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@ Motivation and introduction

© A Chomsky-Schiitzenberger characterisation for weighted MCFGs
© Chomsky-Schiitzenberger parsing of weighted MCFGs

@ An automata characterisation of weighted MCFGs

@ Coarse-to-fine parsing of weighted automata with data storage
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The k-best parsing problem

parsing problem

Input:

@ a language device M (grammar or automaton)

@ aword w

Output:

@ an analysis of w in M (not unique)
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The k-best parsing problem

k-best parsing problem
Input:

[Jiménez and Marzal 2000]

° a(A,0,1,0,d)-weighted language device (M, wt)
@ anumberk € N
@ aword w

(grammar or automaton)

Output:

@ a sequence of k best' analyses of w in M (not unique)

'w.rt. wt and < (greater is better)
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Discontinuous constituents and non-projective dependencies

Example  [Evang and Kallmeyer 2011]
SBARQ

RN

What should l do 7
N A N A A A
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gaps / crossing edges
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Discontinuous constituents and non-projective dependencies

gaps / crossing edges
Example  [Evang and Kallmeyer 2011] @ not representable with CFGs
SBARQ @ occur in natural language tree banks
/g SQ%
What should l do ?

N A N A A A
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Discontinuous constituents and non-projective dependencies

gaps / crossing edges

Example  [Evang and Kallmeyer 2011] @ not representable with CFGs

SBARQ @ occur in natural language tree banks

SQ corpus # of trees cont. discont.
[Maier and Segaard 2008, Tab. 5]

NeGra = 20000 72.44% 27.56%

TIGER ~ 50000 72.46% 27.54%
| [Kuhlmann and Nivre 2006, Tab. 1]

What should | do ? PDT ~ 73000 76.85%  23.15%
N A N A A A DDT ~ 4400 84.95% 15.05%
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Discontinuous constituents and non-projective dependencies

gaps / crossing edges

Example  [Evang and Kallmeyer 2011] @ not representable with CFGs

SBARQ @ occur in natural language tree banks

SQ corpus # of trees cont. discont.
[Maier and Segaard 2008, Tab. 5]

NeGra ~ 20000 72.44% 27.56%

TIGER ~ 50000 72.46% 27.54%

| [Kuhlmann and Nivre 2006, Tab. 1]

N A N A A A DDT ~ 4400 84.95% 15.05%

—> use formalism more expressive than CFGs
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Multiple context-free grammars

context-free grammars [Chomsky 1956]

A — aAbB composes strings
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Multiple context-free grammars

context-free grammars [Chomsky 1956]

A — aAbB composes strings

A — [(z,y) = azby|(A, B)
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Multiple context-free grammars

context-free grammars [Chomsky 1956]

A — aAbB composes strings

A— [ axby ](4,B)
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Multiple context-free grammars

context-free grammars [Chomsky 1956]

A — aAbB composes strings

A— [ axby ](4,B)

multiple context-free grammars [Seki, Matsumura, Fujii, and Kasami 1991]

A = [((z1,m9), (41, 2)) = (az1ysb, y1c25)](A, B)  composes tuples of strings
(DX D)X (X x X% )= (Z*x %)
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Multiple context-free grammars

context-free grammars [Chomsky 1956]

A — aAbB composes strings

A— [ axby ](4,B)

multiple context-free grammars [Seki, Matsumura, Fujii, and Kasami 1991]

A—| azr;ysb , Y1CTo 1(A, B) composes tuples of strings
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A Chomsky-Schiitzenberger characterisation for weighted MCFGs

[Denkinger 2015, Thm. 19]
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A Chomsky-Schiitzenberger characterisation for weighted MCFGs

[Denkinger 2015, Thm. 19]

Let A be a complete commutative strong bimonoid
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A Chomsky-Schiitzenberger characterisation for weighted MCFGs

Theorem [Denkinger 2015, Thm. 19]
Let A be a complete commutative strong bimonoid and L: X* — A.
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Weight separation

[idea from Droste and Vogler 2013, Lem. 3]

For every A-weighted k-MCFL L: * — A there are an A-weighted a-homomorphism
hi: (Y UR)" — X* — A and an unweighted &-MCFL L’ C (YU R)* s.t. L = hy(L').
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Weight separation

[idea from Droste and Vogler 2013, Lem. 3]

For every A-weighted k-MCFL L: ¥* — A there are an A-weighted a-homomorphism
hi: (X UR)" — X* — A and an unweighted k-MCFL L” C (¥ U R)* s.t. L = hy(L’").

Zww»’ MN\-)

A — [u,v)(B,C)

G:
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Weight separation

[idea from Droste and Vogler 2013, Lem. 3]

For every A-weighted k-MCFL L: ¥* — A there are an A-weighted a-homomorphism
hi: (X UR)" — X* — A and an unweighted k-MCFL L” C (¥ U R)* s.t. L = hy(L’").

G: G’ and h;:
E'ww’ MN\-) i AN m)
A — [u,v)(B,C) A= [ u,v](B,C)
d; dy dy d;,
uR— A
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Weight separation

[idea from Droste and Vogler 2013, Lem. 3]

For every A-weighted k-MCFL L: ¥* — A there are an A-weighted a-homomorphism
hi: (X UR)" — X* — A and an unweighted k-MCFL L” C (¥ U R)* s.t. L = hy(L’").

G: G’ and h;:
E'ww’ MN\-) i AN m)
A = [u,v](B,C) =:p A— [ u,v)(B,C)
d; dy dy d;,
uR— A
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Weight separation

[idea from Droste and Vogler 2013, Lem. 3]

For every A-weighted k-MCFL L: ¥* — A there are an A-weighted a-homomorphism
hi: (X UR)" — X* — A and an unweighted k-MCFL L” C (¥ U R)* s.t. L = hy(L’").

G: G’ and h;:

G S

M M

A = [u,v](B,C) =:p A = [pu,)(B,C)
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T. Denkinger: Two characterisation results of wMCFGs and their application to parsing (Statusvortrag) 2018-07-27



Weight separation

[idea from Droste and Vogler 2013, Lem. 3]

For every A-weighted k-MCFL L: ¥* — A there are an A-weighted a-homomorphism
hi: (X UR)" — X* — A and an unweighted k-MCFL L” C (¥ U R)* s.t. L = hy(L’").

G: G’ and h;:

G S

M M

A = [u,v](B,C) =:p A = [pu,)(B,C)
d; dy dy d;,
uR— A
hy(6) = {
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Weight separation

[idea from Droste and Vogler 2013, Lem. 3]

For every A-weighted k-MCFL L: ¥* — A there are an A-weighted a-homomorphism
hi: (X UR)" — X* — A and an unweighted k-MCFL L” C (¥ U R)* s.t. L = hy(L’").

G: G’ and h;:

G S

M M

A = [u,v](B,C) =:p A = [pu,)(B,C)
d; dy dy d;,
uR— A

hy(6) = {p(p).e ifo=p,peR
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Weight separation

[idea from Droste and Vogler 2013, Lem. 3]

For every A-weighted k-MCFL L: ¥* — A there are an A-weighted a-homomorphism
hi: (X UR)" — X* — A and an unweighted k-MCFL L” C (¥ U R)* s.t. L = hy(L’").

G: G’ and h;:

G S

M M

A = [u,v](B,C) =:p A = [pu,)(B,C)
d; dy dy d;,
pilt = A wip)e ifd=p,peR
hy(6) = .
1.0 ifé e X
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A Chomsky-Schiitzenberger characterisation for weighted MCFGs

Theorem [Denkinger 2015, Thm. 19]

Let A be a complete commutative strong bimonoid and L: X* — 4. For every k € N,
the following are equivalent

(i) L is k-multiple context-free.
(ii) There are

e an A-weighted a-homomorphism h: (AU A)* — X* — A,
o a k-multiple Dyck language mD C (A U A)*, and
o aregular language R C (AU A)*

such that L = h(mD N R).

