, the symbolic representation e, (and j.nd,, respec-
tively) that occurs in the output state of a representation nondeterminis-
tic transition with the input states (qi,...,q), where for every j € [k],
q; is derived from g; by converting snd{™) (if it exists) into nd,, has to
be converted to the symbolic representation sce, (and j.sndg ’mj), respec-
tively). Similarly, the symbolic representation d, is also converted into
(0. The reason is that this output state of the representation nonde-
terministic transition will become an element of the output state of the
representation deterministic transition with the input states (P, ..., P),
where in Py,..., P, a symbolic representations of a set of nodes for the
node variable x, are also used.

4. After we successfully find the representation nondeterministic transitions
with the input states (qf,...,q,) and after properly convert the output
state, we can extract the representation input symbols and the converted
output state as a pair and then perform the function squeezeps described
previously. In our power set construction described earlier (where we do
not take into account an attribute formula), at the end of the computation
with the function squeeze,s we would get the final representation input
symbol and output state for the representation deterministic transition
with the input states (P,..., Px).

In this case, at the end of the computation with the function squeezep,
we only get a final representation input symbol, but the output state has
to be processed further to get the final result. The motivation of this final
processing of the output state is to merge the elements of the output state
containing different symbolic representations of the quantified variable z,
but having the same rest structure of element. The result is one element
which keeps the common rest structure and only the different symbolic
representations are merged. Intuitively, the merging of two different sym-
bolic representations can be seen as the union of two different sets of nodes
which are guessed for the node variable z. The merging of two different
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symbolic representation for the node variable z, say s; and ss, is repre-
sented by sms,(s1,s2). The elements of the output state which can not
be merged are left unchanged.

We show now how this idea is applied to our previous example, viz. the following
formula:
= (Jx : {Decl}. gt({often,x)({name,y)), null))
€ MSO*(2, V1 \ {zP ) o) 4+

We start by constructing the representation transitions for the nullary ranked
alphabet. Following the newly proposed idea, we have the following representa-
tion transitions:

o dio(({INTTYP,BOOLTYP}, {},{}), () = {((0, dy), 1)},
o dio(({IDENT}, {y},{}), () = {((0z,£y), L)},
o dio(({IDENT}, {7}, {}), () = {((0z, dy), L)}.

Note that since x is the quantified variable, then instead of having d, in the
output states of these three representation transitions, we have (,. The sym-
bolic representation of non-quantified variable y, i.e. d, and €, remain the same.

Up to this point, the reachable states are the following: (which are computed
by applying the function trf, to the output state of the previous three repre-
sentation transitions, cf. definition of ASp,_, in page 111)

o {((0z,dy), L)},
o {((0z;ndy), 1)}.

We proceed further to construct the representation transitions with these two
reachable states as input states and by our refined power set construction, we
have the following:

1. di1 ({DSINGLE}, {}, {}), ({((0z, dy), 1)}))
= {((0z,dy), L)},

2. dty ({DSINGLE}, {}, {}), ({((0, ndy), 1)}))
{((@z, Lndy), 1)},

3.d 2(({DECL} {1 {1, {0, dy)
(0erd,). L), (se20d,). T)

4. dia(({DECL}, {},{}),
(@2, 2.ndy), L), (

{
5. d 2((({DECL} ABAD,
{

ii)},{((Qz,dy),i)}))
{((@:m dy), 1)}, {((0z,ndy), L)}))
sceg, 2.ndy), T)},

{((0z,ndy), L)}, {((0z,dy), L)}))
sceg, 1.ndy), T)},

— —

(0, Lndy), L), (

6. dt2(( DPAIR} {1, {1, {((0a, dy), L)}, {((02, dy), L)}))
= {((0,dy), L)},
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7. dto({DPATR}, {},{}), ({((Dz, dy), 1)}, {((Dz, ndly), L)}))
= {((02,2.ndy), L)},

8. dta(({DPATR}, {}, {}), ({ (0, ndy), 1)}, {((Dz, dy), 1)}))
={((0z,1.ndy), L)}.

And the new reachable states are the following (in addition to the two previous
reachable states):

e {((0s,dy), L), ((sndy,dy), T)} (from the representation transition 3).

e {((0z,ndy), L), ((sndy,ndy), T)} (from the representation transition 4).

Note that instead of having a particular symbolic representation sce, in these
reachable states, by the function trf, we have the general symbolic representa-
tion snd,.

We proceed further and to exhibit that the previous problem can be solved,
suppose we are at the same point where the problem occurs. We compute
the representation transitions for the input symbol ({DPAIR},{},{}), but now
instead of having the input states:

({((dz dy), L), (nde, dy), T)} {((d, dy), L), (0, dy), T)}),

which led to the problem, we have the following input states:

({((mfbv dy)v J—)v ((Sndglﬁl)v dy)v T)}v {((Q)Ia dy)a J—)a ((Sndgcll) ’ d)a T)})

Note that the additional superscript indices are added by following our index-
ing scheme. We recall that this additional index is needed since without this
additional index, the symbolic representation snd, that occurs in the first input
state is indistinguishable with the symbolic representation snd, in the second
input state, but in fact they do not necessarily represent the same set of guessed
nodes for z.

