A Pumping Lemma and Decidability Problems for Recognizable Tree Series

Björn Borchardt^∗ Dresden University of Technology Faculty of Computer Science D-01062 Dresden E-mail: borchard@tcs.inf.tu-dresden.de

April 8, 2004

Abstract In the present paper we show that given a tree series S, which is accepted by (a) a deterministic bottom-up finite state weighted tree automaton (for short: bu-w-fta) or (b) a non-deterministic buw-fta over a locally finite semiring, there exists for every input tree t ∈ supp(S) a decomposition t = C^′[C[s]] into contexts C, C^′ and an input tree s as well as there exist semiring elements a, a^′, b, b^′, c such that the equation (S, C^′[C^n[s]]) = a^′ ⊙ a^n ⊙ c ⊙ b^n ⊙ b^′ holds for every non-negative integer n. In order to prove this pumping lemma we extend the power-set construction of classical theories and show that for every non-deterministic bu-w-fta over a locally finite semiring there exists an equivalent deterministic one. By applying the pumping lemma we prove the decidability of a tree series S being constant on its support, S being constant, S being boolean, the support of S being the empty set, and the support of S being a finite set provided that S is accepted by (a) a deterministic bu-w-fta over a commutative semiring or (b) a non-deterministic bu-w-fta over a locally finite commutative semiring.

1 Introduction

Finite state automata (for short: fsa) can be generalized in several ways: in [Sch61] fsa were enriched by weights (or: costs, multiplicities), which are taken from a semiring. This leads to the model of finite state weighted automata (fwa). The idea is that every run on an input string has a weight, which is obtained by multiplying the weights of the applied transitions. Also leaving the system is reflected in weights, which depends on the state where the run ends. Non-determinism is finally handled by summing up the weights of all runs multiplied with the appropriate final weight. Thus an fwa accepts every input string with a weight, which is a semiring element. A survey paper on the theory of fwa is [Kui97b] (also cf. [Eil74, KS86, BR88]), while in [Moh97, BGW00, DK03] recent results are presented.

In [BR82] the generalization of adding weights to the transitions was applied to finite state tree automata (cf. [Eng75, GS84, GS97]), which yields the model of finite state weighted tree

∗Research was financially supported by the German Research Council under grant (DFG, GRK 334/3).

automata (or: concept of recognizable tree series, also cf. [Boz91, Boz99]). In this paper we use the notion of bottom-up finite state weighted tree automata (for short: bu-w-fta), which are tuples M = (Q, Σ, ν, A, μ), where Q is a finite set (of states), Σ is a ranked alphabet (of input symbols), A = (A, ⊕, ⊙, 0, 1) is a semiring, ν : Q −→ A is a (final weight) mapping, and μ = (μ_k | k ∈ N) is a family of mappings μ_k : Σ^{(k)} −→ A^{Qk ×Q}, in which the transitions and their weights are encoded. Similar to fwa every run of a bu-w-fta on an input tree t causes a weight, which is obtained by multiplying the weights of the applied transitions and finally multiplying this product with the appropriate final weight ν(q) assuming that the considered run ends in state q. Non-determinism is handled by summing up the weights of all runs. Thus a bu-w-fta accepts every tree with a weight, which is taken from the underlying semiring and hence its semantics is a tree series. Note that every state of a bu-w-fta is potentially a final state and thus every run is successful. We observe that the concepts of weighted grammars (cf. [AB87]), representable tree series (cf. [Boz94, Boz97]), and K-Σ-algebras (cf. [BA89, Boz99]) are strongly related (and equally powerful) to the above two concepts. We also note that besides the aforementioned concepts there exist more weighted tree automata models, e.g., A-cost automata of [Sei94], A^′-tree automata of [Kui97a], and finite state weighted tree automata with final states of [BV03]. In Section 3 of this paper we compare the power of these models. A survey on recognizable tree series can be found in [ÉK03], while further results are presented in e.g., [Boz91, FSW94, Boz01, Bor03, DPV03]. We note that weighted tree automata are instances of tree series transducers, which recently were deeply investigated (cf. e.g., [Kui99, EFV02, FV03]).

Let us now answer the question why we introduce bu-w-fta rather than using one of the existing notions of recognizable tree series. In classical automata theory it is a common strategy to prove theorems by additionally assuming that the given device is deterministic and thereby using that deterministic and non-deterministic devices are equally powerful. We would like to prove results on recognizable tree series in the same way. This requires a notion of determinism, which, to the best of our knowledge, only exists for weighted tree automata of [BV03]. Section 4 of the aforementioned paper provides a determinization construction, which extends the power-set construction of classical theories by associating weights to the states. Lemma 6.1 of [BV03] states that the extended power-set construction yields an equivalent deterministic device provided that the underlying semiring is a locally finite semifield (which is a semiring with multiplicative inverses). Hence results which are proven for deterministic devices also hold for non-deterministic automata over locally finite semifields. By equipping finite state weighted tree automata of [BV03] with final weights and thereby considering bu-w-fta we can prove stronger results: similar to [BV03] we extend the power-set constructions of classical theories. As done in the aforementioned paper we associate weights to the states. By considering bu-w-fta rather than bottom-up finite state weighted tree automata with final states the weights of the transitions of the constructed device can be defined such that all non-trivial computations of the automaton are shifted to the final weight mapping (cf. Definition 4.1). Thereby we obtain an equivalent deterministic bu-w-fta provided that the given bu-w-fta is defined over a locally finite semiring (cf. Theorem 4.8). Thus statements, which are proven for deterministic bu-w-fta, also hold for non-deterministic devices, if the underlying algebraic structure is a locally finite semiring.

We also prove a pumping lemma for recognizable tree series. In classical theories pumping lemmata state that, roughly speaking, parts of the input tree can be pumped such that recognizability is preserved. When considering bu-w-fta we would like to know how pumping is reflected in the weight the pumped tree is accepted with. Being more precise, in Theorem 5.6 we show that there exists a non-negative integer m ∈ N such that for every input tree t ∈ supp(S), which is contained in the support of S (i.e., t is mapped to a non-zero semiring element), and for every path of t of length ≥ m there exists a decomposition t = C^′[C[s]] along this path and semiring elements a, a^′, b, b^′, c ∈ A such that (S, C^′[C^n[s]]) = a^′ ⊙ a^n ⊙ c ⊙ b^n ⊙ b^′ for every non-negative integer n ∈ N. The pumping lemma assumes a deterministic bu-w-fta (or a non-deterministic device such that there exists an equivalent deterministic automaton). This is due to the pumping: in classical theories one can pump a context provided that there exists a run on this context, which starts and ends in the same state. There also might be additional runs, but they do not affect the accepting behavior. In weighted automata theory every run (with a non-zero weight) contributes to the weight an input tree is accepted with. Hence we restrict ourselves to deterministic devices and thereby apply the fact that in a deterministic device for every input tree there is at most one run (in our notion: there is at most one run with a non-zero weight). We note that in [BR82] a pumping lemma is proven for the concept of recognizable tree series. Theorem 9.2 of the aforementioned paper states that for every recognizable tree series S over a field there exists a constant m such that for every tree t of height ≥ m, which is contained in the support of S, there exists a decomposition t = C_1[C_2[C_3[α]]] into contexts C_1, C_2, C_3 and a nullary input symbol α such that C_1[C^∗_2 [C_3[α]]] ∩ supp(S) is an infinite set. It is easily seen that Theorem 5.6 of the present paper generalizes the pumping lemma of [BR82] provided that the tree series is accepted by a deterministic device.

Similar to classical theories the pumping lemma can be applied for showing that a tree series is not accepted by a deterministic bu-w-fta. We prove that the particular tree series which maps every tree to its height is not recognized by a deterministic bu-w-fta over the arctic semiring. Since the set of all trees over some ranked alphabet is a recognizable tree language (i.e., a recognizable tree series over the Boolean semiring), we thereby show that recognizability is in general not preserved by associating weights to the transitions. The pumping lemma can also be used for deciding some common properties on tree series, e.g., is a given tree series constant on its support, constant, boolean, or is its support the empty or a finite set. We prove that all the aforementioned properties are decidable provided that the given tree series is accepted by (a) a deterministic bu-w-fta over a commutative semiring or (b) a non-deterministic bu-w-fta over a locally finite, commutative semiring. The decidability result of a tree series having finite support additionally assumes a zero-divisor free semiring. We note that in [Boz91] ([Boz97]) it is shown under the assumption that the underlying algebraic structure is a field (the semiring N of all non-negative integers or the semiring R_+ of all non-negative reals, respectively) that the equivalence problem, i.e., are two recognizable tree series equal, and the minimization problem, i.e., is an automaton which accepts a given recognizable tree series minimal, are decidable.

This paper is organized as follows: In Section 2 we recall well-known notions on trees, semirings, and formal tree series. The concept of bu-w-fta is introduced in Section 3, where we also compare bu-w-fta with existing models of recognizable tree series. We investigate the determinization of bu-w-fta in Section 4. In Section 5 we prove pumping lemmata, which we apply in Section 6, where we present several decidability results.