(i) = (i) mD € k-MCF and closure properties of k-MCF(A)
)= (i) L =h(L")

@ hi:(YUR)" — X* — A is an A-weighted a-homomorphism,
o L' C(XYUR)* isk-multiple context-free,
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The unweighted Chomsky-Schiitzenberger theorem

[Yoshinaka, Kaji, and Seki 2010, Thm. 3]

Let L C X*. Forevery k € N, t.fa.e.
(i) L is k-multiple context-free.
(ii) There are an alphabet A,

@ a  homomorphism h: (AU A)* — X*,
@ a k-multiple Dyck language mD C (A U A)*, and
o aregular language R C (AU A)*

st. L=h(mDNR).
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© Chomsky-Schiitzenberger parsing of weighted MCFGs
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From the CS-theorem to CS-parsing

Theorem [Yoshinaka, Kaji, and Seki 2010, Thm. 3]

Let L C X*. Forevery k € N, t.fae.
(i) L is k-multiple context-free.
(if) There are an alphabet A,
@ an a-homomorphism h: (AU A)* — D
@ a k-multiple Dyck language mD C (AU A)*, and
@ aregular language R C (AU A)*
st. L=h(mDNR).
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From the CS-theorem to CS-parsing
w€L(G) <= weh(RNmD)

< Jue RNmD:h(u) =w
< Jue RNh Y w):ue mbD
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From the CS-theorem to CS-parsing

w € L(G) <= we h(RNmD) (CS-theorem)
< Jue RNmD:h(u) =w
< Jue RNh Y w):ue mbD

Each u € R N D encodes a derivation of G.
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From the CS-theorem to CS-parsing

w € L(G) <= we h(RNmD) (CS-theorem)
< Jue RNmD:h(u) =w
< Jue RNh Y w):ue mbD

Each u € R N D encodes a derivation of G.

k-best CS-parsing [Denkinger 2017b, Def. 5.21]

parsec, (W)
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From the CS-theorem to CS-parsing

w € L(G) <= we h(RNmD) (CS-theorem)
< Jue RNmD:h(u) =w
< Jue RNh Y w):ue mbD

Each u € R N D encodes a derivation of G.

k-best CS-parsing [Denkinger 2017b, Def. 5.21]

parseq (W) = (takey, o sort¥’ o toDeriv o filter,,,) (R N h~ ! (w))
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From the CS-theorem to CS-parsing

w € L(G) <= we h(RNmD) (CS-theorem)
< Jue RNmD:h(u) =w
< Jue RNh Y w):ue mbD

Each u € R N D encodes a derivation of G.

k-best CS-parsing [Denkinger 2017b, Def. 5.21]

parseq (W) = (takey, o sort¥’ o toDeriv o filter,,,) (R N h~ ! (w))
= (toDeriv o take,, o sort¥ o filterr,,)(R N h~* (w))
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From the CS-theorem to CS-parsing

w € L(G) <= we h(RNmD) (CS-theorem)
< Jue RNmD:h(u) =w
< Jue RNh Y w):ue mbD

Each u € R N D encodes a derivation of G.

k-best CS-parsing [Denkinger 2017b, Def. 5.21]

parseq (W) = (takey, o sort¥’ o toDeriv o filter,,,) (R N h~ ! (w))
(toDeriv o take,, o sort¥ o filterr,,)(R N h ™t (w))
(toDeriv o take,, o filter,,,, o sort¥)(R N h~*(w))
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From the CS-theorem to CS-parsing

w € L(G) <= we h(RNmD) (CS-theorem)
< Jue RNmD:h(u) =w
< Jue RNh Y w):ue mbD

Each u € R N D encodes a derivation of G.

k-best CS-parsing [Denkinger 2017b, Def. 5.21]

take,, o sort¥ o toDeriv o filter,,,,,, ) (R N A~ (w))
toDeriv o take, o sort¥ o filter,,)(R N h~ 1 (w))
toDeriv o takey, o filter,,, o sort%’)(R N h~(w))

toDeriv o takey, o filter,, © sort,)(R* > h™*(w))

parsec, (W)

(
(
(
(
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From the CS-theorem to CS-parsing

w € L(G) <= we h(RNmD) (CS-theorem)
< Jue RNmD:h(u) =w
< Jue RNh Y w):ue mbD

Each u € R N D encodes a derivation of G.

k-best CS-parsing [Denkinger 2017b, Def. 5.21]

take,, o sort¥ o toDeriv o filter,,,,,, ) (R N A~ (w))
toDeriv o take, o sort¥ o filter,,)(R N h~ 1 (w))
toDeriv o takey, o filter,,, o sort%’)(R N h~(w))

toDeriv o takey, o filter,, © sort,)(R* > h™*(w))

enumerate from a weighted finite-state automaton

parsec, (W)

(
(
(
(
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Chomsky-Schiitzenberger parsing of weighted MCFGs

Theorem [Denkinger 2017b, Alg. 3 and Thm. 5.22]

Let (G, wt) be a restricted weighted MCFG over a factorisable <-ordered monoid with
zero where < is a partial order. Then

(toDeriv o take,, o filter, o sort.)(R* > h™*(w))

solves the k-best parsing problem for (G, wt) and a word w.
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Chomsky-Schiitzenberger parsing of weighted MCFGs

Theorem [Denkinger 2017b, Alg. 3 and Thm. 5.22]

Let (G, wt) be a restricted weighted MCFG over a factorisable <-ordered monoid with
zero where < is a partial order. Then

(toDeriv o take,, o filter, o sort.)(R* > h™*(w))
solves the k-best parsing problem for (G, wt) and a word w.

Conjecture

The restrictions are not problematic in practice.
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Chomsky-Schiitzenberger parsing of weighted MCFGs

Theorem [Denkinger 2017b, Alg. 3 and Thm. 5.22]

Let (G, wt) be a restricted weighted MCFG over a factorisable <-ordered monoid with
zero where < is a partial order. Then

(toDeriv o take,, o filter, o sort.)(R* > h™*(w))
solves the k-best parsing problem for (G, wt) and a word w.

Conjecture

The restrictions are not problematic in practice.

@ practical viability currently under investigation
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Outline

@ An automata characterisation of weighted MCFGs
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A set diagram of some language classes

Type 0 recursively enumerable
Type 1 context-sensitive languages
multiple context-free languages indexed languages

\ /

yield languages of TAGs

Type 2 context-free languages

Type 3 regular languages
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A set diagram of some language classes

Type 0 recursively enumerable
‘ <—Turing machines

Type 1 context-sensitive languages
/ %lineaﬂ)ﬁded automata
multiple context-free languages indexed languages

\ / “nested stack automata

yield languages of TAGs
‘ —~embedded pushdown automata

Type 2 context-free languages
‘ —pushdown automata

Type 3 regular languages
finite state automata
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A set diagram of some language classes

Type 0 recursively enumerable
’ <—Turing machines

Type 1 context-sensitive languages
/ %lineaﬂ)ﬁded automata
multiple context-free languages indexed languages
‘—>restr|cted tree-stack automata/ —nested stack automata

yleld languages of TAGs
’ —~embedded pushdown automata

Type 2 context-free languages
’ —pushdown automata

Type 3 regular languages
<finite state automata
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The tree-stack idea from Villemonte de la Clergerie 2002a,b
data storage TS(I") example
v «
\ /
Ve
/ e TS(I)
2

VA

Q

@ stack symbols I
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The tree-stack idea from Villemonte de la Clergerie 2002a,b

data storage TS(I") example

@ stack symbols I

Y o
@ partial function &: N --» "W {@Q} \ /
Ve

@ stack pointer p € N’ from the domain of §
/ e TS(I)
2

A

Q
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The tree-stack idea from Villemonte de la Clergerie 2002a,b

data storage TS(I") example
@ stack symbols I v o
@ partial function &: N --» "W {@Q} \ /
@ stack pointer p € N’ from the domain of § V—
@ domain of & prefix-closed % € TS(I')
a B
¢ p
Y
Q
Q

@ @ exactly at the root
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The tree-stack idea from Villemonte de la Clergerie 2002a,b

data storage TS(/")

stack symbols I

partial function &N --» "W {@Q}

@ stack pointer p € N’ from the domain of §

domain of & prefix-closed

3 p

Q

@ exactly at the root
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The tree-stack idea from Villemonte de la Clergerie 2002a,b

data storage TS(/") instructions (possibly partial)
o stack symbols I ea()(Ep) = (£:p)
@ partial function &: N --» "W {@Q} (v € I'U{@}, only if {(p) =)

@ stack pointer p € N’ from the domain of §

domain of & prefix-closed

3 p

Q

@ exactly at the root
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The tree-stack idea from Villemonte de la Clergerie 20

data storage TS(/")

stack symbols I

partial function &N --» "W {@Q}

@ stack pointer p € N’ from the domain of §

domain of & prefix-closed

3 p

Q

@ exactly at the root

T. Denkinger: Two characterisation results of wMCFGs and their application to parsing (Statusvortrag)

02a,b

instructions (possibly partial)

eq(7)(&,p) = (&,p)
(y € I'u{@}, only if {(p) =)

set(y): set &(p) to~y
(yeIonlyifp#¢)
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The tree-stack idea from Villemonte de la Clergerie 2002a,b

data storage TS(/") instructions (possibly partial)
o stack symbols I ea(1)(6p) = (€,)
@ partial function &: N --» "W {@Q} (v € I'U{@}, only if {(p) =)

set(y): set &(p) to~y
(yeIonlyifp#¢)

up,: move stack pointer to i-th child

¢ » (only if £(pi) is defined)

@ stack pointer p € N’ from the domain of §

@ domain of & prefix-closed

Q

@ @ exactly at the root
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The tree-stack idea from Villemonte de la Clergerie 2002a,b

data storage TS(/") instructions (possibly partial)

o stack symbols I’ ea()(Ep) = (£:p)

@ partial function &: N --» "W {@Q} (v € I'U{@}, only if {(p) =)
@ stack pointer p € N’ from the domain of § set(7): set £(p) to y