By our refined power set construction we have then the following;:

dts(({DPAIR}, {}, {}),
({((0z, dy), L), (sndSY, dy), T A0, dy), L), ((sndPD, d), T)}))
= {((0a,d,), L), ((Lsnd("Y, dy), T), (2.0, dy), T)}.)

xr
The output state is computed as the following:

(a) the state ((0,dy), L) in the output state is obtained from the following
representation transition:

ndty(({DPAIR}, {}, {}), ((da dy), 1), ((das dy), 1)) = {((da, dy), 1)}

Note that we choose the representation nondeterministic transition with
the first and the second input state ((dy,dy), L) by considering the ele-
ments of the first and the second input state of the representation determi-
nistic transition we want to construct, i.e. ((0g,d,),L). According to our
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scheme, to successfully find the required representation nondeterministic
transition, the symbolic representation @, has to be converted into d,. On
the other hand, the symbolic representation d, in the output state of the
representation nondeterministic transition is converted to (.

the state ((1.snd§c1’1), dy), T) in the output state is obtained from the fol-
lowing representation transition:

ndty(({DPAIR}, {},{}), (nda, dy), T), ((des dy), 1)) = {((1.nds, d), T)}

Note that we choose the representation nondeterministic transition with
the first input state ((ndy,dy), T) by considering the elements of the first
input state of the representation deterministic transition we want to con-
struct, i.e. ((sndc(pl’l), dy), T), and the second input state of the represen-
tation nondeterministic transition, i.e. ((dy,dy),-L) is by considering the
elements of the second input state, i.e. ((0,d,), L) of the representation
deterministic transition. To successfully find the required representation
nondeterministic transition, the symbolic representation sndg(vl’l) is con-
verted into nd, and similarly @, is converted to d,. On the other hand,
the symbolic representation 1.nd, in the output state of the representation
nondeterministic transition is converted to l.sndg’l).

the state ((2.snd,, d), T) in the output state is obtained from the following
representation transition:

ndty(({DPAIR}, {}, {}), (s dy), L), ((nd, dy), T))) = {((2nde, dy), T)}

Note that we choose the representation nondeterministic transition with
the first input state ((ds,dy), L) by considering the elements of the first
input state of the representation deterministic transition we want to con-
struct, i.e. ((0;,dy), L), and the second input state of the representation
nondeterministic transition, i.e. ((nds,dy), T) by considering the elements

of the second input state, i.e. ((sndg(f’l), d), T) of the representation de-
terministic transition. To successfully find the required representation
nondeterministic transition, the symbolic representation sndgf’l) is con-
verted into nd, and similarly ), is converted to d,. On the other hand,
the symbolic representation 2.nd, in the output state of the representation

C . e 2,1
nondeterministic transition is converted to 2.5nd§c ).

The output state of the representation transition (x) has to be processed fur-

ther,

in order to merge some elements of the output state, whenever possi-

ble. Among the three elements of the output state, ((1.snd§v1’1),dy),'l') and
((2.snd(z2’1), dy), T) can be merged together into one element. They differ only

in the symbolic representation of x, where the first one contains 1.snd§1’1) and

the latter contains 2.sn

d§c2’1). By merging these two elements, we have the

following new element of the output state:

((sms,(1.sndMY, 2.5nd ), d,), T).
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The element ((0,,d,), L) in the output state of the representation transition (x)
can not be merged to any other element, since its components other than the
symbolic representation of x are also differ with the other elements, e.g. in this
element we have 1, but both other elements have T.

Hence, instead of representation transition (%), we have the following represen-
tation transition:

dt2(({DPAIR}, {}, {}),
{((0ardy), L), ((sndMD, dy), T} A((Dar dy), L), ((sndD, d), T)}))
= {((Ds,dy), L), ((smsy(1.sndPV 2.5nd>V)) d,), T)}.

By our computation of reachable state, considering the output state of this re-
presentation transition, we would have {((0,,d,), L), (snd,,d,), T)} as a reach-
able state (which is no new reachable state, i.e. we already had this state as a
reachable state). Note that here we have no more problem of representation as
before, since now in the reachable state, instead of having nd, which represents
only one guessed node for z, we have a symbolic representation snd, which
represents a set of guessed nodes for x. This symbolic representation snd, does
not come from two separate symbolic representations of a node (as we had be-
fore), instead it comes from one symbolic representation of a set of nodes, i.e.

SMSy (1.snd§c1’1), 2.snd(z2’1)).

7.4 Defining The Accepting Functions

We define the accepting functions also inductively on the structure of the for-
mula. To define the accepting functions, we do not introduce a special repre-
sentation for them. Instead, we define them directly from the structure of the
formula. This is possible, if we keep also the structure of the state which cor-
responds to the structure of the formula. Since the accepting function is used
after we obtain a state which is reached after the automaton has run on a tree,
by applying the definition of the accepting function inductively on the structure
of this state, it can be decided eventually whether a tree is accepted or not.

In the following, we shall define the accepting function for every formula ¢ €
MSO*(X,V1,V2) 4,7, that given a state ¢ (a concrete value of state and not
a representation of state) and a well-marked tree ¢, it decides whether ¢ is an
accepting state or not. The tree ¢ (on which the automaton runs) is needed in
the accepting function, in particular when an attribute formula is involved in ¢.
By having the tree ¢, we are able to get nodes of ¢ (which are specified by their
path information in the state of the attribute formula) and get the required
attribute values from these nodes to be evaluated in the accepting function of
the attribute formula.