2 Preliminaries

2.1 Notions on Trees

The sets of all non-negative and positive integers are denoted by N = {0, 1, . . .} and N_+ = {1, 2, . . .}, respectively. The star N^∗ of N is defined to be the set N^∗ = ⋃ i∈N N^i, where N^0 = {ε} and N^{i+1} = {n.w | n ∈ N, w ∈ N^i} for every non-negative integer i ∈ N. We note that v.w denotes the concatenation of v, w ∈ N^∗. Moreover, for every two nonnegative integers m, n ∈ N let [m, n] be the interval {m, m + 1, . . . , n} provided that m ≤ n. Otherwise we set [m, n] = ∅. As usual we write [n] rather than [1, n]. If S is a set, then the cardinality and the power set of S are denoted by card(S) and P(S), respectively. Now let Σ be a non-empty finite set and rk : Σ −→ N be a mapping. The tuple (Σ, rk) is called ranked alphabet. Throughout this paper we will be short in notation and write Σ rather than (Σ, rk). For every non-negative integer k ∈ N we define the set Σ^{(k)} = {σ ∈ Σ | rk(σ) = k} of all symbols of Σ, which have rank k. An element σ ∈ Σ^{(k)} is also written as σ^{(k)}.

Now let n ∈ N be a non-negative integer and X_n = {x_1, . . . , x_n} be a set of variables disjoint with Σ. The set T_Σ(X_n) of (finite, labeled, and ordered) trees over Σ (indexed by the set X_n) is defined to be the smallest subset of (Σ ∪ X_n ∪ {(, )} ∪ {, })^∗ such that (i) X_n ∪ Σ^{(0)} ⊆ T_Σ(X_n) and (ii) σ(t_1, . . . , t_k) ∈ T_Σ(X_n) for every positive integer k ∈ N_+, kary input symbol σ ∈ Σ^{(k)}, and input trees t_1, . . . , t_k ∈ T_Σ(X_n). The set T_Σ(X_0) is denoted by T_Σ. The substitution of x_1, . . . , x_n by s_1, . . . , s_n ∈ T_Σ(X_n) in t ∈ T_Σ(X_n) is the tree t[s_1, . . . , s_n] ∈ T_Σ(X_n) (as a shorthand for t[x_1 ← s_1, . . . , x_n ← s_n]), where for every index j ∈ [n] every occurrence of x_j in t is replaced by s_j . A tree t ∈ T_Σ(X_n) is called Σ-n-context or context, if every variable x ∈ X_n occurs precisely once in t. The set of all Σ-n-contexts is denoted by C_Σ(X_n). The following observation shows that the set of Σ-1-contexts could also be defined by induction on its structure. Observation 2.1 Let C ∈ T_Σ(X_1). It holds that C ∈ C_Σ(X_1), if and only if C is the trivial context x_1 or C = σ(t_1, . . . , t_{i−1}, C^′, t_{i+1}, . . . , t_k) for some non-negative integers k ∈ N and i ∈ [k], k-ary input symbol σ ∈ Σ^{(k)}, context C^′ ∈ C_Σ(X_1), and trees t_j ∈ T_Σ for every index j ∈ [k]\{i}.⋄

Now let t ∈ T_Σ(X_n) be a tree for some non-negative integer n ∈ N. The size and height of t are inductively defined by size(x) = height(x) = 1 for every variable x ∈ X_n. Moreover, size(t) = 1 + ∑ i∈[k] size(ti) and height(t) = 1 + max {height(ti) | i ∈ [k]} provided that

t = σ(t_1, . . . , t_k) ∈ T_Σ(n) for some non-negative integer k ∈ N, k-ary input symbol σ ∈ Σ^{(k)}, and trees t_1, . . . , t_k ∈ T_Σ(n). The set of paths of t is defined to be the image of the mapping paths : T_Σ(X_n) −→ P(N^∗), which is given by paths(t) = {ε} ∪ {i.w | i ∈ [k], w ∈ paths(t_i)}. The length of a path w = w_1 . . . w_n ∈ paths(t), where w_i ∈ N for every index i ∈ [n], is defined to be length(w) = n. We note that one could also look on the set paths(t) as the set of positions of t. Observation 2.2 Let t ∈ T_Σ be a tree. The length of a longest path of t is height(t) − 1. ⋄

Let us finally define the subtrees of a tree t ∈ T_Σ in terms of a function paths(t) → T_Σ: the subtree t/w of t ∈ T_Σ at the node w ∈ paths(t) is defined inductively as follows: if w = ε is the empty word, then t/w = t and, if w = i.w^′ for some integer i ∈ [k] and word w^′ ∈ paths(t_i), then t/w = t_i/w^′.

2.2 Semirings

In this section we briefly recall the concept of semirings, which is essential in weighted automata theory. For a more detailed presentation of semirings we refer the reader to [HW98]. Let A be a non-empty set, ⊕ and ⊙ binary associative operations on A, and 0, 1 elements of A. As usual, ⊙ is assumed to have a higher binding power than ⊕. The tuple A = (A, ⊕, ⊙, 0, 1) is called semiring, if (i) 0 and 1 are the neutral elements of ⊕ and ⊙, respectively (a ⊕ 0 = a = 0 ⊕ a and a ⊙ 1 = a = 1 ⊙ a), (ii) ⊕ is commutative (a ⊕ b = b ⊕ a), (iii) ⊙ is left- and right-distributive over ⊕ (a ⊙ (b ⊕ c) = a ⊙ b ⊕ a ⊙ c and (a ⊕ b) ⊙ c = a ⊙ c ⊕ b ⊙ c), and (iv) 0 is absorbing (a ⊙ 0 = 0 = 0 ⊙ a).

For the rest of this paper let A = (A, ⊕, ⊙, 0, 1) be a semiring. As usual we lift the operations ⊕ and ⊙ to sets A_1, A_2 ⊆ A by defining A_1 ⊕ A_2 = {a_1 ⊕ a_2 | a_1 ∈ A_1, a_2 ∈ A_2} and A_1 ⊙ A_2 = {a_1 ⊙ a_2 | a_1 ∈ A_1, a_2 ∈ A_2}. The semiring A is called commutative, if ⊙ is commutative. We will shorten notation as follows: for every finite index set I = {i_1, . . . , i_n} for some non-negative integer n ∈ N and semiring elements a_{i1} , . . . , a_{in} ∈ A let ∑ i∈I a_i = { a_{i1} ⊕ · · · ⊕ a_{in} , if I ≠ ∅, 0 , otherwise.

The semiring A is called locally finite, if, for every finite subset A^′ of A, the closure ⟨A^′⟩_{{⊕,⊙}} of A^′ under the semiring operations ⊕ and ⊙ is again a finite set. Clearly, every finite semiring is locally finite. Moreover, the min-max-semiring, which is defined below, is a locally finite semiring with an infinite carrier set.

Let us now present some well known semirings.

• The semiring of non-negative integers Nat = (N, +, ·, 0, 1) with the usual addition and multiplication. Nat can be used in automata theory for counting successful paths.

• The Boolean semiring Bool = ({0, 1}, ∨, ∧, 0, 1) with disjunction and conjunction. This semiring has a highly theoretical meaning, since there is a one-to-one correspondence between weighted (tree) automata over the Boolean semiring and unweighted (tree) automata.

• The Tropical semiring T rop = (N ∪ {+∞}, min, +, +∞, 0), in which the semiring addition and multiplication are the natural extension of the minimum operation and addition of the non-negative integers to N ∪ {+∞}, respectively. T rop can be used for calculating shortest paths or minimal costs.

• The Arctic semiring Arct = (N∪{−∞}, max, +, −∞, 0), where, similar to the Tropical semiring, the semiring addition and multiplication are the extension of the maximum operation and addition of the non-negative integers to N ∪ {−∞}, respectively. Arct is used for calculating longest paths or critical costs.

• The min-max-semiring MinMax = (N ∪ {±∞}, min, max, +∞, −∞), in which the semiring addition and multiplication are the natural extension of the minimum and maximum operations of the non-negative integers to N∪{±∞}, respectively. MinMax can be used for solving capacity problems.

We note that many number structures, e.g., the integers Int = (Z, +, ·, 0, 1), the rational numbers Rat = (Q, +, ·, 0, 1), the real numbers Real = (R, +, ·, 0, 1), and the complex numbers Comp = (C , +, ·, 0, 1) with the usual addition and multiplication are semirings.

2.3 Formal Tree Series

Let us now recall the concept of formal tree series. A (formal) tree series (over a ranked alphabet Σ and semiring A) is a mapping S : T_Σ −→ A. In what follows, we use another notation: the image S(t) ∈ A of a tree t ∈ T_Σ is called coefficient of t and, according to power series, which are known from analysis, the coefficient of t is denoted by (S, t). The tree series S now can be written as the sum ∑ t∈T_Σ (S, t) t. The set of all tree series over Σ

and A is denoted by A⟨⟨T_Σ⟩⟩. The support of S is the set supp(S) = {t ∈ T_Σ | (S, t) ≠ 0}. A tree series S is called boolean, if (S, t) ∈ {0, 1} for every tree t ∈ T_Σ. Moreover, S is called constant on its support, if there exists a semiring element a ∈ A such that (S, t) = a for every tree t ∈ supp(S). A tree series S, which is constant on its support, is called constant tree series, denoted by S = ~a, if there exists a semiring element a ∈ A such that (S, t) = a for every tree t ∈ T_Σ.