(yeIonlyifp#¢)
up,: move stack pointer to i-th child
¢ » (only if £(pi) is defined)
push,(): push 7 to the i-th child
(only if £(pi) is undefined)

domain of & prefix-closed

Q

@ exactly at the root
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The tree-stack idea from Villemonte de la Clergerie 2002a,b

data storage TS(/") instructions (possibly partial)
o stack symbols I ea(1)(6p) = (€,)
@ partial function &: N --» "W {@Q} (v € I'U{@}, only if {(p) =)

set(y): set &(p) to~y
(yeIonlyifp#¢)

up,: move stack pointer to i-th child

¢ » (only if £(pi) is defined)

push,(): push 7 to the i-th child
(only if £(pi) is undefined)

@ stack pointer p € N’ from the domain of §

domain of & prefix-closed

Q

down: move stack pointer to parent

@ exactly at the root

T. Denkinger: Two characterisation results of wWMCFGs and their application to parsing (Statusvortrag) 2018-07-27



Tree-stack automata (TSA) as automata with storage, Scott (1967)

= (1,a, ,2)
Ty = (2,a, ,2)
3= (2,¢, ,3)
= (3,¢, ,3)
75 = (3,b, ,4)
76 = (4,b, ,4)
T = (4,¢, ,5)
s = (5,¢, ,5)
9 = (5,¢, ,6)
10 = (6, ¢, ,6)
1 = (6,¢, ,7)
T = (7, €, ,7)
T3 = (7, ¢, ,8)
Ty = (8,d, ,8)
Tis = (8,6, ,9)

T. Denkinger: Two characterisation results of wMCFGs and their application to parsing (Statusvortrag)
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Tree-stack automata (TSA) as automata with storage, Scott (1967)
instructions

5

7 = (1,a,[push, (x) ,2)
7y = (2,a,[push, (%) ,2)
T3 = (2,€,push1 (#) 73)
74 = (3,¢,[down ,3)
75 = (3, b,[bottom ; push, (x)[, 4)
76 = (4, b,[push, (%) ,4)
77 = (4, ¢ |push; (#) .5)
75 = (5,&,[down .5)
79 = (5, &,[bottom ; up, ,6)
710 = (6, c,lequals(*) ;up; |,6)
711 = (6, ¢ lequals(#) ; down|, 7)
715 = (7, € |equals(*) ;down |, 7)
715 = (7, ¢,|bottom ; up, ,8)
714 = (8, d,equals(*) ;up; |, 8)
715 = (8, lequals(#) 19)
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

= (1, a, push; (x) ,2
2, a, push; (x) ,2
2, e, push, (#) ,3
3,e,down ,3
3, b, bottom ; pushz( ), 4
4,b, push, (x ,4

4, e, push, ( )

ot

5, ¢, bottom ; up,

(=2 N

ot
S S S e e e e e e e e e S S

7'10— 6, c, equals(x) ; up;

711 = (6,¢,equals(#) ;down, 7
T = (7,€,equals(x) ;down ,7
T13 = (7, €, bottom ; up, ,8
T14 = (8,d,equals(x);up; ,8
715 = (8, ¢, equals(#) ,9

(1,
= (2,
= (
= (
= (
= (4,
= (
= (5,e,down
= (
(
(
(
(
(
(
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

T =
Ty =
T3 =
Ty =
Ts =

(1,
(2,
(2,
(
(
Te (
77:(
Tg = (
Tg = (
Tio = (
711:<
712:<
713—<
7'14—<
7'15—<

1,a, push, () ,2
2, a, push; (x) ,2
2, e, push, (#) ,3
3,e,down ,3
3, b, bottom ; pushz( ), 4
4,b, push, (x ,4
4, e, push, ( ) .5

(=)

9, €, bottom ;upq

(=)

6,c,equals(*);up;

J

6,¢,equals(#) ; down,
7,e,equals(x);down ,7
7, ¢, bottom ; up,

09

8,d, equals(x) ; up;
8, ¢, equals(#)

© oo

ot
(\’)
Q..
%’
=]
ot
e N N S S S S S e S S S e

recognises {a’b’c*d’ | i,j < 1}
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

T = (7,€,equals(x) ;down ,7

09

T13 = (7, €, bottom ; up,

0g)

T14 = (8,d, equals(x) ; up;
715 = (8, ¢, equals(#)

Ne)

= (1, a, push, () ,2)

= (2, a, push, () ,2)

= (2, e, push; (#) ,3)

= (3,e,down ;3)

= (3, b, bottom ; pushz( ), 4)

= (4, b, push, (x ,4)

= (4,e,push( ) .5) state: 1

= (5,e,down ,5)

= (5, ¢, bottom ; up; ,6) input tape:
710 = (6, c,equals();up; ,6)
711 = (6,¢, equals(#) ; down, 7) run:

( )

( )

( )

( )

T. Denkinger: Two characterisation results of wMCFGs and their application to parsing (Statusvortrag)

recognises {a’b’c*d’ | i,j < 1}

stack: Q<—

4

a|a[bfc[c]d]
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

(7'1 (1,2, push, (x) >2)] recognises {a’b’c'd’ | i,7 < 1}
= (2, a, push, () ,2)
= (2, e, push; (#) ,3)
= (3,e,down ,3)
= (3, b, bottom ; pushz( ), 4)
= (4, b, push, (x ,4)
= (4,e, push, ( ) 5) state: 1 stack: Q@<
= (5,e,down ,5) '
= (5, ¢, bottom; up, ,6) input tape: alalblclcld‘
Tlo = (6, c,equals();up; ,6)
711 = (6, ¢, equals(#) ; down, 7) run:
71 = (7,€, equals(*) ;down ,7)
715 = (7, €, bottom ; up, ,8)
714 = (8,d,equals(*) ;up; ,8)
( )

715 = (8, ¢, equals(#)

Ne)
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

||
o=
oo oW
T T T
e £ g
»n »n wn
:Y':Y':T'

* x
*2
ERSRS

3,€,down
3,b, bottom pushz( ), 4

w

e~
o
"O
c
w
=
-

v»-lk

4,5,push1 )

ot

5, ¢, bottom ; up,

(=2 N

7'10— 6, c, equals(x) ; up;

J

711, = (6, €, equals(#) ; down,
715 = (7,€, equals(x) ;down ,7

09

ot
S S S e e e e e e e e e S S

T13 = (7, €, bottom ; up,

0g)

T14 = (8,d, equals(x) ; up;
715 = (8, ¢, equals(#)

Ne)

(1,
= (2,
= (
= (
= (
= (4,
= (
= (5,e,down
= (
(
(
(
(
(
(

recognises {a’b’c*d’ | i,j < 1}

* <—

N
state: 2 stack: Q
input tape: ’aval b I c | c | d‘

run: T

T. Denkinger: Two characterisation results of wMCFGs and their application to parsing (Statusvortrag)

2018-07-27



Tree-stack automata (TSA) as automata with storage, Scott (1967)

1,2, push, (x) ;2 recognises {a’b’c*d’ | i,j < 1}

\)

)
)

2, a, push; (x) ,

T14 = (8,d,equals(x);up; ,8

= (1L,
=
= (2, ¢, push, (#) ,3)
= (3,e,down ,3)
= (3, b, bottom ; push, (*),4)
= (4, b, push, (x) ,4) *i_
= (4,¢, push, (#) 5) state: 2 stack: 1 @
= (5,e,down ,5) '
= (5, ¢, bottom; up, ,6) input tape: ’a a|b|c|c|d‘
Tlo = (6, ¢, equals( ) up; ,6)
Ty = (6,€,equals );down, 7) run: T
71 = (7,€, equals(*) ;down ,7)
715 = (7, €, bottom ; up2 ,8)
( )
( )

715 = (8, ¢, equals(#) ,9
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

||
o=
oo oW
T T T
e £ g
»n »n wn
:Y':Y':T'

* x
*2
ERSRS

3,€,down
3,b, bottom pushz( ), 4

w

e~
o
"O
c
w
=
-

v»-lk

4,5,push1 )

ot

5, ¢, bottom ; up,

(=2 N

7'10— 6, c, equals(x) ; up;

J

711, = (6, €, equals(#) ; down,
715 = (7,€, equals(x) ;down ,7

09

ot
S S S e e e e e e e e e S S

T13 = (7, €, bottom ; up,

0g)

T14 = (8,d, equals(x) ; up;
715 = (8, ¢, equals(#)

Ne)

(1,
= (2,
= (
= (
= (
= (4,
= (
= (5,e,down
= (
(
(
(
(
(
(

recognises {a’b’c*d’ | i,j < 1}

state: 2 stack: Q

Y

input tape: ’ala blclcld‘

run:  TqT,
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

7'1 = (1,a, pushy (x) ,2) recognises {a’b’c'd’ | i,7 < 1}
= (2, a, push, () ,2)
(73 (2,e,push, (#) ,3)]
= (3,e,down ,3) e
= (3, b, bottom ; pushz( ), 4) "
= (4, b, push, (x ,4) *\
= (4,¢, push, ( ) 5) state: 2 stack: 1 @
= (5,e,down ,5) '
= (5,¢, bottom ; up, ,6) input tape: ’ala blclcld‘
Tlo = (6, c,equals();up; ,6)
711 = (6, ¢, equals(#) ; down, 7) run: 7
71 = (7,€, equals(*) ;down ,7)
715 = (7, €, bottom ; up, ,8)
714 = (8,d,equals(*) ;up; ,8)
( )