Let ¢ € MSO*(%,V1,V2) 4.7 and /\/lgliz ity = (Q¥),%,6%) F(¥)) be the de-
terministic bottom-up tree automaton for ¢. Given a family dec = {deci|t €
TR(X)} of interpretation functions and the interpretation function intr, we de-

fine the function acceptgec’i"“r : Q) x TR(X) — Bool inductively on the struc-
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ture of ¢ as the following (we assume that the family ids = {ids;|t € TR(X)}
of functions is always given):

p = true
acceptd=intz (¢, t) = True

For the following formulas:

— ¢ = label,(x),

—p=xcX,
—p=(z==y),
— ¢ = typey(z),

we have the following accepting function:
acceptiec’i"“r (q,t) =
— if ¢ =1, then: True,

— otherwise: Flalse

For the following formulas:

— ¢ = edge;(z,y),
— @ = x over vy,
we have the following accepting function:
acceptde=intz (¢, t) =
— if ¢ = 2, then: True,
— otherwise: False
T Bool

Y S Lriav),F
Let Var(p) be the set of variables in ¢ and | = card(Var(y)).

acceptiec’i"tf((vl, oo 0), t) = Tg(decpear), intr) (),
where:

for every j € [l], 0(x;) = idspeers) (vy)-

o= oo

acceptzec*mtf (g,t) == acceptwec’mtf (g,t)

© =11 Ao

dec,intr dec,intr

accept®mF (g1, q2),t) = acceptls™ ™ (q1,t) A acceptis™ ™ (ga,1)
=3z :{n}. ¢

— if ¢ does not contain an attribute formula in which the node variable
x occurs, then:

acceptiec"i"tf(q,t) = \/ acceptiec’mtf(s,t)
(s, T)eq
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— if 9 contains an attribute formula in which the node variable x occurs,

then:

acceptiec’i"tf(q,t) = \/ \/ acceptiec’mtf(subsm,w(s,e),t),
(s, T)eEq e€gety 4 (s)

where:

% gel,., is a function that given a state s € Q%) it returns the
set of guessed nodes (specified by Dewey notations) for z, which
is contained in s.

* subs,, is a function that given a state s € Q) and e €

(N4 - {.})*, it substitutes the set of guessed nodes for x, which
is contained in s, with e.

e p=3X:{n}. ¢

acceptiec’i"tf(q,t) = \/ acceptiec’mtf(s,t)
seq



Chapter 8

Implementation

In this chapter we discuss how we implement the inductive construction of tree
automata using our proposal from the previous chapter. Since the implementa-
tion will be integrated into the existing generator system, in order to be com-
patible to this system, the implementation is also realized using the functional
programming language Haskell.

The implementation aims to produce a Haskell code which contains the
transition functions and the accepting functions from the given set of MSO*
formulas. To produce the transitions functions for a formula, additionally the
sorted ranked alphabet and the free node variable (together with its type) should
also be given. In the implementation, the transition functions of a formula are
produced by first applying the inductive construction of the representation tran-
sitions until the final representation transitions are obtained. Then, from this
final representation transitions, their representation input symbols are unfolded
to get the transition functions in Haskell code.

In contrast to the construction of the Haskell code for the transition func-
tions, the Haskell code of an accepting function can be directly produced by
unfolding the inductive structure of the formula. This means, besides produc-
ing the Haskell code of the formula, the Haskell code of all subformulas should
also be produced.

In this work we have not considered the refinement of the power set construc-
tion, which is needed to produce the representation deterministic transitions of
a quantified formula in which an attribute formula is involved and one of the
node variable in this attribute formula is the quantified variable. This has also
not been considered in the accepting function.

8.1 The Modules

The implementation is structured into eight modules, where the dependencies
between modules are given in figure 8.1. The arc from module A to module B
means that module A depends on module B. We shall discuss each modules in
the following subsections.

131
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__ PowerSet - | Atomic __
Projection « . CrossProduct
— Transition —
t
HsAutomata
¥ ¥ ¥ ¥
: Set ot AuxFun :—
& & & T

Figure 8.1: Dependencies between modules

8.1.1 Module Set

This module realizes the implementation of set, which is used in all modules.
Here we represent a set as a binary search tree with no nodes having the same
value, where we can perform the search and the insert operation of an element
in O(log n) (with n is the number of the nodes). It is defined by the following
algebraic data type:

data Stree a = Null | Fork (Stree a) a (Stree a)

By representing a set using a binary search tree, we always keep the elements
of a set to be ordered. The equality of two sets are defined by the equality of
their sorted lists, where each sorted list is derived from the binary search tree
(corresponds to each set) by in-order traversal. Similarly, the order of two sets
are defined by the order of their sorted lists. In this module we also define some
operations on sets, for instance element insertion, element deletion, set union,
set difference, set intersection, sets cross product, power set operation, and map
function on a set.