We conclude this section by defining two operations on tree series. Let A be a semiring and S, T ∈ A⟨⟨T_Σ⟩⟩ tree series. The sum S ⊕ T , and the Hadamard product S ⊙ T are defined for every tree t ∈ T_Σ by (S ⊕ T ) = (S, t) ⊕ (T, t) and (S ⊙ T, t) = (S, t) ⊙ (T, t), respectively.

For more details on formal tree series we refer the reader to [Kui99].

3 Bottom-Up Finite State Weighted Tree Automata

In this section we introduce bottom-up finite state weighted tree automata with final weights. There is a tight relationship between bottom-up finite state weighted tree automata of [BV03] which have final states rather than final weights, and the devices, which we define below. This relationship will be discussed in the course of this section as well as the relationships to further weighted tree automata models. We also present an application, namely tree pattern matching. We conclude this section by proving that the cross product of two bottom-up finite state weighted tree automata M_1 and M_2 accepts the Hadamard product of the tree series, which are accepted by M_1 and M_2.

Let us start this section by defining tree representations. Tree representations encode the transitions and their weights. We note that for technical reasons at this time we do not assume a finite set of states.

Definition 3.1 (Tree representation, cf. [BV03], Definition 3.1) Let Q be a not necessarily finite set (of states), Σ a ranked alphabet (of input symbols), and A a semiring. A (bottom-up) tree representation (over Q, Σ, and A) is a family μ = (μ_k | k ∈ N) of mappings μ_k : Σ^{(k)} −→ A^{Qk ×Q}. A tree representation is called finite, if the underlying set Q of states is finite. Moreover, a tree representation μ is called deterministic, if for every non-negative integer k ∈ N, k-ary input symbol σ ∈ Σ^{(k)}, and k-tuple of states (q_1, . . . , q_k) ∈ Q^k there is at most one state q ∈ Q such that μ_k(σ)_{(q1 ,...,qk ),q} ≠ 0. ⋄

Every finite tree representation μ induces a family of mappings (μ_k(σ) | k ∈ N, σ ∈ Σ^{(k)}) in the following way: μ_k(σ) : A^Q × . . . × A^Q −→ A^Q : μ_k(σ)(V_1, . . . , V_k )_q = ∑ (q_1 ,...,q_k )∈Q^k (V_1)_{q1} ⊙ . . . ⊙ (V_k)_{qk} ⊙ μ_k(σ)_{(q1 ,...,qk ),q} for every state q ∈ Q and vectors V_1, . . . , V_k ∈ A^Q. We observe that ( A^Q, ( μ_k(σ) | k ∈ N, σ ∈ Σ^{(k)} )) is a Σ-algebra. Its unique homomorphism h_μ : T_Σ → A^Q is given for every non-negative integer k ∈ N, k-ary input symbol σ ∈ Σ^{(k)}, and trees t_1, . . . t_k ∈ T_Σ by

h_μ(σ(t_1, . . . t_k)) = μ_k(σ)(h_μ(t_1), . . . , h_μ(t_k )).

We call h_μ(t) the characteristic vector of the tree t ∈ T_Σ (with respect to the tree representation μ). Let us now define bottom-up weighted tree automata. For technical reasons we define automata with an infinite set of states as well as automata with a finite set of states. Definition 3.2 (Bottom-up (finite state) tree automata) Let Q be a set (of states), Σ a ranked alphabet (of input symbols), A a semiring, ν : Q −→ A a mapping (final weight mapping), and μ a tree representation. The tuple M = (Q, Σ, ν, A, μ) is called bottom-up weighted tree automaton (with final weight mapping, for short bu-w-ta). A bu-w-ta is called deterministic, if its tree representation is deterministic. A bu-w-ta is called bottom-up finite state weighted tree automaton (for short bu-w-fta), if its tree representation is finite. The tree series S_M , which is accepted or recognized by a (finite) bu-w-fta M, is defined for every tree t ∈ T_Σ by (S_M , t) = ∑ q∈Q h_μ(t)_q ⊙ ν(q). We denote by A^{n,bu}⟨⟨T_Σ⟩⟩ and A^{d,bu}⟨⟨T_Σ⟩⟩ the classes of all tree series, which are accepted by bu-w-fta and deterministic bu-w-fta, respectively. ⋄

In Example 3.3 we present a bu-w-fta over the Arctic semiring, which accepts every input tree with its height. Note that in Example 5.9 we prove that this tree series is not accepted by any deterministic bu-w-fta over the Arctic semiring, which shows that deterministic and non-deterministic bu-w-fta are in general not equally powerful. Example 3.3 ( ∑ t∈T_Σ height(t) t accepted by some non-deterministic bu-w-fta)

Let M = (Q, Σ, ν, A, μ) the bu-w-fta, which is defined by Q = {q, q_0}, Σ = {σ^{(2)}, α^{(0)}}, ν(q) = 0, ν(q_o) = −∞, A = Arct, μ_0(α)_{(),q} = 1, μ_0(α)_{(),q0} = 0, μ_2(σ)_{(q,q0 ),q} = 1, μ_2(σ)_{(q0 ,q),q} = 1, μ_2(σ)_{(q0 ,q0 ),q0} = 0,

and, for every three states q_1, q_2, q_3 ∈ Q, for which μ_2(σ)_{(q1 ,q2),q3} is not yet defined, let μ_2(σ)_{(q1 ,q2),q3} = −∞. The following straightforward inductive proof shows that h_μ(t)_q = height(t) and h_μ(t)_{q0} = 0 for every tree t ∈ T_Σ: if t = α, then

h_μ(t)_q = μ_0(α)()_q = μ_0(α)_{(),q} = 1 = height(t)

and similarly h_μ(t)_{q0} = 0. If t = σ(t_1, t_2) for some trees t_1, t_2 ∈ T_Σ, then

h_μ(σ(t_1, t_2))_q = μ_2(σ)(h_μ(t_1), h_μ(t_2))_q = max{h_μ(t_1)_{p1} + h_μ(t_2)_{p2} + μ_2(σ)_{(p1 ,p2 ),q} | (p_1, p_2) ∈ Q^2} = max{h_μ(t_1)_q + h_μ(t_2)_{q0} + μ_2(σ)_{(q,q0 ),q}, h_μ(t_1)_{q0} + h_μ(t_2)_q + μ_2(σ)_{(q0 ,q),q}, −∞} = max{height(t_1) + 0 + 1, 0 + height(t_2) + 1, −∞} = 1 + max{height(t_1), height(t_2)} = height(t).

By a similar calculation one easily proves that h_μ(σ(t_1, t_2))_{q0} = 0. Hence M accepts every input tree t ∈ T_Σ with (S_M , t) = height(t). ⋄

Let us now discuss the relationship between (finite) bu-w-fta and other weighted tree automata models. Obviously representable tree series, which are considered in e.g. [Boz94] are precisely the tree series, which are accepted by non-deterministic bu-w-fta. Let us now compare bu-w-fta with bottom-up finite state weighted tree automata (with final states), which were introduced in [BV03]. The latter devices are defined to be tuples M = (Q, Σ, Q_d, A, μ), where Q, Σ, A, and μ are as in Definition 3.2 and Q_d is a subset of Q (of final states). M accepts every input tree t ∈ T_Σ with the weight (S_M , t) = ∑ q∈Q_d hμ(t)q . A bottom-up finite

state weighted tree automaton M with final states can be modeled by a bu-w-fta by taking the same set of states, ranked alphabet, semiring, and tree representation. The final weight mapping maps every final state to 1 and every non-final state to 0. The equivalence of both devices is easily seen. Conversely, a bu-w-fta M = (Q, Σ, ν, A, μ) with final weight mapping can be modeled by a bottom-up finite state weighted tree automaton M^′ = (Q^′, Σ, Q^′_d, A, μ^′) with final states by introducing a new state ∗ /∈ Q, which is the unique final state: we set Q^′ = Q ∪ {∗}, Q^′_d = {∗}, and for every non-negative integer k ∈ N, k-ary input symbol σ ∈ Σ^{(k)}, and states q^′_1, . . . , q^′_k, q^′ ∈ Q^′,

μ^′_k(σ)_{(q}′_{1 ,...,q}′_{k ),q}′ = μ_k(σ)_{(q}′_{1 ,...,q}′_{k ),q}′ , if q^′_1, . . . , q^′_k, q^′ ∈ Q, ∑ q∈Q μ_k(σ)_{(q}′_{1 ,...,q}′_{k ),q} ⊙ ν(q) , if q^′_1, . . . , q^′_k ∈ Q and q^′ = ∗, 0 , otherwise.

The (inductive) proof of equivalence is very straightforward. We therefore leave it to the reader. By the above two constructions it is shown that the two non-deterministic models of bottom-up finite state weighted tree automata are equally powerful. Unfortunately, the latter construction does not preserve determinism. Being more precise, deterministic buw-fta are in general more powerful than deterministic bottom-up finite state weighted tree automata with final states.

In Section 3 of [BV03] it is shown that bottom-up finite state weighted tree automata with final states and hence bu-w-fta of the present paper are particular A-cost automata of [Sei94] and A^′-tree automata of [Kui97a] (by considering the equally powerful top-down devices).

