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Given G = (N,X,S,R)

- N ={S,NP,VP,NNP,...}
- ¥ = {Fruit,bananas,...}
- R={S — NP VP,NNP — Fruit,...}

To parse e = Fruit flies like bananas.
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Generic computation
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Semiring parsing




Definition (Semiring)
A semiring (S, ®, ®,0,1) is an algebraic structure, such that

- (5,4,0) is a commutative monoid

- (5,®,1) is a monoid,

- ® is left-distributive and right-distributive over &, and
-a®0=0=0®aforeveryaes.

Sis complete if Y ® exists.



Semiring parsing

Algorithm for generic complete semiring (S, ®, ®, 0, 1) [Goo99]

Instances:
Recognition ({T,L},V,A, L, T)
String probability (RS, +, x,0,1)
Probability of best derivation (R O,max x,0,1)
Derivation forest (2" U, 5 0,{e})

Tset of derivations (elements of R*)
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M-monoid parsing




Knuth's generalization of Dijkstra’s algorithm [Knu77]

a G=(N,%,C,R), with
- N ={A,B,C}
lal © T ={a, 87 035
- R={C—~(A,B),B—
L] 0 B(A,A),A — a}

Mapping val : ©* — RS°,
each o € ¥ is a mapping o : (RP)F — R

Generalization (R$°, <) ~ (S, =) [Jun06]
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Multioperator monoid

Definition (Multioperator monoid)
An M-monoid is an algebraic structure (S, @, 0,Q), such that

- (5,8,0) is a commutative monoid,

- Qs a set of operations on S, such that
Vw e Q:w(s,...,S)=0ifJi:s5,=0

- 0k e Qforallk e N, 0F:SF— S, such that
0%(s1,...,S,) = 0.

Sis complete if Y P exists.
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M-monoid parsing problem

Given

1. a complete M-monoid (S, Y_®) with (S, &, 0,Q),

2. a weighted LCFRS (G, wt) over S where
G=(N,X,Z,R)is an LCFRS over A and wt: R — Q, and

3. asentencee=e...epwithn>1ande € A
Compute parse(e) = Z@ h(d),

dE(TR)ZZ[[Wz(d)]]:e

where h: T — S is the homomorphism from Tg to (S, Q).
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Weighted deductive parsing [Ned03]

ltems Z = {[A,R] | A € N, K range vector over e}

Inference rules

RULE: [Bufl - Beil  if ) — (A = o(By,...,Bg)) in R

[Ao(Rq,...,Re)]

Goal:  [Z,(0, e])]
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M-monoid parsing algorithm

Input

1. an M-monoid (S, 4, 0,9Q),

2. an LCFRS™ G = (N, X,Z,R) over A, and wt : R — Q,

3. a function select : 22 — 7 specific to the M-monoid, and
4. asentencee=ey...epwithn>1ande € A

Variables V : T — S mapping

Output parse(e)
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Algorithm 2.1 M-monoid parsing for LCFRS™
1 AC+ @
. for each A € N and & range vector over e do
V([A,R]) «+ O

2

3

4 for each p = (A — o) in Rand [A, R] generated by SCAN 7 do

5 V([AR]) < V([A, K]) & wt(p)()

6: A+ AU{[AR]}

7. while A # () do

8 [A, R] < select(.A)

9 A~ A\ A{[A K]}

10: C + CU{[AR]}

11: for each p = (B — o(By,...Bg)) in R and [B,7] deduced by
RULE 5 from [A, K] and other items from C do

12: ([B ) < V([B,7) © wt(p)(V([Br, Fal), - - -, V([Br, Rr]))
13: if [B,7]] & C then
14 A+~ AU{[B,7]}

15: return V([Z, (0, n)])




Reduct generation with M-monoid
parsing




Reduct of a grammar and a sentence

Given

- an LCFRS G = (N, X, Z,R) over A (RTG-notation)

- asentence e € A*

Compute LCFRS G >y e = (N, X, Z',R’), such that

1. [L(G >y €)]HFRS = [L(G)]*FR> N {e}, and
2. with the mapping ¢ : N' — N there exists a bijective
mapping from the ASTs of G >, e to the ASTs of G



Preliminary definitions

Prototype rules:

Pr={[A, K] = o([B1, &i], .. . [Br, Rk]) |
(A= (B, ...,By)) € RA

R,R1,..., R are range vectors over e}
Prototype nonterminals:

Py ={[A,R] | A€ N AR Is arange vector over e}



The reduct problem as an instance of M-monoid parsing

Given:

1. (G, V), where
- G = (2" x 27 U, 0 x 0, QrepucT) is the reduct M-monoid
. ZU,.G,S,- = Ui, Si is used as the infinitary sum operation

2. (G,wt) for an arbitrary G over A and wt : R — Qrgpuct
3. an arbitrary e € A*

Compute: parse(e) = ({A € N | Ais of the form [Z,&]}, R')
Then Gy e = (N, X,Z,R'), where

- R = v where (u,v) = parse(e),
- N"={[A,R] | [A,R] is the left-hand side of a rule in R'},
2! =12,(0,lef)]
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The operations of Qrepucr