8.1.2 Module AuxFun

This module consists of the definition of all algebraic data types and the aux-
iliary functions which are used to realize the inductive construction of tree au-
tomata. Some important algebraic data types are the following:

e Term, which defines all terms from which an attribute formula can be
formed:
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data Term =
FUNC FunName [Term]
| ATTINST AttName VariName [Term]

e Formula, which defines the MSO* formulas:

data Formula =
CONST Bool
| LABEL ConName VariName
| ELEM VariName Var2Name
| EQUAL VariName VariName
| TYPE TypName VariName
| EDGE Int VarlName VariName
| OVER VariName VariName
| ATTFOR Term
| NEG Formula
| AND Formula Formula
| EXIST1 VariName (Set TypName) Formula
| EXIST2 Var2Name (Set TypName) Formula

e FormulalInfo, which defines the information needed for constructing the
transition functions and the accepting function of a formula:

data FormulaInfo = FI FormulaName PairVarTyp Formula

where FormulaName is the name of a formula Formula and PairVarTyp is
a pair of free node variable and its type.

e Component and Ndum, which together define the components of a state of
an attribute formula (symbolic representation of a node):

data Component =
DUM
| NDUM Ndum VariName

data Ndum =
EPS

| PREF Int
| PURE

where DUM represents a dummy value and NDUM represents a Dewey no-
tation symbolically for a node variable VariName, by one of the three
constructors of the data type Ndum:

— EPS for particular representation of the Dewey notation ¢,

— PREF for particular representation of Dewey notation with prefix
(given by its integer argument),

— PURE for general representation of Dewey notation.

e RepVarl and RepVar2, which define the representation node variable and
node set variables, respectively:
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data RepVarl =
NORM1 VariName
| BAR1 VariName

data RepVar2 =
NORM2 Var2Name
| BAR2 Var2Name

where NORM1 is a constructor denoting the node variable VariName without
overline and BAR1 is a constructor denoting the node variable VariName
with overline. The constructors in RepVar2 also have similar meaning.

e State, which defines the state of a tree automaton:

data State =
SINT Int
| SDEW [Component]
| SAND State State
| SEXT1 State Flag
| SNON (Set State)
where SINT is a constructor denoting the state of all atomic formulas,
except the attribute formula (whose state is denoted by the constructor
SDEW), SAND is a constructor denoting the state of a formula with con-
junction, SEXT1 is a constructor denoting the state for a formula with
quantifier over node variable (regarding its nondeterministic automaton),
and SNON is a constructor denoting the state for a formula with quantifier
(regarding its deterministic automaton).

e Trans, which defines the representation transitions:

data Trans =
DT Rank Symbol InSt DetOutSt
| NDT Rank Symbol InSt NDetOutSt

with:

type Rank = Int

type Symbol = (Set ConName,Set RepVarl,Set RepVar2)
type InSt = [State]

type DetOutSt = State

type NDetOutSt = State

The sorted ranked alphabet is defined in this module as the following type
synonym:

type RankAlph = Set (Rank,ConName,ConType)

In this module, we also define auxiliary functions, which are independent of a
particular construction. This means, they are defined so that they are reusable
in many constructions. For example, the diamond operator (cf. subsection
7.3.2) and the compression procedure (cf. subsection 7.3.3) are implemented in
this module.
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8.1.3 Module Atomic

In this module we implement the construction of representation transitions for
every atomic formula. The implementation is realized by following the formal
construction which was given in subsection 7.3.1. For every atomic formula,
several functions are defined. These functions corresponds to the cases described
in the formal construction, where we consider, with respect to our assumption,
for every possible configuration of input states, all possible representation input
symbols which are complete and non-overlapping.

8.1.4 Module CrossProduct

This modules realizes the cross product construction for producing the repre-
sentation transitions of formulas using conjunction, i.e (11 A ¥2). The main
access to the construction is given by the following function:

cross_reach :: Set Rank -> Set Trans -> Set Trans ->
Set Trans -> Set State -> Set Trans -> Set State ->
(Set Trans,Set State)

The function cross_reach has the following arguments:

e The first argument is the set of rank of input symbols from the ranked
alphabet for which the representation transitions are constructed.

e The second argument is the set of representation transitions of ;.
e The third argument is the set of representation transitions of 5.

e The fourth argument is the set of representation transitions of (11 A 12)
constructed so far, cf. the role of T, in subsection 7.3.4.

e The fifth argument is the set of states reachable so far, cf. the role of S,
in subsection 7.3.4.

e The sixth argument is the set of representation transitions of (11 A 12),
which are newly constructed, cf. the role of AT, in subsection 7.3.4.

e The seventh argument is the set of new reachable states, cf. the role of
AS,, in subsection 7.3.4.

The output of the function is a pair, where the first component of the pair is
the set of all representation transitions of (¢1 A ¢2) and the second component
of the pair is the set of all reachable states.

8.1.5 Module Projection

In this module we implement the projection construction for producing the
representation nondeterministic transitions of formulas using quantifier. The
implementation in this module is divided into two parts:

1. The implementation of the projection construction for formulas with quan-
tifier over a node variable, i.e. (3z : 7. ¢).
The main access to this construction is given by the following function:
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projl_reach :: PairVarTyp -> Set Trans -> RankAlph ->
Set Trans -> Set State -> Set Trans -> Set State ->
(Set Trans,Set State)

The function proji_reach has the following arguments:

e The first argument is the pair of the quantified variable and its type.
The type of the quantified variable is particularly needed considering
case 2 of the construction described in page 95 and page 96.

e The second argument is the set of representation transitions of .

e The third argument is the ranked alphabet. It is also needed con-
sidering case 2 of the construction described in page 95 and page
96.

e The fourth argument is the set of representation transitions for the
formula (3z : 7. ¥) constructed so far (the same role as T}, in sub-
section 7.3.5).

e The fifth argument is the set of states reachable so far (the same role
as Spr in subsection 7.3.5).

e The sixth argument is the set of representation transitions for the
formula (3z : 7. ¢), which are newly constructed (the same role as
AT, in subsection 7.3.5).

e The seventh argument is the set of new reachable states (the same
role as ASp, in subsection 7.3.5).