Let us now compare bu-w-fta with the concept of recognizable tree series, which was introduced in [BR82] (also cf. [Boz91, Boz99, ÉK03]). For the algebraic notions we refer the reader to any good algebra textbook. A recognizable tree series is defined in terms of a Σ-algebra V = (V, a), where V is a vector space and a = (a_σ : V^k −→ V | σ ∈ Σ^{(k)}) is a family of multilinear mappings. As usual, the family a of multi-linear mappings is extended to a mapping μ_V : T_Σ −→ V , which is inductively defined for every non-negative integer k ∈ N, k-ary input symbol σ ∈ Σ^{(k)}, and trees t_1, . . . , t_k ∈ T_Σ by μ_V (σ(t_1, . . . , t_k)) = a_σ (μ_V (t_1), . . . , μ_V (t_k)). A tree series S ∈ A⟨⟨T_Σ⟩⟩ is recognizable, if there exists a realization (V, φ) of S, which is a pair consisting of a Σ-algebra V over a finite dimensional vector space (as introduced above) and a linear form φ : V −→ A such that S = φ(μ_V ). We now briefly show that a tree series is recognizable in the sense of [BR82], if and only if it is accepted by a bu-w-fta provided that the underlying semiring is commutative. First let a bu-w-fta M = (Q, Σ, ν, A, μ) be given. A realization (V, φ) of the tree series S_M , which is accepted by M, can be defined as follows: the underlying Σ-algebra V = (V, a) is given by the vector space V = A^Q and the sequence a = (a_σ : V^k −→ V | k ∈ N, σ ∈ Σ^{(k)}) of multi-linear mappings a_σ = μ_k(σ) for every k-ary input symbol σ ∈ Σ^{(k)}. We observe that μ_k(σ) is a multi-linear mapping provided that the underlying semiring is commutative. We define the linear form φ for every vector v ∈ V by φ(v) = ∑ q∈Q v_q ⊙ ν(q). The (inductive) proof of correctness is very straightforward and hence left to the reader. Conversely, let S be a recognizable tree series in the sense of [BR82], i.e., there exists a finite dimensional realization (V, φ) with V = (V, a) and a = (a_σ : V^k −→ V | k ∈ N, σ ∈ Σ^{(k)}) of S. We define a bu-w-fta M = (Q, Σ, ν, A, μ), which accepts the tree series S, as follows: Q is a basis of the vector space V . Moreover, for all states q_1, . . . , q_k, q ∈ Q we define the final weight mapping ν and the tree representation μ by ν(q) = φ(q) and μ_k(σ)_{(q1 ,...,qk ),q} = a_σ(q_1, . . . , q_k)_q , respectively. One easily proves by induction on the structure of the input tree t ∈ T_Σ that the bu-w-fta M accepts the recognizable tree series (in the sense of [BR82]). Summing up, we have shown that our notion of recognizable tree series coincides with the classical notion of [BR82] provided that the underlying semiring is commutative.

Let us now present an application of weighted tree automata.

Example 3.4 (Tree pattern matching, also cf. [FSW94]) Consider a tree t ∈ T_Σ and a pattern C. We would like to find all occurrences of C in t and, roughly speaking, give references to the root of the occurrences of C. This can be formalized as follows: let t ∈ T_Σ and C ∈ C_Σ(X_m) for some non-negative integer m ∈ N. We call C pattern of t at w ∈ paths(t), if t/w = C[t_1, . . . , t_m] for some trees t_1, . . . , t_m ∈ T_Σ. Before we define the tree series S_C , which maps every tree t to the set of all w ∈ paths(t) such that C is a pattern of t at w, we introduce the semiring, which we will work with. Consider the tuple (P(N^∗), ∪, ∘, ∅, {ε}), where ∘ is the binary operation on P(N^∗), which is defined for every two subsets A, B ∈ P(N^∗) by A ∘ B = {b.a ∈ N^∗ | a ∈ A, b ∈ B}. Recall that b.a denotes the concatenation of the words b and a. One easily proves that (P(N^∗), ∪, ∘, ∅, {ε}) is a semiring.

Let us now define the tree series S_C over the semiring (P(N^∗), ∪, ∘, ∅, {ε}) as follows: for every tree t ∈ T_Σ let (S_C , t) = {w ∈ N^∗ | (∃t_1, . . . , t_m ∈ T_Σ) : t/w = C[t_1, . . . , t_m]}. We claim that the tree series S_C can be computed by a bu-w-fta over the semiring P(N^∗). Since the general case is very technical and the intention of this paper is to prove a pumping lemma rather than discussing tree pattern matching, we now restrict ourselves to the particular ranked alphabet Σ = {σ^{(2)}, α^{(0)}} and pattern C = σ(σ(α, α), x_1 ), and note that the general case is very similar. Let us now define a bu-w-fta M_C = (Q, Σ, ν, A, μ), which accepts the tree series S_C . M_C is given by Q = {q_⊥, q_α, q_{σ(α,α)}, q_C }, ν(q_C ) = 1 and ν(q) = 0 for every state q ∈ Q \ {q_C }, A = (P(N^∗), ∪, ∘, ∅, {ε}), and μ_0(α)_{(),q⊥} = {ε}, μ_0(α)_{(),qα} = {ε}, μ_2(σ)_{(q⊥ ,q⊥ ),q⊥} = {ε}, μ_2(σ)_{(qα ,qα),qσ(α,α)} = {ε}, μ_2(σ)_{(qσ(α,α) ,q⊥),qC} = {ε}.

Moreover, for every state q ∈ Q \ {q_C }, μ_2(σ)_{(qC ,q),qC} = {1}, μ_2(σ)_{(q,qC ),qC} = {2}. Otherwise we set μ_2(σ)_{(q1 ,q2),q} = ∅ for every three states q_1, q_2, q ∈ Q. Let us now briefly discuss the intended meaning of the states. This requires us to consider “runs” on an input tree t. If a “run” ends up in the state q_α, (q_{σ(α,α)}, q_⊥, respectively), then it has either weight ∅ or {ε} and we have just met an α-tree (a σ(α, α)-tree, an arbitrary tree, respectively). If a “run” ends up in the state q_C , then again, either it has weight ∅ or we have met the pattern C while traversing the input tree and the weight of the “run” is {w}, where w ∈ paths(t) and t/w = C[t^′] for some tree t^′ ∈ T_Σ. The inductive proof of correctness is very straightforward. We leave it to the reader. ⋄

Later on, for a given input tree t ∈ T_Σ and bu-w-fta M = (Q, Σ, ν, A, μ), we will work with the set ~μ(t) of all those states q ∈ Q such that, roughly speaking, there exists a “run” of the automaton M on t ending in state q such that every “transition associated to this run” has a weight different from zero. Formally, the mapping ~μ : T_Σ −→ P(Q) is inductively defined for every input tree t = σ(t_1, . . . , t_k), where k ∈ N is a non-negative integer, σ ∈ Σ^{(k)} is a k-ary input symbol, and t_1, . . . , t_k ∈ T_Σ are trees, by ~μ(t) = {q ∈ Q | (∀i ∈ [k]), (∃q_i ∈ ~μ(t_i)), μ_k (σ)_{(q1 ,...,qk ),q} ≠ 0}. Observation 3.5 Let M = (Q, Σ, ν, A, μ) be a bu-w-fta, s, t ∈ T_Σ trees, and C = σ(t_1, . . . , t_{i−1}, x_1, t_{i+1}, . . . , t_k) a context for some positive integers k ∈ N_+ and i ∈ [k], k-ary input symbol σ ∈ Σ^{(k)}, and trees t_j ∈ T_Σ for every index j ∈ [k] \ {i}.

(i) If q ∈ Q \ ~μ(s), then h_μ(s)_q = 0. (ii) If s ∈ supp(S_M ), then ~μ(s) ≠ ∅. (iii) If ~μ(s) = ∅, then ~μ(C[s]) = ∅. (iv) If ~μ(s) = ~μ(t), then ~μ(C[s]) = ~μ(C[t]).

(v) If M is a deterministic bu-w-fta, then ~μ(s) is either the empty set or a singleton. In the latter case we identify ~μ(s) with the state contained in ~μ(s).

(vi) If M is a deterministic bu-w-fta and ~μ(s) ∈ Q, then (S_M , s) = h_μ(s)_{~μ(s)} ⊙ ν(~μ(s)).⋄

By a repeated application of Observation 3.5 (iii) and (iv) we obtain the following statement: Corollary 3.6 Let M = (Q, Σ, ν, A, μ) be a bu-w-fta, s, t ∈ T_Σ trees, and C ∈ C_Σ(X_1) a context. (i) If ~μ(s) = ∅, then ~μ(C[s]) = ∅.

(ii) If ~μ(s) = ~μ(t), then ~μ(C[s]) = ~μ(C[t]). ⋄

In classical automata theory the cross product A_1 × A_2 of two automata A_1 and A_2 is defined by setting the set of states (initial states, final states, respectively) of A_1 × A_2 to the cross product of the sets of states (initial states, final states, respectively) of A_1 and A_2. The transitions are defined in the obvious way. It is well known that A_1 × A_2 accepts the intersection of the languages, which are accepted by A_1 and A_2. We now define the cross product M_1 × M_2 of bu-w-fta M_1 and M_2 and prove that, if the underlying semiring is commutative, then M_1 × M_2 accepts the Hadamard product of the tree series, which are recognized by M_1 and M_2.