715 = (8, ¢, equals(#)

Ne)
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

||
o=
oo oW
T T T
e £ g
»n »n wn
:Y':Y':T'

* x
*2
ERSRS

3,€,down
3,b, bottom pushz( ), 4

w

e~
o
"O
c
w
=
-

v»-lk

4,5,push1 )

ot

5, ¢, bottom ; up,

(=2 N

7'10— 6, c, equals(x) ; up;

J

711, = (6, €, equals(#) ; down,
715 = (7,€, equals(x) ;down ,7

09

ot
S S S e e e e e e e e e S S

T13 = (7, €, bottom ; up,

0g)

T14 = (8,d, equals(x) ; up;
715 = (8, ¢, equals(#)

Ne)

(1,
= (2,
= (
= (
= (
= (4,
= (
= (5,e,down
= (
(
(
(
(
(
(

recognises {a’b’c*d’ | i,j < 1}

state: 3 stack:

A

y

e

1l
*
1]
*
IN
Q

input tape: ’ a | a

bl efe[d]

run: 7_17—27_;5
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

1,a, push, () ,2

\)

2, a, push; (x) ,
2, ¢, push, (#) )

3,e,down ,

w

w

—/

)
)
)
(74 )

T14 = (8,d,equals(x);up; ,8

= (
= (2,
= (
(
= (
= (4,
= (
= (5,e,down ,
= (
(
(
(
(
(
(

3, b, bottom ; push, (*),4)

4,b, push, (x) ,4)

4, ¢, push, (#) ,5)

5

5, ¢, bottom ; up; ,6)

7'10— 6, c, equals( ) up; ,6)
711 = (6, ¢, equals(# down,?)
71 = (7,€, equals(*) ;down ,7)
713 = (7,¢&, bottom ; up2 ,8)
)

)

715 = (8, ¢, equals(#) ,9

recognises {a’b’c*d’ | i,j < 1}

state: 3 stack:

A

input tape: ’ a | a

run: 7_17—27_3

T. Denkinger: Two characterisation results of wMCFGs and their application to parsing (Statusvortrag)
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

||
o=
oo oW
T T T
e £ g
»n »n wn
:Y':Y':T'

* x
*2
ERSRS

3,€,down
3,b, bottom pushz( ), 4

w

e~
o
"O
c
w
=
-

v»-lk

4,5,push1 )

ot

5, ¢, bottom ; up,

(=2 N

7'10— 6, c, equals(x) ; up;

J

711, = (6, €, equals(#) ; down,
715 = (7,€, equals(x) ;down ,7

09

ot
S S S e e e e e e e e e S S

T13 = (7, €, bottom ; up,

0g)

T14 = (8,d, equals(x) ; up;
715 = (8, ¢, equals(#)

Ne)

(1,
= (2,
= (
= (
= (
= (4,
= (
= (5,e,down
= (
(
(
(
(
(
(

recognises {a’b’c*d’ | i,j < 1}

state: 3 stack: Q

Y

input tape: ’ala blclcld‘

run: 7_17—27_374
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

||
o=
oo oW
T T T
e £ g
»n »n wn
U‘U"J‘

* x
HE
ERSRS

w

3,€,down
3, b, bottom pushz( ),

e~
o
"O
c
w
=
-
v»-lk =~

4,5,push1 )

o Ot

5, ¢, bottom ; up,

(=)

7'10— 6, c, equals(x) ; up;

J

711, = (6, €, equals(#) ; down,
715 = (7,€, equals(x) ;down ,7

09

ot
S e S e e e e e e e A S

T13 = (7, €, bottom ; up,

0g)

T14 = (8,d, equals(x) ; up;

(1,
= (2,
= (
= (
= (
= (4,
= (
= (5,e,down
= (
(
(
(
(
(
(

Ne)

715 = (8, ¢, equals(#)

recognises {a’b’c*d’ | i,j < 1}

state: 3 stack: Q

Y

input tape: ’ala blclcld‘

run: 7_17—27_37—4
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

||
o=
oo oW
T T T
e £ g
»n »n wn
:Y':Y':T'

* x
*2
ERSRS

3,€,down
3,b, bottom pushz( ), 4

w

e~
o
"O
c
w
=
-

v»-lk

4,5,push1 )

ot

5, ¢, bottom ; up,

(=2 N

7'10— 6, c, equals(x) ; up;

J

711, = (6, €, equals(#) ; down,
715 = (7,€, equals(x) ;down ,7

09

ot
S S S e e e e e e e e e S S

T13 = (7, €, bottom ; up,

0g)

T14 = (8,d, equals(x) ; up;
715 = (8, ¢, equals(#)

Ne)

(1,
= (2,
= (
= (
= (
= (4,
= (
= (5,e,down
= (
(
(
(
(
(
(

recognises {a’b’c*d’ | i,j < 1}

#

1]
*
1]
*
N
state: 3 stack: Q<—

Y

input tape: ’ala blclcld‘

run: 7'17'27'37'2
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

= (1,a,push, (*) )2 recognises {a’b’c*d’ | i,j < 1}
2, a, push; (x) ,2
2, e, push, (#) ,3 #
3,e,down ,3 1>L
(75 3,b, bottom pushz( ), 4 "
*

e~
o
"O
c
w
=
= |
v»-lk

N

4,¢e ,pushl ) state: 3 stack: Q<—

ot

Y

input tape: ’ala blclcld‘

5, ¢, bottom ; up,

(=)

(=)

ot
S S S e e e e e e N D S S

7'10— 6, c, equals(x) ; up;

J

711 = (6,¢,equals(#) ; down, run: Ty

T = (7,€,equals(x) ;down ,7

09

T13 = (7, €, bottom ; up,

0g)

T14 = (8,d, equals(x) ; up;

(1,
= (2,
= (
= (
(
= (4,
= (
= (5,e,down
= (
(
(
(
(
(
(

Ne)

715 = (8, ¢, equals(#)
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

= (1,2, push, (x) 2 recognises {a’b’c'd’ | i,7 < 1}
2, a, push; (x) ,2
2, e, push, (#) ,3 #
3,e,down ,3 1>L
3, b, bottom ; pushz( ), 4 "
4,b, push, ( 4 X ke
4, iushi (#) 5 N /4
7 ’ state: 4 stack: @

5, ¢, bottom ; up,

(=)

input tape: ’alalb'clcld‘

(=)

7'10— 6, c, equals(x) ; up;

J

711 = (6,¢,equals(#) ; down, run: T Ty TSR
9

T = (7,€,equals(x) ;down ,7

09

ot
S S S e e e e e e e e e S S

T13 = (7, €, bottom ; up,

0g)

T14 = (8,d, equals(x) ; up;
715 = (8, ¢, equals(#)

Ne)

(1,
= (2,
= (
= (
= (
= (4,
= (
= (5,e,down
= (
(
(
(
(
(
(
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

= (1,a,push, (*) )2 recognises {a’b’c*d’ | i,j < 1}

2, a, push; (x) ,2

2, e, push, (#) ,3 #
3,e,down ,3 1>L

3, b, bottom ; pushz( ), 4 "

* * <—
4, b, push, (x ,4 \ 4
(T7 4,¢, push, ( ) ;5 state: 4 stack: @

(=)

ot
S S S e e e e N S e S S

5, ¢, bottom ; up,

input tape: ’alalb'clcld‘

(=)

710— 6, c, equals(x) ; up;
711, = (6, €, equals(#) ; down,

J

run: 7_17—27_37—27—5
T = (7,€,equals(x) ;down ,7

09

T13 = (7, €, bottom ; up,

0g)

T14 = (8,d, equals(x) ; up;
715 = (8, ¢, equals(#)

(1,
= (2,
= (
= (
= (
= (4,
(
= (5,¢,down
= (
(
(
(
(
(
(

Ne)
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

= (1,a,push, (*) )2 recognises {a’b’c*d’ | i,j < 1}
2, a, push; (x) ,2
2,¢, push, (#) 3 #‘ﬁ
3,e,down ;3 L H o
3, b, bottom ; pushz( ), 4 " I
4, b, push, ( ,4 * *
Lop hl ) 5 N A

€, pushy ( ’ state: 5 stack: Q

5, ¢, bottom ; up,

(=)

input tape: ’alalb'clcld‘

(=)

7'10— 6, c, equals(x) ; up;

J

711 = (6,¢,equals(#) ; down, run: Ty Ty TS

T = (7,€,equals(x) ;down ,7

09

ot
S S S e e e e e e e e e S S

T13 = (7, €, bottom ; up,

0g)

T14 = (8,d, equals(x) ; up;
715 = (8, ¢, equals(#)

Ne)