The output of the function is a pair, where the first component of the pair
is the set of all representation transitions of (3z : 7. ¢) and the second
component of the pair is the set of all reachable states.

2. The implementation of the projection construction for formulas with quan-
tifier over a node set variable, i.e. (3X : 7. ).
The main access to this construction is given by the following function:

proj2_reach :: Var2Name -> Set Trans ->
Set Trans -> Set State -> Set Trans -> Set State ->
(Set Trans,Set State)

In general, it has the same argument as the function projl_reach, except
that in this construction the type of the quantified variable (where for
function proji_reach, it is included in its first argument) and the ranked
alphabet are not needed. The output is also a pair, where the first com-
ponent of the pair is the set of all representation transitions of (3X : 7. ¢)
and the second component of the pair is the set of all reachable states.

8.1.6 Module PowerSet

This modules realizes the power set construction for determining the represen-
tation nondeterministic transitions resulting from the projection construction.
The main access to the construction is given by the following function:
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power_reach :: Set Rank -> Set Trans —>
Set Trans -> Set State -> Set Trans -> Set State ->
(SetTrans,Set State)

The function power_reach has the following arguments:

e The first argument is the set of rank of input symbols from the ranked
alphabet for which the representation deterministic transitions are con-
structed.

e The second argument is the set of representation nondeterministic transi-
tions which have to be determinized.

e The third argument is the set of representation deterministic transitions
constructed so far (the same role as Ty in subsection 7.3.6).

e The fourth argument is the set of states reachable so far (the same role as
Sps in subsection 7.3.6).

e The fifth argument is the set of representation deterministic transitions,
which are newly constructed (the same role as AT, in subsection 7.3.6).

e The sixth argument is the set of new reachable states (the same role as
ASps in subsection 7.3.6).

The output of the function is a pair, where the first component of the pair is
the set of all representation deterministic transitions and the second component
of the pair is the set of all reachable states.

8.1.7 Module Transition

In this module we define a function which realizes the inductive construction of
representation transitions for every formula. This is performed by calling the
functions which are defined in the following module:

e Module Atomic, for constructing the representation transitions of every
atomic formula.

e Module CrossProduct, for constructing the representation transitions of
formulas with conjunction.

e Module Projection and PowerSet, for constructing the representation
transitions of formulas with quantifier (over node variable and node set
variable).

The function for the compression of representation transitions (which is defined
in the module AuxFun) is called after the cross product construction, the pro-
jection construction, and the power set construction are performed.

The function which produces the representation transitions for every formula is
defined as the following;:

dtrans :: Formula -> Set PairVarTyp -> RankAlph -> Set Trans
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It has the following arguments:

e The first argument is the formula for which the representation transitions
are computed.

e The second argument is a set of free variables and their types. Note
that a free variable and its type are encapsulated in a pair with the type
PairVarTyp. In function dtrans, we need a set of such pairs as an input,
since in general we can have more than one free variable, for instance in
the formula edge;(x,y) and (x over y).

e The third argument is the ranked alphabet, which is needed to build the
representation input symbol of a representation transition.

The output of this function is a set of representation transitions.

8.1.8 Module HsAutomata

This module realizes the Haskell code generation for the transition functions
and accepting functions of a given list of formulas. Additionally, the algebraic
data types needed by the transition functions and the accepting functions are
also given in the output Haskell code.

The code of the transition functions are produced by first having a function
call to function dtrans (which is defined in the module Transition) to perform
the inductive construction of representation transitions from which the code of
the transition functions are produced. Since in the representation transition we
use a representation input symbol, then to have the input symbol of a transition
function, we need to extract it from the representation input symbol.

The code of the accepting function of a formula is constructed by first ex-
tracting all its subformulas and give every subformulas a unique name (which
is realized by giving an index according to the position of the subformula in the
formula). Then, the Haskell code is produced, by following the definition of the
accepting function in section 7.4, for the formula and for every of its subformulas.

As the main function of the module, we define the following:
prn_Automata :: RankAlph -> [FormulaInfo] -> String
It has the following arguments:

e The first argument is the ranked alphabet, which is particularly needed
for producing the transition functions.

e The second argument is a list of formula information (see subsection 8.1.2
for how the algebraic data type FormulalInfo is defined).

The Haskell code is then produced by writing the output of this function into a
file (which is performed by the built-in function writeFile).

8.2 Example of The Output

As an example of how the output of the implementation looks like, consider
again the values of N, 3, V1, Vo, K, A, and F defined in page 37. Consider also
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the following formula (which tests whether an identifier is in the declaration
part):

¢ = 3z : {Decl}.((x over y) A (labelppor(x))) € MSO* (2, V1 \ {z{Peelb} vy).