Definition 3.7 (Cross product) Let M_1 = (Q_1, Σ, ν_1, A, μ_1) and M_2 = (Q_2, Σ, ν_2, A, μ_2) be bu-w-fta. The cross product of M_1 and M_2 is defined to be the bu-w-fta M_1 × M_2 = (Q, Σ, ν, A, μ), where Q = Q_1 × Q_2, ν((p, q)) = ν_1(p) ⊙ ν_2(q) for every two states p ∈ Q_1 and q ∈ Q_2, and μ is defined for every non-negative integer k ∈ N, k-ary input symbol σ ∈ Σ^{(k)}, and states p_1, . . . , p_k, p ∈ Q_1, q_1, . . . , q_k, q ∈ Q_2 by μ_k(σ)_{((p1 ,q1),...,(pk ,qk )),(p,q)} = (μ_1)_k(σ)_{(p1 ,...,pk ),p} ⊙ (μ_2)_k(σ)_{(q1 ,...,qk ),q} . ⋄ Lemma 3.8 Let A be a commutative semiring and M_1, M_2, and M_1 × M_2 bu-w-fta as required/defined in Definition 3.7. It holds that (S_{M1 ×M2} , t) = (S_{M1} , t) ⊙ (S_{M2} , t) for every input tree t ∈ T_Σ. Proof:

Let us first show that the equation h_μ(t)_{(p,q)} = h_{μ1} (t)_p ⊙ h_{μ2} (t)_q holds for every two states p ∈ Q_1 and q ∈ Q_2, which we prove by induction on the structure of the input tree t ∈ T_Σ. Note that the induction base is covered by the induction step. Let t = σ(t_1, . . . , t_k) for some non-negative integer k ∈ N, k-ary input symbol σ ∈ Σ^{(k)}, and trees t_1, . . . , t_k ∈ T_Σ. For every two states p ∈ Q_1 and q ∈ Q_2, h_μ(σ(t_1, . . . , t_k))_{(p,q)} = ∑ ((p1 ,q1 ),...,(pk ,qk )) ∈(Q1 ×Q2)k h_μ(t_1)_{(p1 ,q1)} ⊙ · · · ⊙ h_μ(t_k)_{(pk ,qk )} ⊙ μ_k(σ)_{((p1 ,q1 ),...,(pk ,qk )),(p,q)}

= ∑ ((p1 ,q1 ),...,(pk ,qk )) ∈(Q1 ×Q2)k (h_{μ1} (t_1)_{p1} ⊙ h_{μ2} (t_1)_{q1} ) ⊙ · · · ⊙ (h_{μ1} (t_k)_{pk} ⊙ h_{μ2} (t_k)_{qk} ) ⊙

⊙ μ_k(σ)_{((p1 ,q1),...,(pk ,qk )),(p,q)} (by induction hypothesis) = ∑ ((p1 ,q1 ),...,(pk ,qk )) ∈(Q1 ×Q2)k (h_{μ1} (t_1)_{p1} ⊙ h_{μ2} (t_1)_{q1} ) ⊙ · · · ⊙ (h_{μ1} (t_k)_{pk} ⊙ h_{μ2} (t_k)_{qk} ) ⊙

⊙ (μ_1)_k(σ)_{(p1 ,...,pk ),p} ⊙ (μ_2)_k(σ)_{(q1 ,...,qk ),q} = ∑ (p1,...,pk )∈Qk1 (q1 ,...,qk )∈Qk2 h_{μ1} (t_1)_{p1} ⊙ · · · ⊙ h_{μ1} (t_k)_{pk} ⊙ (μ_1)_k(σ)_{(p1 ,...,pk ),p} ⊙

⊙ h_{μ2} (t_1)_{q1} ⊙ · · · ⊙ h_{μ2} (t_k)_{qk} ⊙ (μ_2)_k(σ)_{(q1 ,...,qk ),q} = ∑ (p_1 ,...,p_k )∈Q^k_1 h_{μ1} (t_1)_{p1} ⊙ · · · ⊙ h_{μ1} (t_k)_{pk} ⊙ (μ_1)_k(σ)_{(p1 ,...,pk ),p} ⊙

⊙ ∑ (q_1 ,...,q_k )∈Q^k_2 h_{μ2} (t_1)_{q1} ⊙ · · · ⊙ h_{μ2} (t_k)_{qk} ⊙ (μ_2)_k(σ)_{(q1 ,...,qk ),q}

= h_{μ1} (σ(t_1, . . . , t_k))_p ⊙ h_{μ2} (σ(t_1, . . . , t_k))_q .

This proves the claim. Let us now show that the lemma holds. We have

(S_{M1 ×M2} ) = ∑ (p,q)∈Q_1 ×Q_2 h_μ(t)_{(p,q)} ⊙ ν((p, q)) = ∑ (p,q)∈Q_1 ×Q_2 h_{μ1} (t)_p ⊙ h_{μ2} (t)_q ⊙ ν_1(p) ⊙ ν_2(q)

= ∑ p∈Q_1 h_{μ1} (t)_p ⊙ ν_1(p) ⊙ ∑ q∈Q_2 h_{μ2} (t)_q ⊙ ν_2(q)

= (S_{M1} , t) ⊙ (S_{M2} , t),

which proves the lemma._■

Corollary 3.9 (cf. Proposition 5.1 of [BR82]) Let A be a commutative semiring.

(i) If S_1, S_2 ∈ A^{n,bu}⟨⟨T_Σ⟩⟩, then S_1 ⊙ S_2 ∈ A^{n,bu}⟨⟨T_Σ⟩⟩. (ii) If S_1, S_2 ∈ A^{d,bu}⟨⟨T_Σ⟩⟩, then S_1 ⊙ S_2 ∈ A^{d,bu}⟨⟨T_Σ⟩⟩.

Proof:

The claims follow from Lemma 3.8 and the observation that the cross product M_1 × M_2 of two deterministic bu-w-fta M_1 and M_2 again is a deterministic bu-w-fta._■

We note that Definition 3.7, Lemma 3.8, and Corollary 3.9 cover the corresponding theory of fwa (cf. [KS86]).

4 Determinization

In this section we construct for a given bu-w-fta M an equivalent deterministic device. To do so we introduce a natural extension of the power set construction known from the theory of bottom-up finite tree automata (cf. [GS84]). We encode the characteristic vector of a tree into the states of the generated automaton det^p(M). It turns out that the extended power set construction is partial in the sense that there exist a bu-w-fta M and an equivalent deterministic bu-w-fta M^′ such that det^p(M) is an infinite device.

For the rest of this section let • M = (Q, Σ, ν, A, μ) be a bu-w-fta, • q^′_t = ⋃ q∈Q{(q, h_μ(t)_q )} ∈ P(Q × A) be the state associated with the tree t ∈ T_Σ, and • Q^′ = {q^′_t | t ∈ T_Σ} the set of all states, which are associated with a tree over Σ.

We observe that two states q^′_t and q^′_t′ are equal, if and only if the characteristic vectors h_μ(t) and h_μ(t^′) are equal. Later on we need to express the weight of a state q ∈ Q of the given device M in a state q^′ ∈ Q^′ of the constructed device det^p(M). Therefore we define for every state q^′ ∈ Q^′ of the constructed device the mapping a_q′ : Q −→ A, which is defined for every state q ∈ Q of the given device by

a_q′ (q) = h_μ(t)_q assuming that q^′ = q^′_t for some t ∈ T_Σ.

Hence, q^′_t = ⋃ q∈Q{(q, a_q′_t (q))}. Now let us introduce the extended power set construction.

We note that the constructed automaton might have an infinite set of states, i.e., we only generate a bu-w-ta. Later on we show that, if the underlying semiring is locally finite, then M is a finite automaton (cf. Lemma 4.7).

Definition 4.1 (Extended power set construction) Let M = (Q, Σ, ν, A, μ) be a bu-w-fta. The bu-w-ta det^p(M) = (Q^′, Σ, ν^′, A, μ^′) is defined for every non-negative integer k ∈ N, k-ary input symbol σ ∈ Σ^{(k)}, and states q^′_1, . . . , q^′_k, q^′ ∈ Q^′ by ν^′(q^′) = ∑ q∈Q a_q′ (q) ⊙ ν(q) and μ^′_k(σ)_{(q}′_{1 ,...,q}′_{k ),q}′

= 1 , if a_q′ (q) = ∑ (q_1 ,...,q_k )∈Q^k aq^′_1 (q1) ⊙ · · · ⊙ aq^′_k (qk) ⊙ μk(σ)(q1 ,...,qk ),q for every state q ∈ Q,

0 , otherwise. ⋄

In order to shorten notation, let det^p(M) = (Q^′, Σ, ν^′, A, μ^′) for the rest of this section. In the following we show that the extended power set construction is partial. By this we mean that there exists a bu-w-fta such that the extended power set construction might generate an infinite device (cf. Example 4.6). If the extended power set construction outputs a (finite) bu-w-fta as in Example 4.5, then by Observation 4.2 and Lemma 4.4 the generated automaton is a deterministic device being equivalent to the given automaton.