(1,
= (2,
= (
= (
= (
= (4,
= (
= (5,e,down
= (
(
(
(
(
(
(
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

1,a,push, (*) )2 recognises {a’b’c*d’ | i,j < 1}

2, a, push; (x) ,2

2, e, push, (#) ,3 i
3,e,down .3 1>L Y
3, b, bottom ; pushz( ), 4 " I
4,b, push, (* ,4 * *

4, ¢, push, ( ) 5 state: 5 stack: \@A

(=)

5, ¢, bottom ; up,

input tape: ’alalb'clcld‘

(=)

ot
S S S e e e A T e e S S

7'10— 6, c, equals(x) ; up;

J

711 = (6,¢,equals(#) ; down, run: Ty Ty T,

T = (7,€,equals(x) ;down ,7

09

T13 = (7, €, bottom ; up,

0g)

T14 = (8,d, equals(x) ; up;

= (1,
= (2,
= (
= (
= (
= (4,
= (
(78 (5,&,down
= (
(
(
(
(
(
(

Ne)

715 = (8, ¢, equals(#)
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

= (1,a,push, (*) )2 recognises {a’b’c*d’ | i,j < 1}
2, a, push; (x) ,2
2,¢, push, (#) 3 #‘ﬁ
3,e,down ;3 L H#
3, b, bottom ; pushz( ), 4 " I
4, b, push, ( ,4 * *
Lop hl ) 5 N

€, pushy ( ’ state: 5 stack: Q<—

5, ¢, bottom ; up,

(=)

input tape: ’alalb'clcld‘

(=)

7'10— 6, c, equals(x) ; up;

J

711 = (6,¢,equals(#) ; down, run: Ty Ty TaTITS T T

T = (7,€,equals(x) ;down ,7

09

ot
S S S e e e e e e e e e S S

T13 = (7, €, bottom ; up,

0g)

T14 = (8,d, equals(x) ; up;
715 = (8, ¢, equals(#)

Ne)

(1,
= (2,
= (
= (
= (
= (4,
= (
= (5,e,down
= (
(
(
(
(
(
(
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

= (1,a,push, (*) )2 recognises {a’b’c*d’ | i,j < 1}
2, a, push; (x) ,2
2,¢, push, (#) 3 #‘ﬁ
3,e,down ,3 1 4
3, b, bottom ; pushz( ), 4 " I
4, b, push, ( ,4 * *
Lop h1 ) 5 N

€, pushy ( ’ state: 5 stack: Q<—

5, ¢, bottom ; up,

(=)

input tape: ’alalb'clcld‘

[710 =

6, c, equals(x) ; up;

(=)

ot
S S S e A o T e e e S S

711 = (6,¢,equals(#) ; down, 7 run: Ty Ty Ty T TE
T1o = (7, €, equals(x) ;down ,7
T13 = (7, €, bottom ; up, ,8
T4 = (8,d,equals(x) ;up; .8
715 = (8, ¢, equals(#) ,9

(1,
= (2,
= (
= (
= (
= (4,
= (
= (5,e,down
(
(
(
(
(
(
(
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

||
o=
oo oW
T T T
e £ g
»n »n wn
:Y':Y':T'

* x
*2
ERSRS

3,€,down
3,b, bottom pushz( ), 4

w

e~
o
"O
c
w
=
-

v»-lk

4,5,push1 )

ot

5, ¢, bottom ; up,

(=2 N

7'10— 6, c, equals(x) ; up;

J

711, = (6, €, equals(#) ; down,
715 = (7,€, equals(x) ;down ,7

09

ot
S S S e e e e e e e e e S S

T13 = (7, €, bottom ; up,

0g)

T14 = (8,d, equals(x) ; up;
715 = (8, ¢, equals(#)

Ne)

(1,
= (2,
= (
= (
= (
= (4,
= (
= (5,e,down
= (
(
(
(
(
(
(

recognises {a’b’c*d’ | i,j < 1}

e
1

* 7
o
* *

IV

state: 6 stack: Q

Y

input tape: ’alalblclc d‘

. 3 2 2
run: 7_17—27_37—4 T5T77_8 Ig ! 10
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

= (1,a,push, (*) )2 recognises {a’b’c*d’ | i,j < 1}
2, a, push; (x) ,2
2,¢, push, (#) 3 #‘“—
3,e,down ,3 1 4
3, b, bottom ; pushz( ), 4 " I
4, b, push, ( ,4 * *
Lop h1 ) 5 N A

€, pushy ( ’ state: 6 stack: Q

Y

input tape: ’alalblclc d‘

5, ¢, bottom ; up,

(=)

(=)

ot
S S A o T e e e e e S S

7'10— 6, c, equals(x) ; up;
[’7’11 = (6,¢, equals(#) ; down,

J

run: 7_1 7—27_37—27—57—77_37_97—%0

T = (7,€,equals(x) ;down ,7
T13 = (7, €, bottom ; up, ,8
T14 = (8,d,equals(x);up; ,8
715 = (8, ¢, equals(#) ,9

(1,
= (2,
= (
= (
= (
= (4,
= (
= (5,e,down
= (
(
(
(
(
(
(
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

7, = (1,a, push, (%) ,2)
7, = (2,a, push, (%) ,2)
73 = (2,e, push, (#) ,3)
74 = (3,e,down ,3)
75 = (3, b, bottom ; push, (x), 4)
76 = (4, b, push, (*) ,4)
= (hepuh(®)  5)
75 = (5,e,down ,5)
79 = (5, ¢, bottom ; up, ,6)
710 = (6, ¢, equals( ) up; ,6)
711 = (6, ¢, equals(#) ; down, 7)
71 = (7,€, equals(*) ;down ,7)
715 = (7, €, bottom;; up2 ,8)
714 = (8,d,equals(*) ;up; ,8)
715 = (8, ¢, equals(#) ,9)

recognises {a’b’c*d’ | i,j < 1}

i
) 4
1] F
ES k
N A
state: 7 stack: Q<—

Y

input tape: ’alalblclc d‘

. 3 2.2 9
run: Ty ToT3T4TsTrTgToTi0T11712
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

7, = (1,a, push, (%) ,2)
7, = (2,a, push, (%) ,2)
73 = (2,e, push, (#) ,3)
74 = (3,e,down ,3)
75 = (3, b, bottom ; push, (x), 4)
76 = (4, b, push, (*) ,4)
= (hepuh(®)  5)
75 = (5,e,down ,5)
79 = (5, ¢, bottom ; up, ,6)
710 = (6, ¢, equals( ) up; ,6)
711 = (6, ¢, equals(#) ; down, 7)
715 = (7, €, equals(*) ;down , 7)
715 = (7, €, bottom; up2 ,8)
714 = (8,d,equals(*) ;up; ,8)
715 = (8, ¢, equals(#) ,9)

recognises {a’b’c*d’ | i,j < 1}

i
) 4
1] F
ES k
N A
state: 7 stack: Q<—

Y

input tape: ’alalblclc d‘

. 3 2 2 2
run:  TyToT3TyTsT7T8TgT190T11T12

T. Denkinger: Two characterisation results of wWMCFGs and their application to parsing (Statusvortrag) 2018-07-27

18/29



Tree-stack automata (TSA) as automata with storage, Scott (1967)

7, = (1,a, push, (%) ,2)
7, = (2,a, push, (%) ,2)
73 = (2,e, push, (#) ,3)
74 = (3,e,down ,3)
75 = (3, b, bottom ; push, (x), 4)
76 = (4, b, push, (*) ,4)
= (hepuh(®)  5)
75 = (5,e,down ,5)
79 = (5, ¢, bottom ; up, ,6)
710 = (6, ¢, equals( ) up; ,6)
711 = (6, ¢, equals(#) ; down, 7)
71 = (7,€, equals(*) ;down ,7)
715 = (7, €, bottom;; up2 ,8)
714 = (8,d,equals(*) ;up; ,8)
715 = (8, ¢, equals(#) ,9)

recognises {a’b’c*d’ | i,j < 1}

state: 9 stack: Q

input tape: ’alalblclcld

. 3 2 .2 2
run: Ty ToT3T4TsT7TgT9T10T11 712713714715
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Tree-stack automata (TSA) as automata with storage, Scott (1967)

=
SD
a=
[}
(2]
’.:Y‘
*
\.l\D

T =
Ty =
T3 =
Ty =
3, b bottom ; pushy, (%), 4
4,b push1 *) ,4

Ts =

(1, )
(2, )
(2, )
(3, )
( )
Te ( )
T = ( )
s = (5,¢, down ,5)
79 = (5, ¢, bottom ; up, ,6)
( )
( )
( )
( )
( )
( )

(=)

T10 = (6, ¢, equals( ) up;

711 = (6,¢,equals(#) ;down, 7

7,e,equals(x);down ,7

Ti2 =
T13 = (7, €, bottom ; up2 ,

09

T14 = (8,d,equals(x);up; ,8
715 = (8, ¢, equals(#) ,9

recognises {a’b’c*d’ | i,j < 1}

state: 9 stack: Q

input tape: ’alalblclcld

. 3 2 .2 2
run: Ty ToT3T4TsT7TgT9T10T117127T137T14715

2-restricted: enters each stack position at
most 2 times from below
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An automata characterisation of weighted MCFGs