To produce the Haskell code, function prn_Automata is called with the following
arguments:

e The first argument:

1s [(0,"IDENT", ["Ident"]), (0,"BOOLTYP", ["TypExp"]),
(0,"INTTYP", ["TypExp"]), (1, "DSINGLE", ["Decl","DList"]),
(2,"DPAIR", ["Decl","DList","DList"]),
(2,"DECL", ["Ident", "TypExp","Decl"])]

Note: function 1s :: (0rd a) => [a] -> Stree a is a function de-
fined in module Set which converts a list (not necessarily ordered) into a
set.

e The second argument:

[FI "pSi" ("y",lS ["Ident"])
(EXIST1 "x" (1s ["Decl"])
(AND (OVER "x" "y") (LABEL "DECL" "x")))]

As the output, we obtain the transition functions and the accepting function for
the formula 1, which are written into a file (by built-in function writeFile):

data State SI Int

SD [Component]

SA State State

SE State Flag

SN [State]

deriving (Eq,Show,Read)

data Component = D | ND Dewey
deriving (Eq,Show,Read)

data Dewey = EPS | DOT Int Dewey
deriving (Eq,Show,Read)

data Flag = B | T
deriving (Eq,Show,Read)

dlt_psi_BOOLTYP :: State
dlt_psi_BOOLTYP
= (SN [(SE (SA (SI 0) (SI 0)) B)I1)
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dlt_psi_IDENT_y :: State
dlt_psi_IDENT_y
= (SN [(SE (SA (SI 1) (SI 0)) B)1)

dlt_psi_IDENT :: State
dlt_psi_IDENT
= (8N [(SE (SA (8I 0) (SI 0)) B)1)

dlt_psi_INTTYP :: State
dlt_psi_INTTYP
= (SN [(SE (SA (SI 0) (SI 0)) B)])

dlt_psi_DSINGLE :: State -> State
dlt_psi_DSINGLE (SN [(SE (SA (SI 0) (SI 0)) B)I)
= (SN [(SE (SA (SI 0) (SI 0)) B)])

dlt_psi_DSINGLE (SN [(SE (SA (SI 0) (SI 0)) B),
(SE (8A (8I 0) (SI 1)) D)
= (SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) TI1)

dlt_psi_DSINGLE (SN [(SE (SA (SI 1) (SI 0)) B)1)
= (SN [(SE (SA (SI 1) (SI 0)) B)])

dlt_psi_DSINGLE (SN [(SE (SA (SI 1) (SI 0)) B),
(SE (SA (SI 1) (SI 1)) D)
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) DD

dlt_psi_DSINGLE (SN [(SE (SA (SI 1) (SI 0)) B),
(SE (SA (SI 1) (SI 1)) T),
(SE (SA (SI 2) (SI 1)) T
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T),
(SE (8A (SI 2) (SI 1)) DD

dlt_psi_DSINGLE (SN [(SE (SA (SI 1) (SI 0)) B),
(SE (8A (8I 2) (SI 1)) T
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 2) (sI 1)) DD

dlt_psi_DECL :: State -> State -> State
dlt_psi_DECL (SN [(SE (SA (SI 0) (SI 0)) B)I)
(SN [(SE (SA (SI 0) (SI 0)) B)I)
= (SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (8I 0) (SI 1)) TOI)

dlt_psi_DECL (SN [(SE (SA (SI 0) (SI 0)) B)1)
(SN [(SE (SA (SI 1) (SI 0)) B)I)
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 2) (SI 1)) T1)

dlt_psi_DECL (SN [(SE (SA (SI 0) (SI 0)) B)1)
(SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T1)
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) D),
(SE (8A (SI 2) (SI 1)) T
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dlt_psi_DECL (SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) T)I)
(SN [(SE (SA (SI 1) (SI 0)) B)])
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T),
(SE (SA (SI 2) (SI 1)) TOI1)

dlt_psi_DECL (SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) DI
(SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) DD
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T),
(SE (8A (SI 2) (SI 1)) DD

dlt_psi_DECL (SN [(SE (SA (SI 1) (SI 0)) B)1)
(SN [(SE (SA (SI 0) (SI 0)) B)I)
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 2) (sI 1)) DD

dlt_psi_DECL (SN [(SE (SA (SI 1) (SI 0)) B)1)
(SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) TO1)
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) D),
(SE (8A (SI 2) (SI 1)) DD

dlt_psi_DECL (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) TD1)
(SN [(SE (SA (SI 0) (SI 0)) B)I)
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T),
(SE (SA (SI 2) (SI 1)) DI

dlt_psi_DECL (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T)ID
(SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) T1)
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) D),
(SE (SA (SI 2) (SI 1)) TOI1)

dlt_psi_DECL (SN [(SE (SA (SI 0) (SI 0)) B)I)
(SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) DD
= (SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) TI1)

dlt_psi_DECL (SN [(SE (SA (SI 0) (SI 0)) B)1)
(SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T),
(SE (SA (SI 2) (SI 1)) T
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T),
(SE (SA (SI 2) (SI 1)) DI

dlt_psi_DECL (SN [(SE (SA (SI 0) (SI 0)) B)I)
(SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 2) (SI 1)) T1)
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 2) (SI 1)) DD

dlt_psi_DECL (SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) T
(SN [(SE (SA (SI 0) (SI 0)) B)I)
= (SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) TOI)

dlt_psi_DECL (SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) T)ID
(SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) T)I1)
= (SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) T)1)