Observation 4.2 The tuple det^p(M) is a deterministic bu-w-ta. ⋄

Now we prove that, if det^p(M) is a finite automaton, then M and det^p(M) are equivalent bu-w-fta, which is stated in Lemma 4.4. This proof requires the following preparing lemma.

Lemma 4.3 Let k ∈ N be a non-negative integer, σ ∈ Σ^{(k)} a k-ary input symbol, and q^′_1, . . . , q^′_k, q^′ ∈ Q^′ states. Then μ^′_k(σ)_{(q}′_{1 ,...,q}′_{k ),q}′ = 1, if and only if there exist trees t_1, . . . , t_k ∈ T_Σ such that q^′ = q^′_{σ(t1 ,...,tk )} and q^′_i = q^′_{ti} for every index i ∈ [k].

Proof:

Since q^′_1, . . . , q^′_k, q^′ ∈ Q^′ are states of the constructed device, there exist trees t_1, . . . , t_k ∈ T_Σ such that q^′_i = q^′_{ti} for every index i ∈ [k]. Hence μ^′_k(σ)_{(q}′_{1 ,...,q}′_{k ),q}′ = 1 ⇐⇒ (∀q ∈ Q) : a_q′ (q) = ∑ (q_1 ,...,q_k )∈Q^k a_q′_1 (q_1) ⊙ · · · ⊙ a_q′_k (q_k) ⊙ μ_k(σ)_{(q1 ,...,qk ),q} ⇐⇒ (∀q ∈ Q) : a_q′ (q) = ∑ (q_1 ,...,q_k )∈Q^k h_μ(t_1)_{q1} ⊙ · · · ⊙ h_μ(t_k)_{qk} ⊙ μ_k(σ)_{(q1 ,...,qk ),q} ⇐⇒ (∀q ∈ Q) : a_q′ (q) = h_μ(σ(t_1, . . . , t_k))_q ⇐⇒ q^′ = q^′_{σ(t1 ,...,tk )}, which proves the lemma._■

Lemma 4.4 If the set Q^′ of states of det^p(M) is finite, then M and det^p(M) are equivalent bu-w-fta .

Proof:

The proof uses the following statement, which we denote by (*): if Q^′ is a finite set, then for every tree t ∈ T_Σ and state q^′ ∈ Q^′ it holds that h_μ′ (t)_q′ = 1, if q^′ = q^′_t, and h_μ′ (t)_q′ = 0 otherwise. Let us show by induction on the structure of t that (*) holds. Note that the induction base is covered by the induction step. Let t = σ(t_1, . . . , t_k) for some non-negative integer k ∈ N, k-ary input symbol σ ∈ Σ^{(k)}, and trees t_1, . . . , t_k ∈ T_Σ. Then

h_μ′ (t)_q′_t = ∑ (q^′_1 ,...,q^′_k )∈(Q^′)^k h_μ′ (t_1)_q′_1 ⊙ · · · ⊙ h_μ′ (t_k )_q′_k ⊙ μ^′_k(σ)_{(q}′_{1 ,...,q}′_{k ),q}′_t = h_μ′ (t_1)_q′_{t1} ⊙ · · · ⊙ h_μ′ (t_k)_q′_{tk} ⊙ μ^′_k(σ)_{(q}′_{t1 ,...,q}′_{tk ),q}′_t (by ind. hyp., h_μ′ (t_i)_q′_i = 0 whenever q^′_i ≠ q^′_{ti} for every i ∈ [k])

= 1.

(by induction hypothesis and Lemma 4.3)

Hence q^′_t ∈ ~μ^′(t). Since det^p(M) is a deterministic bu-w-fta by assumption (finite) and Observation 4.2 (deterministic), we deduce from Observation 3.5(v) that ~μ^′(t) = q^′_t. Thus by Observation 3.5(i) h_μ′ (t)_q′ = 0 for every state q^′ ∈ Q \ {q^′_t}.

Let us now prove the equivalence of the devices M and det^p(M) provided that the set Q^′ of states of the constructed device is finite. For every tree t ∈ T_Σ the following holds: (S_{det}p_{(M)}, t) = ∑ q^′ ∈Q^′ h_μ′ (t)_q′ ⊙ ν^′(q^′) =_{(by (*))} h_μ′ (t)_q′_t ⊙ ν^′(q^′_t)

=_{(by (*))} 1 ⊙ ∑ q∈Q h_μ(t)_q ⊙ ν(q) = (S_M , t).

Thus M and det^p(M) are equivalent bu-w-fta provided the latter device is a finite automaton._■

Let us now present an example of the extended power set construction.

Example 4.5 (det^p(M) is a finite bu-w-fta) Consider the bu-w-fta M = (Q, Σ, ν, A, μ), which is given by Q = {q_α, q_⊥}, Σ = {σ^{(2)}, α^{(0)}, β^{(0)}}, ν(q_α) = 1, ν(q_⊥) = 0, A = Bool, and

q_α q_⊥ μ_0(α) = ( 1 1 ) , q_α q_⊥ μ_0(β) = ( 0 1 ) , q_α q_⊥

μ_2(σ) = 1 1 1 1 1 1 0 1

(q_α, q_α) (q_α, q_⊥) (q_⊥, q_α) (q_⊥, q_⊥) .

It is easily seen that h_μ(t) = ( 1 0 ) and thus (S_M , t) = 1, if the input tree t contains a node

labeled with α and h_μ(t) = ( 0 1 ) and hence (S_M , t) = 0, if it does not. It follows that the set of states of det^p(M) is given by Q^′ = {q^′_α, q^′_β}. Moreover, ν^′(q^′_α) = 1, ν^′(q^′_β ) = 0, and

q^′_α q^′_β μ^′_0(α) = ( 1 0 ) , q^′_α q^′_β μ^′_0(β) = ( 0 1 ) , q^′_α q^′_β

μ^′_0(σ) = 1 0 1 0 1 0 0 1

(q^′_α, q^′_α) (q^′_α, q^′_β ) (q^′_β , q^′_α) (q^′_β , q^′_β ) .

Clearly, det^p(M) is a deterministic bu-w-fta. Moreover, a straightforward calculation shows

that h_μ′ (t) = ( 1 1 ) and thus (S_M ′ , t) = 1, if the input tree t contains a node labeled with

α and h_μ′ (t) = ( 0 1 ) and hence (S_M ′ , t) = 0, if it does not. Thereby we have shown that

the automata M and det^p(M) are equivalent. ⋄

Let us now investigate, under which conditions det^p(M) is a finite automaton. We observe that det^p(M) is a (finite) bu-w-fta, if and only if the set {h_μ(t) | t ∈ T_Σ} of characteristic vectors is of finite cardinality. In Example 4.5 we have presented a bu-w-fta such that the extended power set construction generates a finite device. Unfortunately there even exists a deterministic bu-w-fta such that the extended power set construction produces an infinite bu-w-ta.

Example 4.6 (det^p(M) is an infinite bu-w-fta) Consider the deterministic bu-w-fta M = (Q, Σ, ν, A, μ), which is given by Q = {q}, Σ = {α^{(0)}, β^{(0)}, σ^{(2)}}, ν(q) = 0, A = T rop, and μ_0(α) = (1), μ_0(β) = (0), and μ_2(σ) = (0). A straightforward inductive proof shows that for every input tree t, h_μ(t)_q equals the number of nodes of t, which are labeled with α. We observe that for every non-negative integer n ∈ N the tree t_n, which is inductively defined by t_0 = α and t_{i+1} = σ(α, t_i) for every non-negative integer i ∈ N, contains precisely n + 1 nodes labeled with α. Hence, {h_μ(t) | t ∈ T_Σ} is an infinite set and thus det^p(M) is an infinite device. ⋄

Let us now consider a bu-w-fta M over a finite semiring. Since A^Q is a finite set and {h_μ(t) | t ∈ T_Σ} is a subset of A^Q, {h_μ(t) | t ∈ T_Σ} is also a finite set. Hence det^p(M) is a (finite) bu-w-fta. In Lemma 4.7 we extend this result by showing that the determinization of a bu-w-fta over a locally finite semiring generates a finite device.

Lemma 4.7 If A is a locally finite semiring, then det^p(M) is a (finite) bu-w-fta.

Proof:

Let A^′ = {μ_k(σ)_{(q1 ,...,qk ),q} | k ∈ N, σ ∈ Σ^{(k)}, q_1, . . . , q_k, q ∈ Q}, which is a finite set. Clearly, h_μ(t)_q ∈ ⟨A^′⟩_{{⊕,⊙}} for every input tree t ∈ T_Σ and state q. Thus, {h_μ(t) | t ∈ T_Σ} is a subset of (⟨A^′⟩_{{⊕,⊙}})^Q, which by local finiteness is finite. Hence {h_μ(t) | t ∈ T_Σ} is a finite set and thus det^p(M) is a (finite) bu-w-fta._■

The following theorem is a consequence of Observation 4.2, Lemma 4.4, and Lemma 4.7. It provides a sufficient condition, under which deterministic and non-deterministic bu-w-fta are equally powerful.

Theorem 4.8 (Sufficient condition for A^{d,bu}⟨⟨T_Σ⟩⟩ = A^{n,bu}⟨⟨T_Σ⟩⟩) If A is a locally finite semiring, then A^{d,bu}⟨⟨T_Σ⟩⟩ = A^{n,bu}⟨⟨T_Σ⟩⟩.