- if pis of the form A — (w), then
wp() = (IA, (1 = 1,0)] | e = w},
{A (=101 = (w) | e = w}).
- if pis of the form A — o(Bn, ..., Bg), then

wp((U1, V1), ceey (Uk, Vfg)) = <U7 V>, where

U=A[Ao(h,....7)] | (7, ..., 7k) € fite(Un,...,Ur)}

V= U VfU {[Avo—(ﬁ‘la"'vﬁ/?)] — 0—([8177%]7"'7[8&777}6]) ‘
1<i<k

—

(771,...,’/7&) € fita(U1,.. .,U;?)}

20



Example: reduct generation
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Example: reduct generation
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Example: reduct generation
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Example: reduct generation
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Example: reduct generation
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Example: reduct generation
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Example: reduct generation
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Example: reduct generation

S, (0,4)]

[VP, (2, 4)]

[VP, (1,4)]

[[NP,(OJ)]] [[NP,(O,Z)]}

[PP, (2,4)]

I

[[NNR(OJ)U[{NNP,(172)]] [[VBZ, (1,2)]] [[lN,(2,3)]j [[VBR(2,3)]}[[NNS,(3,4)]J

oFI’Uit1 1ﬂi€Sz 2[”(63 3bananas4

21



Example: reduct generation

S, (0,4)]

[VP, (1,4)]

[[NP,(OJ)]] [[NP,(O,Z)]}

[[NNR(OJ)U[{NNP,(172)]] [[VBZ, (1,2)]] [[lN,(2,3)]j [[VBR(2,3)]}[[NNS,(3,4)]J

oFI’Uit1 1ﬂi€Sz 2[”(63 3bananas4

21



Example: reduct generation
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Properties of the algorithm




Termination and correctness

Termination

- the algorithm always terminates
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Termination and correctness

Termination

- the algorithm always terminates

Correctness

- not correct in general
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Termination and correctness

Termination

- the algorithm always terminates

Correctness

- not correct in general
- correct for not cyclic LCFRS
- correct for inferior M-monoids

- correct for the reduct generation
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Termination

Lemma
The M-monoid parsing algorithm always terminates.

Proof.

- termination of while loop if A =0

- set of all possible elements of A is finite

- every element is added to A at most once

- only a finite number of elements is added to A

+ in each iteration, one element is removed from A
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Correctness for inferior M-monoids i

Definition (Inferior operation)

Let (S, <) be a totally ordered set and w : Sk 5 S(keN)be
an operation. We call w =<-inferior if for every sq,...,S,,S € S
and for every i € {1,..., R} the following properties hold:

1. if s <'s; then
W(S1y-+-3Si-1,5,Sit1y---sSk) SwW(S1,. ., Si_1,SisSit1y - - - s Sk)

2. w(s1,...,Sk) X min{sq,...,Sk}

2%



Correctness for inferior M-monoids ii

Definition (Inferior M-monoid)

Let (S,®,0,Q) be an M-monoid. Moreover, let <g be the
binary relation on S defined for every a,b € S as follows:
a=<gbifa®db=0>b.If <4 is atotal order such that 0 <4 a for
every a € S and every w € Q is <g-inferior, then we call the
M-monoid S inferior.

Lemma

Let S be the class of inferior M-monoids. The algorithm is
correct for S and the select function arg max.
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Conclusion

Dijkstra’s algorithm

N

Algebraic path problem Knuth's algorithm

| s

Semiring parsing  Weighted deductive parsing  Generalization

~_ | _—

Multioperator monoid parsing




Infinitary sum operation

Definition (Infinitary sum operation)
Y @ is a family (¥®, | I countable) of mappings ¥®,: S — S.
- Sl'is represented as a family (s; | i € I) with s; € S

* notion: ¥ 9,s;



The mapping fit

fity : (Pn)¥ — 29, where for each o € ¥ and arity k € N:

fito‘(U17° . 'JUf?) = {(77]7 . '777f?) |
[B'Iaﬁ'l] € U'Ia“'»[Bf??ﬁk] € Ul?aB%"'ka eENA
o(7h, ..., M) IS a range vector over e}.



Cyclic and weakly cyclic LCFRS™

We call an LCFRS™ G cyclic for e € A* if there are A € N, range
vectors & over e, and sentential forms «, 3, o, 3’ such that

Z(e) =" aA(R(e))B =T d/A(R(e))8' =" ¢

We call an LCFRS™ G weakRly cyclic for e € A* if there are A € N,
range vectors g over e, and sentential forms «, 8 such that

A(R(e)) =T aA(R(e))B =" ¢

We call an LCFRS™ cyclic (weakly-cyclic) if there is an e € A*
such that G is cyclic for e (respectively, weakly cyclic for e).



Correctness for not cyclic LCFRS™

Lemma

Let G=(N,%x,Z,R) be a LCFRS™ not cyclic for e € A*. Then,
for every M-monoid S, wt : R — S, and select : 22 — T it holds
that the algorithm is correct for S, (G, wt), select, and e. In
particular, for every LCFRS™ G and every sentence e for which
G is not weakly cyclic, after termination, for each [A,&] € C, it
holds that

V([A, R]) = Yy ® h(d)

de(Tr)a:[rs(d)]=~(e)

Corollary

The algorithm is correct for the class of all not cyclic LCFRS™.
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