Theorem [Denkinger 2016, Thm. 18]
k-MCFL = k-TSL,

Proof sketch: ~ Show both set inclusions by construction.

k-MCFL: languages generated by MCFGs of fan-out at most k

k-TSL,: languages recognised by k-restricted tree stack automata
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k-MCFL C k-TSL,

[Denkinger 2016, &~ Prop. 14]

k-MCFL C k-TSL,
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k-MCFL C k-TSL,

[Denkinger 2016, &~ Prop. 14]

k-MCFL C k-TSL,

Construction idea: return addresses

p=A—=[ a z , c =z [(B)
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k-MCFL C k-TSL,

[Denkinger 2016, &~ Prop. 14]

k-MCFL C k-TSL,

Construction idea: (p,1,1) {p,2,0) {p,2,2) return addresses

|

p=A—[eaea s, ecez,e|B)

t
(P, 1,0) (p,1,2) (p,2,1)
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k-MCFL C k-TSL,

[Denkinger 2016, &~ Prop. 14]

k-MCFL C k-TSL,

Construction idea: (p,1,1) {p,2,0) {p,2,2) return addresses
v
p=A—[eaex e, ecex,e]|(B)
|
(p,1,0) (p,1,2) (p,2,1)

example transitions:
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k-MCFL C k-TSL,

[Denkinger 2016, &~ Prop. 14]

k-MCFL C k-TSL,

Construction idea: (p,1,1) {p,2,0) {p,2,2) return addresses

J
p=A—[eaea s, ecez,e|B)

t
(P, 1,0) (p,1,2) (p,2,1)

example transitions:

read: ((p,1,0), a, id, (p,1,1))
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k-MCFL C k-TSL,

[Denkinger 2016, &~ Prop. 14]

k-MCFL C k-TSL,

Construction idea: (p,1,1) {p,2,0) {p,2,2) return addresses

|

p=A—[easa e, scoz,e]B)
t
(P, 1,0) (p,1,2) (p,2,1)

example transitions: (0" has lhs B and p has A on rhs)
read: ((p,1,0), a, id, (p,1,1))
call: ((p,1,1), &, push;((p,1,2)), (p",1,0))
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k-MCFL C k-TSL,

[Denkinger 2016, &~ Prop. 14]

k-MCFL C k-TSL,

Construction idea: (p,1,1) {p,2,0) {p,2,2) return addresses

|

p=A—[eaex e, ecex,e]|(B)
|
(p,1,0) (p,1,2) (p,2,1)
example transitions: (0" has lhs B and p has A on rhs)
read: ((p,1,0), a, id, (p,1,1))

call: ((p,1,1), &, push;((p,1,2)), (p",1,0))
return: ((p,1,2),¢e,equals((p.1,7));set(p); down, (p, 1, 7))
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k-MCFL C k-TSL,

[Denkinger 2016, &~ Prop. 14]

k-MCFL C k-TSL,

Construction idea: (p,1,1) {p,2,0) {p,2,2) return addresses

|

p=A—[eaex e, ecex,e]|(B)
|
(p,1,0) (p,1,2) (p,2,1)
example transitions: (0" has lhs B and p has A on rhs)
read: ((p,1,0), a, id, (p,1,1))
call: ((p,1,1), &, push;((p,1,2)), (p",1,0))

return: ((p,1,2),¢e,equals((p.1,7));set(p); down, (p, 1, 7))
resume: ((p.2,1),e,upy ;equals(p’);set((p,2,2)), (p".2.0))
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k-TSL, C k-MCFL

[Denkinger 2016, ~ Prop. 17]

k-TSL, C k-MCFL

T. Denkinger: Two characterisation results of wMCFGs and their application to parsing (Statusvortrag) 2018-07-27 21/29



k-TSL, C k-MCFL

[Denkinger 2016, ~ Prop. 17]

k-TSL, C k-MCFL

Proof idea:
(1) construct an MCFG that generates the runs

(2) use closure of MCFGs under homomorphisms
[Seki, Matsumura, Fujii, and Kasami 1991, Thm. 3.9]
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k-TSL, C k-MCFL

[Denkinger 2016, ~ Prop. 17]

k-TSL, C k-MCFL

Proof idea:
(1) construct an MCFG that generates the runs

Q1,915 Qs D3 V0 -0 Vi) = (015 --,6,,)
€Q2m e[‘m+1

if and only if
@ 0,,...,0,, all return to the stack position they started from and never go below it

@ 0, starts with state g; and stack symbol «,_; and ends with ¢; and ~; (for 1 <i < m)

(2) use closure of MCFGs under homomorphisms
[Seki, Matsumura, Fujii, and Kasami 1991, Thm. 3.9]

T. Denkinger: Two characterisation results of wMCFGs and their application to parsing (Statusvortrag) 2018-07-27 21/29



k-TSL, C k-MCFL (monadic example)

transitions:  (in one-move normal form)

71 = (1, a, pushy (*) )1
1,¢,push; #) ,2
2, e, equals(#) ; down, 2
7, = (2, b, equals(*) ; down , 2

w

3, ¢, equals( ) up; ,3
T; = (3, ¢, equals(#) ; down, 4

4,d, equals(x) ;down , 4

(1, )
=(1, )
= (2, )
(2, )
= (2,e, bottom ;up; ,3)
=( )
( )
=( )
( )

(@2

To = (4, ¢, bottom ,
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k-TSL, C k-MCFL (monadic example)

transitions: (in one-move normal form) run for a®b%c2d? and the stack:
7, = (1,2, push, (x) . 1)
= (1,e,push; #) ,2) 111
= (2, e, equals(# down,?)
= (2, b, equals(x) ; down , 2) 11
= (2,e, bottom ;up, .3)
= (3, ¢, equals( ) up; ,3)
7, = (3, ¢, equals(#) ; down, 4) !
= (4, d, equals(x) ;down ,4)
9 = (4,¢, bottom ,5) c (1,@)
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k-TSL, C k-MCFL (monadic example)

transitions: (in one-move normal form) run for a®b%c2d? and the stack:

7 = (1,2, pushy (x) 1)

= (1,e,push; #) ,2) 111

= (2, e, equals(# down,?)

= (2, b, equals(x) ; down , 2) 11

= (2,e, bottom ;up, .3)

= (3, ¢, equals( ) up; ,3)

1 (1,%)

7, = (3, ¢, equals(#) ; down, 4)

= (4, d, equals(x) ;down ,4) TlI
9 = (4,¢, bottom ,5) c (1,@)

T. Denkinger: Two characterisation results of wMCFGs and their application to parsing (Statusvortrag) 2018-07-27 22/29



k-TSL, C k-MCFL (monadic example)

transitions:  (in one-move normal form)
71 = (1, a, pushy (*) )1
1,¢,push; #) ,2

2, e, equals(#) ; down, 2

2, b, equals(*) ; down , 2

w

3, ¢, equals( ) up; ,3
T; = (3, ¢, equals(#) ; down, 4
4,d, equals(x) ;down , 4

(1, )
=(1, )
= (2, )
=(2, )
= (2,e, bottom ;up; ,3)
=( )
( )
=( )
( )

(@2

To = (4, ¢, bottom ,

run for a2b2¢2d? and the stack:

111
11 (1, %)
-
1 (1,%)
-
c (1,@)
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k-TSL, C k-MCFL (monadic example)

transitions:  (in one-move normal form)
71 = (1, a, pushy (*) )1
1,¢,push; #) ,2

2, e, equals(#) ; down, 2

2, b, equals(*) ; down , 2

w

3, ¢, equals( ) up; ,3
T; = (3, ¢, equals(#) ; down, 4

4,d, equals(x) ;down , 4

(1, )
=(1, )
= (2, )
=(2, )
= (2,e, bottom ;up; ,3)
=( )
( )
=( )
( )

(@2

To = (4, ¢, bottom ,

run for a2b2¢2d? and the stack:

111 (2,#)

T

11 (1, %)

71

1 (1,%)
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k-TSL, C k-MCFL (monadic example)

transitions:  (in one-move normal form)
71 = (1, a, pushy (*) )1
1,¢,push; #) ,2

2, e, equals(#) ; down, 2

2, b, equals(*) ; down , 2

w

3, ¢, equals( ) up; ,3
T; = (3, ¢, equals(#) ; down, 4

4,d, equals(x) ;down , 4

( )
=(1, )
= (2, )
=(2, )
= (2,e, bottom ;up; ,3)
=( )
( )
=( )
( )

(@3]

To = (4, ¢, bottom ,

run for a2b2¢2d? and the stack:

111 (2,#)
T 1

11 (L,%) (2,%)

71

1 (1,%)
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k-TSL, C k-MCFL (monadic example)

transitions:  (in one-move normal form)
,1
1,¢,push; #) ,2

71 = (1, a, pushy (*)