Example of The Output 142

dlt_psi_DECL (SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) T)I)
(SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T),
(SE (SA (SI 2) (SI 1)) D)
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T),
(SE (8A (SI 2) (SI 1) T

dlt_psi_DECL (SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) T)ID
(SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 2) (SI 1)) T1)
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) D),
(SE (SA (SI 2) (SI 1)) TO1)

dlt_psi_DECL (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T),
(SE (SA (8I 2) (SI 1)) T
(SN [(SE (SA (SI 0) (SI 0)) B)I)
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T),
(SE (8A (SI 2) (SI 1)) T

dlt_psi_DECL (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T),
(SE (8A (8I 2) (SI 1)) T
(SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) T1)
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T),
(SE (8A (SI 2) (SI 1)) T

dlt_psi_DECL (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 2) (SI 1)) T)I)
(SN [(SE (SA (SI 0) (SI 0)) B)1)
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 2) (SI 1)) T

dlt_psi_DECL (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 2) (SI 1)) T)I)
(SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) T1)
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) D),
(SE (SA (SI 2) (SI 1)) TOI1)

dlt_psi_DPAIR :: State -> State -> State
dlt_psi_DPAIR (SN [(SE (SA (SI 0) (SI 0)) B)I)
(SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) T1)
= (SN [(SE (SA (SI 0) (SI 0)) B),(SE (S8A (8I 0) (SI 1)) TOI)

dlt_psi_DPAIR (SN [(SE (SA (SI 0) (SI 0)) B)1)
(SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T),
(SE (8A (SI 2) (SI 1)) T
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T),
(SE (8A (SI 2) (SI 1)) T

dlt_psi_DPAIR (SN [(SE (SA (SI 0) (SI 0)) B)1)
(SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 2) (sI 1)) TOD)
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 2) (SI 1)) TI)

dlt_psi_DPAIR (SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) T1)
(SN [(SE (SA (SI 0) (SI 0)) B)I)
= (SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) T)1)

dlt_psi_DPAIR (SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) T)1)
(SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (sI 1)) T1)
= (SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) TI1)
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dlt_psi_DPAIR (SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) TDI)
(SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T),
(SE (8A (SI 2) (SI 1)) T
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) D),
(SE (SA (SI 2) (SI 1)) DI
dlt_psi_DPAIR (SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) DI
(SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 2) (SI 1)) T1)
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T,
(SE (SA (SI 2) (SI 1)) DI
dlt_psi_DPAIR (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T,
(SE (SA (SI 2) (SI 1)) D)
(SN [(SE (SA (SI 0) (SI 0)) B)I)
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T,
(SE (SA (SI 2) (SI 1)) DI
dlt_psi_DPAIR (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T,
(SE (SA (SI 2) (SI 1)) D)
(SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) T1)
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T,
(SE (SA (SI 2) (SI 1)) DI
dlt_psi_DPAIR (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 2) (SI 1)) TI1)
(SN [(SE (SA (SI 0) (SI 0)) B)I)
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 2) (SI 1)) TOD)
dlt_psi_DPAIR (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 2) (SI 1)) D)
(SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) T1)
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T),
(SE (SA (SI 2) (SI 1)) DI
dlt_psi_DPAIR (SN [(SE (SA (SI 0) (SI 0)) B)I)
(SN [(SE (SA (SI 0) (SI 0)) B)I)
= (SN [(SE (SA (SI 0) (SI 0)) B)I1)
dlt_psi_DPAIR (SN [(SE (SA (SI 0) (SI 0)) B)I)
(SN [(SE (SA (SI 1) (SI 0)) B)I)
= (SN [(SE (SA (SI 1) (SI 0)) B)]1)
dlt_psi_DPAIR (SN [(SE (SA (SI 0) (SI 0)) B)I)
(SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) TI)
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T1)
dlt_psi_DPAIR (SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) DI
(SN [(SE (SA (SI 1) (SI 0)) B)1)
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) DD
dlt_psi_DPAIR (SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) TDI)
(SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T1)

= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (8I 1) (SI 1)) TOI)
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dlt_psi_DPAIR (SN [(SE (SA (SI 1) (SI 0)) B)I)
(SN [(SE (SA (SI 0) (SI 0)) B)I)
= (SN [(SE (SA (SI 1) (SI 0)) B)D)

dlt_psi_DPAIR (SN [(SE (SA (SI 1) (SI 0)) B)1)
(SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) TI)
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) DD

dlt_psi_DPAIR (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T1)
(SN [(SE (SA (SI 0) (SI 0)) B)1)
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T

dlt_psi_DPAIR (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) T1)
(SN [(SE (SA (SI 0) (SI 0)) B),(SE (SA (SI 0) (SI 1)) TI)
= (SN [(SE (SA (SI 1) (SI 0)) B),(SE (SA (SI 1) (SI 1)) DD

accept_psi :: State -> Tree -> Bool
accept_psi (SN 1ls) t
= foldr (\(SE st f1) y -> y || ((f1 == T) && (accept_psi_1 st t)))
False 1s

accept_psi_1 :: State -> Tree -> Bool
accept_psi_1 (SA sl s2) t
= (accept_psi_1_1 s1 t) && (accept_psi_1_2 s2 t)

accept_psi_1_1 :: State -> Tree -> Bool
accept_psi_1_1 (SI s) _
= (S == 2)

accept_psi_1_2 :: State -> Tree -> Bool
accept_psi_1_2 (SI s) _
= (s == 1)



Chapter 9

Conclusion and Future
Works

In this thesis we have discussed a variant of monadic second order (MSO) logic
over trees, namely MSO* logic. The aim of having this logic is to allow the
specifier of a language-based editor to specify the context-sensitive syntax of the
language (for which the editor is generated) in a more comfortable way, since the
specification can be made logically and globally. To achieve this aim, additional
atomic formulas which are appropriate for specifying context-sensitive phenom-
ena are introduced. In particular, we defined a so-called attribute formula which
relates the attribute grammar formalism and the MSO logic formalism. By hav-
ing this formula, one is then able to test a more subtle property between nodes
which are expressed by their attributes. To establish the relationship between
the attribute grammar formalism and the MSO logic formalism, an interface
between them are defined in this thesis formally.