2, e, equals(#) ; down, 2

2, b, equals(*) ; down , 2

w

3, ¢, equals( )up1 .3
T; = (3, ¢, equals(#) ; down, 4

4,d, equals(x) ;down , 4

(@3]

(1, )
=(1, )
=( )
=(2, )
= (2,e, bottom ;up; )
=( )
( )
=( )
( )

To = (4, ¢, bottom

)

run for a2b2¢2d? and the stack:

111 (2, #)—

7?2 7?3

11 (1,%) (2,

71 Ty

1 (L) (2,

T Ty

= (1,@) (2

T. Denkinger: Two characterisation results of wMCFGs and their application to parsing (Statusvortrag)
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k-TSL, C k-MCFL (monadic example)

transitions: (in one-move normal form) run for a®b%c2d? and the stack:

71 = (1, a, pushy (*) )1

1,e,push, #) ) 11 (2,#)— (3, #)

T T3 Te

11 (L,%) (2,%) (3,%)

2, e, equals(#) ; down, 2

2, b, equals(*) ; down , 2

)3
3, ¢, equals( ) up; ,3 1 T4 T6
T; = (3, ¢, equals(#) ; down, 4 1 (1) (2,%) (3,%)
4,d, equals(x) ;down , 4 7 Ty s

(@3]

( )
=(1, )
=( )
=(2, )
= (2,e, bottom ;up; )
=( )
( )
=( )
( )

Ty = 4,5,bott0m c (1,@) (2,@)—

)
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k-TSL, C k-MCFL (monadic example)

transitions:  (in one-move normal form)
,1
1,¢,push; #) ,2

71 = (1, a, pushy (*)
2, e, equals(#) ; down, 2

2, b, equals(*) ; down , 2

w

3, ¢, equals( )up1 .3

T; = (3, ¢, equals(#) ; down, 4

4,d, equals(x) ;down , 4

(1, )
=(1, )
=( )
=(2, )
= (2,e, bottom ;up; )
=( )
( )
=( )
( )

(@3]

To = (4, ¢, bottom

)

run for a2b2¢2d? and the stack:

1 (2,#)—  B.#)—
T2 T3 Tg Tz

11 (1,%) (2,%) (3,%) (4,%)
m Ty Te 78

1T (1,%) (2,%) (3,%) (4,%)
T T T Tg

c (1,@) (2,@)— (4,@)
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k-TSL, C k-MCFL (monadic example)

transitions:  (in one-move normal form)

,1
1,¢,push; #) ,2

71 = (1, a, pushy (*)
2, e, equals(#) ; down, 2

2, b, equals(*) ; down , 2

w

3, ¢, equals( )up1 .3

T; = (3, ¢, equals(#) ; down, 4

4,d, equals(x) ;down , 4

(1, )
=(1, )
=( )
=(2, )
= (2,e, bottom ;up; )
=( )
( )
=( )
( )

(@3]

To = (4, ¢, bottom

)

run for a2b2¢2d? and the stack:

111 (2, #)—

T2
11 (1,

71

1 (1,

T

T3
) (2,

Ty

*) (2,

Ty

= (1,@) (2,

T. Denkinger: Two characterisation results of wMCFGs and their application to parsing (Statusvortrag)
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k-TSL, C k-MCFL (monadic example)

transitions:  (in one-move normal form)
,1
1,¢,push; #) ,2

71 = (1, a, pushy (*)

2, e, equals(#) ; down, 2

2, b, equals(*) ; down , 2

w

3, ¢, equals( )up1 .3
T; = (3, ¢, equals(#) ; down, 4

4,d, equals(x) ;down , 4

(@3]

(1, )
=(1, )
=( )
=(2, )
= (2,e, bottom ;up; )
=( )
( )
=( )
( )

To = (4, ¢, bottom

)

run for a2b2¢2d? and the stack:

111 (27:#:)ﬁ (37:#:)ﬁ

Ty T3 Te Ty
(L) (2,%) (3:%) (4,%)
71 Ty Te T8
T(1,%) (2,%) (3,%) (4,%)
T]. T4 T5 7-8

m

(1,@) (2,@)— (4, @) (5,@)

principle of crossing sequences
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k-TSL, C k-MCFL (monadic example)

transitions:  (in one-move normal form)
,1
1,¢,push; #) ,2

71 = (1, a, pushy (*)

2, e, equals(#) ; down, 2

2, b, equals(*) ; down , 2

w

3, ¢, equals( )up1 .3
T; = (3, ¢, equals(#) ; down, 4

4,d, equals(x) ;down , 4

(@3]

(1, )
=(1, )
=( )
=(2, )
= (2,e, bottom ;up; )
=( )
( )
=( )
( )

To = (4, ¢, bottom

)

run for a2b2¢2d? and the stack:

111 (27:#:)ﬁ (37:#:)ﬁ

Ty T3 Te Ty
L) (2,%) (3:%) (4,%)
71 Ty Te T8
T(L,%) (2,%) (3,%) (4,%)
T]. T4 T5 7-8

m

(1,@) (2,@)— (4, @) (5,@)

principle of crossing sequences

T. Denkinger: Two characterisation results of wMCFGs and their application to parsing (Statusvortrag) 2018-07-27

22/29



k-TSL, C k-MCFL (monadic example)

transitions: (in one-move normal form) run for a®b%c2d? and the stack:

(@2

7, = (1,2, push, (x) 1)
= (1,e,push; #) ,2) 11 (2,#)— B, #)—
= (2, e, equals(#) ; down, 2)
T2 73 Te Tz
= (2, b, equals(x) ; down , 2) 111 (1,%) (2,%) (3,%) (4,%)
= (2, e, bottom ; up, ,3)
(3a c, equals ) upl ’ 3) Tl T4 7_6 7_8
7'7—(3,5,equals ); down, 4) TUL#) (2,%) (3,%) (4,%)
= (4, d, equals(x) ;down ,4) s T4 Ty T3
( )

7o = e aom SlLe) 2e— 408 sa

)

some rules: principle of crossing sequences

(1,5,@,Q) — [1y 217y T502 73 To| ((1, 2, 3,45 %, , %))
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k-TSL, C k-MCFL (monadic example)

transitions: (in one-move normal form) run for a®b%c2d? and the stack:

7, = (1,2, push, (x) ,1)
= (1,¢,push, <#> 2) T2 #)—  G#)—
73 = (2, ¢, equals(#) ; down, 2) T T
Ty = (2 b equals dOWIl ,2) 11 (1’*> (2’*> (3’ *> (4’ *>
Ty = (2,5,b0ttom up, ,3)
76 = (3, ¢, equals(x ) up; ,3) 1 Ty Te T3
T, = (3,5,equals ); down, 4) 1) (2,%) (3,%) (4,%)
= (4, d, equals(x) ;down ,4) T T Ts Ts
Ty = (4,5,bott0m ,5) £ (1L,@) (2,@)— (4, @) (5,@)
some rules: principle of crossing sequences
(1,2,3,4; %, %, %) — [Ty2,7y, TeXoTs) ((1,2,3,4; %, %, %))

(1,5;@,@) — [71$1T4T53327879](<1:273747*;*a*>)
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k-TSL, C k-MCFL (monadic example)

transitions: (in one-move normal form) run for a®b%c2d? and the stack:
h = (Lapushy(e) )
= (1,¢,push, #) ,2) (2, #)—  B#)—
73 = (2, ¢, equals(#) ; down, 2) 7 7 7 ™
Ty = (2 b equals dOWIl ,2) 11 (1’*> (2’*> (3’ *> (4’ *>
Ty = (2,5,bottom up, ,3)
76 = (3, ¢, equals( ) up; ,3) 1 Ty Te T3
T, = (3,5,equals ); down, 4) 1) (2,%) (3,%) (4,%)
= (4, d, equals(x) ;down ,4) T T Ts Ts
( )

(@2

Ty = 4,5,bottom £ (1L,@) (2,@)— (4, @) (5,@)

)

some rules: principle of crossing sequences

<]-7 27 37 4 *7 *7 *> — [T2I17—37 T6I27—7]<<27 27 37 3* #7 #7 #>)
(1,2,3,4; %, %, %) — [Ty2,7y, TeXoTs) ((1,2,3,4; %, %, %))
(1,5,@,Q) — [1y 217y T502 73 To| ((1, 2, 3,45 %, , %))
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k-TSL, C k-MCFL (monadic example)

transitions: (in one-move normal form) run for a®b%c2d? and the stack:
7, = (1,2, push, (x) . 1)
= (1,e,push; #) ,2) 11 (2,#)— B, #)—
73 = (2, ¢, equals(#) ; down, 2) 7 7 7 ™
Ty = (2 b equals dOWIl ,2) 11 (1’*> (2’*> (3’ *> (4’ *>
Ty = (2,5,bottom up, ,3)
T¢ = (3,c, equals(x) ;u .3 1 Ty Te T3
= Eg,g,eiuals bt (o) @) G (4
= (4, d, equals(x) ;down ,4) T T Ts Ts
Ty = (4,5,bottom ,5) £ (1L,@) (2,@)— (4, @) (5,@)
some rules: principle of crossing sequences
(2,2,3,3, 4, #.#) — [e.¢]()
(1,2,3,4; %, %, %) — [Tom Ty, TeToT7|((2, 2,3, 3; #, #, #))
(1,2,3,4; %, %, %) — [Ty2,7y, TeXoTs) ((1,2,3,4; %, %, %))
(1,5;@, Q) — [1y2, Ty T5ToTeTo] ((1,2, 3,4; %, , %))
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k-TSL, C k-MCFL (monadic example)

transitions: (in one-move normal form) run for a®b%c2d? and the stack:
7, = (1,2, push, (x) . 1)
= (1,e, pushy (#) ,2) 111 (2, #)— 3, #)—
73 = (2, E , equais ddown, 2) T T
™4 = (2,b,equals(s) ; down ,2) 1L(L#) (2,9 (3,%) (4,%)
= (2, e, bottom ; up, ,3)
76 = (3, ¢, equals( ) up; ,3) 1 Ty Te T3
T, = (3,5,equals ); down, 4) 1) (2,%) (3,%) (4,%)
= (4, d, equals(x) ;down ,4) T T Ts Ts
Ty = (4,5,bottom ,5) £ (1L,@) (2,@)— (4, @) (5,@)
some rules: principle of crossing sequences
el0)

— [e,

%[ Ty 5, CTg ]<<27273*3*#~#7#>)
— [az; b, cxyd]((1,2,3,4; %, %, %))
—lazy b x5d ]((1234,*,*,*>)
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Outline

@ Coarse-to-fine parsing of weighted automata with data storage
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Approximation of data storage (example)

data storage Count:

@ configurations: N

@ instructions: {(0,0)},inc,dec € P(N x N)
(=0)
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Approximation of data storage (example)

data storage Count: approximation strategy
@ configurations: N Aeo: N --» {e, 0}

@ instructions: {(0,0)},inc,dec € P(N x N) 0, 1~ 2 3 _.4 .5 -
(=0) \ NO/
e
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Approximation of data storage (example)

data storage Count:

@ configurations: N

@ instructions: {(0,0)},inc,dec € P(N x N)
(=0)

data storage A_, (Count):

@ configurations:  {e, 0}
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Approximation of data storage (example)

data storage Count: approximation strategy

@ configurations: N AeotN == {e, 0}

@ instructions: {(0,0)},inc,dec € P(N x N) 0, 1~ 2 3 _.4 .5 -
(=0) \ Mo/
e

data storage A_, (Count):

@ configurations:  {e, 0}

@ instructions: A, ((=0))
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Approximation of data storage (example)

data storage Count: approximation strategy

@ configurations: N AeotN == {e, 0}

@ instructions: {(0,0)},inc,dec € P(N x N) 0, 1~ 2 3 .4 .5
(=0) \ Mo/
e

data storage A_, (Count):

@ configurations:  {e, 0}

@ instructions: A, ((=0)) = {(e,e)}
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Approximation of data storage (example)

data storage Count: approximation strategy

@ configurations: N AeotN == {e, 0}

@ instructions: {(0,0)},inc,dec € P(N x N) 0, 1~ 2 3 _.4 .5 -
(=0) \ Mo/
e

data storage A_, (Count):

@ configurations:  {e, 0}

@ instructions: A, ((=0)) = {(e,e)} A, (inc) = { }
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Approximation of data storage (example)

data storage Count: approximation strategy

@ configurations: N AeotN == {e, 0}

@ instructions: {(0,0)},inc,dec € P(N x N) 0, 1~ 2 3 _.4 .5 -
(=0) \ Mo/
e

data storage A_, (Count):

@ configurations:  {e, 0}

@ instructions: A, ((=0)) = {(e,e)} A, (inc) = { }

{e}
IAeo(inc)
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Approximation of data storage (example)

data storage Count: approximation strategy

@ configurations: N AeotN == {e, 0}

@ instructions: {(0,0)},inc,dec € P(N x N) 0, 1~ 2 3 _.4 .5 -
(=0) \ Mo/
e

data storage A_, (Count):

@ configurations:  {e, 0}

@ instructions: A, ((=0)) = {(e,e)} A, (inc) = { }

Ae()
{0,2,4, ...} — {e}
IAeo(inc)
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Approximation of data storage (example)

data storage Count: approximation strategy

@ configurations: N Aeo:N -=> {e, 0}

@ instructions: {(0,0)},inc,dec € P(N x N) 0, 1~ 2 3 _.4 .5 -
(=0) \ MO/
e

data storage A_, (Count):

@ configurations:  {e, 0}

@ instructions: A, ((=0)) = {(e,e)} A, (inc) = { }

ACO
0,2,4,..1 % {e}

incI IAeo(inc)
{1,3,5,...}
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Approximation of data storage (example)

data storage Count: approximation strategy

@ configurations: N Aeo:N -=> {e, 0}

@ instructions: {(0,0)},inc,dec € P(N x N) 0, 1~ 2 3 _.4 .5 -
(=0) \ MO/
e

data storage A_, (Count):

@ configurations:  {e, 0}

@ instructions: A, ((=0)) = {(e,e)} A,,(inc) = {(e,0) }

ACO
0,2,4,..1 % {e}

incI ) IAeo(inc)
{1,3,5,..} —> {o}
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Approximation of data storage (example)

data storage Count: approximation strategy

@ configurations: N Aeo:N -=> {e, 0}

@ instructions: {(0,0)},inc,dec € P(N x N) 0, 1~ 2 3 _.4 .5 -
(=0) \ MO/
e

data storage A_, (Count):

@ configurations:  {e, 0}

@ instructions: A, ((=0)) = {(e,e)} A, (inc) = {(e,0), (0,e)}

(=e)
Aeo Aeo
{0,2,4, ...} — {e} {1,3,5,...} — {o}
incI A IAeo(inc) incI A IAeO (inc)
{1,3,5,...} — {o} {2,4,6,...} — {e}
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Approximation of data storage (example)

data storage Count: approximation strategy

@ configurations: N Aeo:N -=> {e, 0}

@ instructions: {(0,0)},inc,dec € P(N x N) 0, 1~ 2 3 _.4 .5 -
(=0) \ MO/
e

data storage A_, (Count):

@ configurations:  {e, 0}

@ instructions: A, ((=0)) = {(e,e)} A, (inc) = {(e,0), (0,e)} = A,,(dec)

(=e)
Aeo Aeo
{0,2,4, ...} — {e} {1,3,5,...} — {o}
incI A IAeo(inc) incI A IAeO (inc)
{1,3,5,...} — {o} {2,4,6,...} — {e}

T. Denkinger: Two characterisation results of wWMCFGs and their application to parsing (Statusvortrag) 2018-07-27

24/29



Approximation of data storage (example)

data storage Count: approximation strategy

@ configurations: N Aeo:N -=> {e, 0}

@ instructions: {(0,0)},inc,dec € P(N x N) 0, 1~ 2 3 _.4 .5 -
(=0) \ MO/
e

data storage A_, (Count):

@ configurations:  {e, 0}

@ instructions: A, ((=0)) = {(e,e)} A, (inc) = {(e,0), (0,e)} = A,,(dec)

(=e) toggle
Ae() AEO
{0,2,4, ...} — {e} {1,3,5,...} — {o}
incI A IAeo(inc) incI A IAeO (inc)
{1,3,5,...} — {o} {2,4,6,...} — {e}
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Approximation of automata with data storage

Theorem (unweighted) [Denkinger 2017a, Thms. 21 and 26]
Let M be an (S, X')-automaton and A be an S-proper approximation strategy.

o If Ais total, then L(A(M)) D L(M).

o If Ais injective, then L(A(M)) C L(M).
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Approximation of automata with data storage

Theorem (unweighted) [Denkinger 2017a, Thms. 21 and 26]
Let M be an (S, X')-automaton and A be an S-proper approximation strategy.

o If Ais total, then L(A(M)) D L(M).

o If Ais injective, then L(A(M)) C L(M).

Theorem (weighted) [Denkinger 2017a, Thm. 34]

Let M be an (S, X, K)-automaton, A be an S-proper approximation strategy, < be a
partial order on K, and K be positively <-ordered.

o If Ais total, then [A(M)](w) > [M](w) for every w € X*.
o If Ais injective, then [A(M)](w) < [M](w) for every w € X*.
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Coarse-to-fine parsing of weighted automata with data storage

Idea: 1. recognise word with a superset approximation A(M)
2. use runs of A(M) to reduce search space for runs of M
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coarse-to-fine n-best parsing [Denkinger 2017a, Alg. 3]

Input: an (S, X, K)-automaton M, a word w € X, a number n,
an S-proper total approximation strategy A

Output: a sequence of n best runs of M on w
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Coarse-to-fine parsing of weighted automata with data storage

Idea: 1. recognise word with a superset approximation A(M)
2. use runs of A(M) to reduce search space for runs of M

coarse-to-fine n-best parsing
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