In order to integrate the MSO* logic formalism into the existing generator
system [2], we need to define an operational semantics of this logic, where we
use bottom up tree automata. We have generalized for MSO* logic the known
transformation of an MSO formula into a bottom up tree automaton (which
recognizes the tree language of this formula) [5, 13]. It turns out, that the
transformation of an attribute formula yields a bottom up tree automaton with
infinite number of states. This infinity issue comes from the fact, that in the
states of the automaton for this formula, we collect the value of node variables
which occur in the formula. However, the size of the tree from which the nodes
are collected is unknown in the transformation step. Since the automaton of a
formula is constructed inductively, we need to define in general a tree automaton
with infinite number of states. In this thesis, we proposed a definition of a
bottom up tree automaton with infinite number of states. For such automata,
a family of sets of final states is needed, instead of just a set of final states as in
the bottom up finite state tree automata. Every set of final state in this family
is defined for the decoration of a tree on which the automaton runs.

Since the transformation of an MSO* formula into a tree automaton is re-
alized by an inductive construction of tree automata, it is important to have
an automaton with less number of states and less number of transitions. To
achieve this, we consider several ways. First, in the transformation we make an
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assumption that the trees on which the automaton runs are well-marked trees.
Second, we consider the sort information of symbols which label the nodes of
a tree. Third, we develop a representation of tree automata which allows us
to combine some transitions which have the same behavior. Additionally, this
representation is also able to deal with the infinite number of states of the au-
tomata. Fourth, we consider only the reachable states during the inductive
construction of tree automata.

In our representation of tree automata, the infinite number of states is
handled by representing the states symbolically. In particular, this symbolic
representation is used to represent the value of node variable in an attribute
formula. Apparently, this symbolic representation is used only to represent a
node in a tree, but it turns out, that this symbolic representation should also
be able to represent a set of node. This is especially true, in case we consider
a formula with quantifier, where an attribute formula occurs in the subformula
and one of the node variables in this attribute formula is the quantified variable.
In this case, the symbolic representation represents a set of guessed nodes for
the quantified variable.

By introducing a representation of input symbols, we are able to minimize
the number of representation of transitions. This representation of input sym-
bols allows the transitions which have the same behavior to be represented as
one transition. In defining the construction of the representation of transitions
for atomic formulas, we give complete and non-overlapping cases with respect
to our assumption. From these cases, it often happens that some transitions
can be represented as one transition (by means of our representation of input
symbols) because of their same behavior.

We also define the cross product construction, the projection construction,
and the power set construction, which works on our representation. Generally,
all of these constructions are defined based on the original construction. Partic-
ularly, in all of these constructions, we only consider the states which are reach-
able. With the existence of the attribute formula in our logic, the reachability
construction is no more straightforward. A special handling for computing the
reachable states and the transitions is needed, especially regarding the symbolic
representation.

The examples of our proposed inductive construction of tree automata in
this report give a picture of how the reduction of the number of states and
the number of transitions can be achieved compared to the naive construction
(where we consider every input symbol and every state as the input states of
transitions).

In this work, generally we have implemented the approach we proposed for
the inductive construction of tree automata. Nevertheless, the refinement of the
power set construction, whose idea was given in the last part of the subsection
7.3.6 has not been implemented yet. This refinement mainly concerns with
the determinization of the representation of nondeterministic transitions for
a formula with quantifier where an attribute formula occurs in the subformula
and one of the node variables in this attribute formula is the quantified variable.
The accepting function for this case, whose idea was proposed in section 7.4,
also need to be implemented. The completion of the implementation can be
considered as one of the future works.

Another investigation would be to think about the possibility for renaming
the states. In our work, we keep the structure of the states for some reasons.
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By keeping the structure of the states, we can define the accepting function
of a formula without any need of having the representation of the set of final
states. Instead, it can be defined inductively by also giving the definition of the
accepting functions for its subformulas. Since we keep the structure of the state
(which also reflects the structure of the formula), the decision whether a state is
a final state can be drawn by applying the definition of the accepting functions
to the state inductively. In fact, if we represent the state symbolically, it is not
possible to completely rename the state, since the symbolic representation acts
as a parameter or a placeholder whose concrete value is only known after we let
the automaton run on a tree. Hence, the occurrence of symbolic representation
in a state should be kept. If the state renaming is considered, then one possibility
would be to rename the state only up to non-symbolic representation.

In our work, we also do not consider the minimization algorithm to mini-
mize the automata. With the existence of the attribute formula in our logic,
the minimization algorithm apparently can not be performed. Generally, to
perform the minimization algorithm, the set of final states should be clearly
represented. On the other hand, to deal with the infinite number of states,
we do not use the concrete value of states, but instead we represent the states
symbolically. Particularly, this also holds for the final states. If an attribute
formula is involved in a formula, we would not have the set of final states with
concrete values in the inductive construction of the set of final states. One
approach would be to minimize the automaton in case the attribute formula
is not yet involved. For example, regarding a built formula, the minimization
can be performed on a subformula, which contains no attribute formula, before
the subsequent inductive construction (which involves an attribute formula) is
performed.
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