Proof:

The claim follows from Lemma 4.7._■

5 Pumping Lemma

In this section we prove a pumping lemma for recognizable tree series. Since there is a oneto-one correspondence between recognizable tree languages and recognizable tree series over the Boolean semiring, we thereby generalize the pumping lemma for classical tree languages, which is (cf. [GS84], Lemma 10.1 of Chapter 2): for every recognizable tree language L ⊆ T_Σ there exists an integer m ∈ N such that for every tree t ∈ L with height(t) ≥ m there exist contexts C, C^′ ∈ C_Σ(X_1) and an input tree s ∈ T_Σ such that (i) t = C^′[C[s]], (ii) height(C) > 1 (i.e., C ≠ x_1), and (iii) C^′[C^n[s]] ∈ L for every non-negative integer n ∈ N.

Similar to classical theories we first show a pumping lemma for tree series, which are accepted by deterministic bu-w-fta. By applying Theorem 4.8 we obtain a result on recognizable tree series. Recall that in classical theories for every device there exists an equivalent deterministic one, while for bu-w-fta a similar result only holds under the assumption that the underlying semiring is locally finite. Hence, the general version of the pumping lemma, which we prove in this section, assumes a locally finite semiring.

Let us start this section by proving a relationship between the characteristic vectors with respect to a deterministic bu-w-fta of the two trees s, C[s] ∈ T_Σ, where the latter tree is obtained from the first one by plugging it into a context C ∈ C_Σ(X_1). Since a ”run” on the tree C[s] can be decomposed into a ”run” on the tree s and a ”run” on the context C, one might assume that h_μ(C[s])_q is the product of the ”run” (if it exists) on the input tree s, which has a weight different from 0 and ends up in some state p, and the ”run” on the context C, which starts at the variable x_1 in state p and which ends in state q. Indeed, such a result was proven in [Bor03], Theorem 1, for commutative semirings. We prove a similar result without the assumption of A being commutative. For this purpose let us define the two mappings a_M , b_M : Q × Q × C_Σ(X_1) −→ A, which are inductively defined for every two states p, q ∈ Q by a_M (p, q, C) = b_M (p, q, C) = { 1 , if p = q, 0 , otherwise,

provided that C is the trivial context x_1, and

a_M (p, q, C) = h_μ(t_1)_{~μ(t1)} ⊙ · · · ⊙ h_μ(t_{i−1})_{~μ(ti−1 )} ⊙ a_M (p, r, C^′) , if ~μ(t_j ) ∈ Q for every j ∈ [k] \ {i} and exists a r ∈ Q such that r = ~μ(C^′[t]) for every t ∈ T_Σ with p = ~μ(t), 0 , otherwise, b_M (p, q, C) = b_M (p, r, C^′) ⊙ h_μ(t_{i+1})_{~μ(ti+1)} ⊙ · · · ⊙ h_μ(t_k)_{~μ(tk )} ⊙ μ_k(σ)_{⃗q,q} , if ~μ(t_j ) ∈ Q for every j ∈ [k] \ {i}, exists r ∈ Q such that r = ~μ(C^′[t]) for every t ∈ T_Σ with p = ~μ(t) and ⃗q = (~μ(t_1), . . . , ~μ(t_{i−1}), r, ~μ(t_{i+1}), . . . , ~μ(t_k)), 0 , otherwise,

if C = σ(t_1, . . . , t_{i−1}, C^′, t_{i+1}, . . . , t_k) for some positive integers k ∈ N_+ and i ∈ [k], k-ary input symbol σ ∈ Σ^{(k)}, context C^′ ∈ C_Σ(X_1), and input trees t_j ∈ T_Σ for every index j ∈ [k] \ {i}. Lemma 5.1 Let M = (Q, Σ, ν, A, μ) be a deterministic bu-w-fta. For every tree s ∈ T_Σ with ~μ(s) ≠ ∅, state q ∈ Q, and context C ∈ C_Σ(X_1) the equation h_μ(C[s])_q = a_M (~μ(s), q, C) ⊙ h_μ(s)_{~μ(s)} ⊙ b_M (~μ(s), q, C) holds. Proof:

The proof is by induction on the length n ∈ N of the path from the root of C to the node labeled with the variable x_1 in the context C.

Induction base: Let n = 0, i.e., C is the trivial context x_1. Clearly, h_μ(C[s])_q = h_μ(s)_q = a_M (~μ(s), q, C) ⊙ h_μ(s)_{~μ(s)} ⊙ b_M (~μ(s), q, C). Induction step: Now let n ≥ 1, i.e., C = σ(t_1, . . . , t_{i−1}, C^′, t_{i+1}, . . . , t_k) for some positive integers k ∈ N_+ and i ∈ [k], k-ary input symbol σ ∈ Σ^{(k)}, context C^′ ∈ C_Σ(X_1), and input trees t_j ∈ T_Σ for every index j ∈ [k] \ {i}. Let us prove the claimed statement by a case analysis.

Case 1: There exists an index j ∈ [k] \ {i} such that ~μ(t_j ) = ∅. Clearly, 0 = a_M (p, q, C) = b_M (p, q, C) for every states p, q ∈ Q. By Observation 3.5(iii) also ~μ(C[s]) = ∅. Moreover, by Observation 3.5(i) h_μ(C[s])_q = 0 = a_M (~μ(s), q, C) ⊙ h_μ(s)_{~μ(s)} ⊙ b_M (~μ(s), q, C) for every q ∈ Q. Case 2: We have ~μ(C^′[s]) = ∅. By Observation 3.5(iii) it holds that ~μ(C[s]) = ∅ and by Observation 3.5(i) we have h_μ(C[s])_q = 0 for every state q ∈ Q. On the other hand, a_M (~μ(s), q, C^′) = 0 = b_M (~μ(s), q, C^′) and thus h_μ(C[s])_q = 0 = a_M (~μ(s), q, C) ⊙ h_μ(s)_{~μ(s)} ⊙ b_M (~μ(s), q, C) for every state q ∈ Q.

Case 3: The sets ~μ(C^′[s]) and ~μ(t_j ) are singletons for every index j ∈ [k] \ {i}. In order to shorten notation let ⃗q = (~μ(t_1), . . . , ~μ(t_{i−1}), ~μ(C^′[s]), ~μ(t_{i+1}), . . . , ~μ(t_k)). From Observation 3.5(iv) we deduce that ~μ(C^′[s]) = ~μ(C^′[t]) for every tree t ∈ T_Σ with ~μ(s) = ~μ(t), i.e., a_M (~μ(s), q, C) = h_μ(t_1)_{~μ(t1)} ⊙ · · · ⊙ h_μ(t_{i−1})_{~μ(ti−1 )} ⊙ a_M (~μ(s), ~μ(C^′[s]), C^′) and b_M (~μ(s), q, C) = b_M (~μ(s), ~μ(C^′[s]), C^′)⊙h_μ(t_{i+1})_{~μ(ti+1)} ⊙· · ·⊙h_μ(t_k)_{~μ(tk )} ⊙μ_k(σ)_{⃗q,q}. Hence, for every state q ∈ Q, h_μ(C[s])_q = ∑ (q_1 ,...,q_k )∈Q^k h_μ(t_1)_{q1} ⊙ · · · ⊙ h_μ(t_{i−1})_{qi−1} ⊙ h_μ(C^′[s])_{qi} ⊙ h_μ(t_{i+1})_{qi+1} ⊙ · · · ⊙ ⊙ h_μ(t_k)_{qk} ⊙ μ_k(σ)_{(q1 ,...,qk ),q}

= h_μ(t_1)_{~μ(t1)} ⊙ · · · ⊙ h_μ(t_{i−1})_{~μ(ti−1 )} ⊙ h_μ(C^′[s])_{~μ(C}′_{[s])} ⊙ h_μ(t_{i+1})_{~μ(ti+1)} ⊙ · · · ⊙ ⊙ h_μ(t_k )_{~μ(tk )} ⊙ μ_k(σ)_{⃗q,q} (by Observation 3.5(i) and (v)) = h_μ(t_1)_{~μ(t1)} ⊙ · · · ⊙ h_μ(t_{i−1})_{~μ(ti−1 )} ⊙ a_M (~μ(s), ~μ(C^′[s]), C^′) ⊙ h_μ(s)_{~μ(s)} ⊙ ⊙ b_M (~μ(s), ~μ(C^′[s]), C^′) ⊙ h_μ(t_{i+1})_{~μ(ti+1)} ⊙ · · · ⊙ h_μ(t_k)_{~μ(tk )} ⊙ μ_k(σ)_{⃗q,q} (by induction hypothesis) = a_M (~μ(s), q, C) ⊙ h_μ(s)_{~μ(s)} ⊙ b_M (~μ(s), q, C). We note that the above case analysis is complete by Observation 3.5(v)._■ Now we show, how pumping a context is reflected in the weights of the runs. Lemma 5.2 Let M = (Q, Σ, ν, A, μ) be a deterministic bu-w-fta, C ∈ C_Σ(X_1) a context, and s ∈ T_Σ a tree such that ~μ(s) = ~μ(C[s]) ∈ Q is a state. For every non-negative integer n ∈ N the equations (i) ~μ(s) = ~μ(C^n[s]) ∈ Q and (ii) h_μ(C^n[s])_{~μ(s)} = a_M (~μ(s), ~μ(s), C)^n ⊙ h_μ(s)_{~μ(s)} ⊙ b_M (~μ(s), ~μ(s), C)^n. hold. Proof:

Claim (i) follows by a repeated application of Corollary 3.6(ii). Let us now prove claim (ii) by induction on n ∈ N. By Lemma 5.1 the equation h_μ(C[t])_q = a_M (~μ(t), q, C)⊙h_μ(t)_{~μ(s)} ⊙ b_M (~μ(t), q, C) holds for every state q ∈ Q and tree t ∈ T_Σ with ~μ(t) ∈ Q. Induction base: If n = 0, then h_μ(C^0[s])_{~μ(s)} = h_μ(s)_{~μ(s)} = a_M (~μ(s), ~μ(s), C)^0 ⊙h_μ(s)_{~μ(s)}⊙ b_M (~μ(s), ~μ(s), C)^0. Induction step: Now assume n ≥ 1. The following computation proves the claim. h_μ(C^n[s])_{~μ(s)} = h_μ(C[C^{n−1}[s]])_{~μ(s)} = a_M (~μ(C^{n−1}[s]), ~μ(s), C) ⊙ h_μ(C^{n−1}[s])_{~μ(C}n−1_{[s])} ⊙ b_M (~μ(C^{n−1}[s]), ~μ(s), C) (by Lemma 5.1) = a_M (~μ(s), ~μ(s), C) ⊙ h_μ(C^{n−1}[s])_{~μ(s)} ⊙ b_M (~μ(s), ~μ(s), C) (by Claim (i)) = a_M (~μ(s), ~μ(s), C) ⊙ ( a_M (~μ(s), ~μ(s), C)^{n−1} ⊙ h_μ(s)_{~μ(s)} ⊙ b_M (~μ(s), ~μ(s), C)^{n−1} ) ⊙ ⊙ b_M (~μ(s), ~μ(s), C) (by induction hypothesis) = a_M (~μ(s), ~μ(s), C)^n ⊙ h_μ(s)_{~μ(s)} ⊙ b_M (~μ(s), ~μ(s), C)^n_■ The following lemma assumes a decomposition of a given tree t ∈ T_Σ into contexts C, C^′ ∈ C_Σ(X_1) and a tree s ∈ T_Σ such that there are “runs” on the trees s and C[s] with a non-zero weight, which end up in the same state. In Lemma 5.4 we prove that such a decomposition exists provided that the input tree satisfies an assumption, which is related the height of the input tree.

Lemma 5.3 Let M = (Q, Σ, ν, A, μ) be a deterministic bu-w-fta, C, C^′ ∈ C_Σ(X_1) contexts, and s ∈ T_Σ an input tree such that ~μ(s) = ~μ(C[s]) ∈ Q and ~μ(C^′[C[s]]) ∈ Q are states. For every non-negative integer n ∈ N it holds that h_μ(C^′[C^n[s]])_{~μ(C}′_{[C}n_{[s]])} = a_M (~μ(s), ~μ(C^′[C[s]]), C^′) ⊙ a_M (~μ(s), ~μ(s), C)^n ⊙ h_μ(s)_{~μ(s)} ⊙ ⊙ b_M (~μ(s), ~μ(s), C)^n ⊙ b_M (~μ(s), ~μ(C^′[C[s]]), C^′). Proof:

First we observe that by a repeated application of Corollary 3.6(i) it holds that ~μ(C^n[s]) = ~μ(C[s]) ∈ Q and thus ~μ(C^′[C^n[s]]) = ~μ(C^′[C[s]]) ∈ Q. Let us denote this last equation, which shows that the claimed equations are well-defined, by (*). Moreover,

h_μ(C^′[C^n[s]])_{~μ(C}′_{[C}n_{[s]])}

= a_M (~μ(C^n[s]), ~μ(C^′[C^n[s]]), C^′) ⊙ h_μ(C^n[s])_{~μ(C}n_{[s])} ⊙ b_M (~μ(C^n[s]), ~μ(C^′[C^n[s]]), C^′) (by Lemma 5.1) = a_M (~μ(s), ~μ(C^′[C[s]]), C^′) ⊙ h_μ(C^n[s])_{~μ(s)} ⊙ b_M (~μ(s), ~μ(C^′[C[s]]), C^′) (by (*)) = a_M (~μ(s), ~μ(C^′[C[s]]), C^′) ⊙ a_M (~μ(s), ~μ(s), C)^n ⊙ h_μ(s)_{~μ(s)} ⊙ b_M (~μ(s), ~μ(s), C)^n ⊙ ⊙ b_M (~μ(s), ~μ(C^′[C[s]]), C^′). (by Lemma 5.2(ii))_■

Next we show that a decomposition of an input tree t = C^′[C[s]] into contexts C, C^′ ∈ C_Σ(X_1) and a tree s ∈ T_Σ such that ~μ(s) = ~μ(C[s]) exists provided there exists a path w in t with more nodes than the given bu-w-fta has states. This can be ensured by requiring length(w) ≥ card(Q).

Lemma 5.4 Let M be a deterministic bu-w-fta and t ∈ T_Σ an input tree such that ~μ(t) ∈ Q. For every path w = w_1 . . . w_{length(w)} ∈ paths(t) of t with w_1, . . . , w_{length(w)} ∈ N and length(w) ≥ card(Q) there exist indices i, j ∈ [0, length(w)] such that i < j and ~μ(t/(w_1 . . . w_i)) = ~μ(t/(w_1 . . . w_j )) ∈ Q. Proof:

Let us start with two observations. For every index i ∈ [0, length(w)] there exists a context C ∈ C_Σ(X_1) such that t = C[t/(w_1 . . . w_i)]. By Corollary 3.6(ii) and since ~μ(t) ≠ ∅, also ~μ(t/(w_1 . . . w_i)) ≠ ∅. Moreover, by Observation 3.5(v) it holds that ~μ(t/(w_1 . . . w_i)) ∈ Q. The claim now follows from the pigeon hole principle._■

Before we state a smooth version of the pumping lemma for recognizable tree series, let us present a more powerful version of the pumping lemma. A last intermediate result is proven in Lemma 5.5.

Lemma 5.5 Let M = (Q, Σ, ν, A, μ) be a deterministic bu-w-fta. For every input tree t ∈ T_Σ such that ~μ(t) ∈ Q is a state and for every path w = w_1 . . . w_l ∈ paths(t) of t with w_1, . . . , w_{length(w)} ∈ N and length(w) = l ≥ card(Q) there exist contexts C, C^′ ∈ C_Σ(X_1) and an input tree s ∈ T_Σ such that (i) t = C^′[C[s]], (ii) there exist indices i, j ∈ [0, l] with i < j and l − i ≤ card(Q) such that s = t/(w_1 . . . w_j ) and C[s] = t/w_1 . . . w_i, (iii) ~μ(C^n[s]) = ~μ(s) ∈ Q and ~μ(C^′[C^n[s]]) = ~μ(t) ∈ Q for every non-negative integer n ∈ N, and (iv) for every non-negative integer n ∈ N it holds that

h_μ(C^′[C^n[s]])_{~μ(C}′_{[C}n_{[s]])} = a_M (~μ(s), ~μ(C^′[C[s]]), C^′) ⊙ a_M (~μ(s), ~μ(s), C)^n ⊙ h_μ(s)_{~μ(s)} ⊙ b_M (~μ(s), ~μ(s), C)^n ⊙ ⊙ b_M (~μ(s), ~μ(C^′[C[s]]), C^′). Proof:

Clearly, w_{l−card(Q)+1} . . . w_l is a path of length card(Q) of the tree t/(w_1 . . . w_{l−card(Q)}). Since ~μ(t) ∈ Q, we deduce from Corollary 3.6(i) that ~μ(t/w_1 . . . w_{l−card(Q)}) ≠ ∅ and hence by Lemma 5.4 there exist indices i^′, j^′ ∈ [0, card(Q)] with i^′ < j^′ such that

~μ(t/(w_1 . . . w_{l−card(Q)+i}′ )) = ~μ((t/(w_1 . . . w_{l−card(Q)}))/(w_{l−card(Q)+1} . . . w_{l−card(Q)+i}′ )) = ~μ((t/(w_1 . . . w_{l−card(Q)}))/(w_{l−card(Q)+1} . . . w_{l−card(Q)+j}′ )) = ~μ(t/(w_1 . . . w_{l−card(Q)+j}′ )). Let us denote this statement by (*). We set i = l − card(Q) + i^′, j = l − card(Q) + j^′, and s = t/(w_1 . . . w_j ). Moreover, we choose the contexts C, C^′ ∈ C_Σ(X_1) such that C[s] = t/w_1 . . . w_i and C^′[C[s]] = t. Then (i) is satisfied. Furthermore, i, j ∈ [0, l] and i < j by the choice of the indices i^′ and j^′ and since l ≥ card(Q). Hence (ii) holds. From Corollary 3.6(ii), the assumption ~μ(t) ∈ Q, and Condition (i) we deduce that ~μ(s) ∈ Q. Thus, also applying (*), ~μ(s) = ~μ(t/(w_1 . . . w_j )) = ~μ(t/(w_1 . . . w_i)) = ~μ(C[s]) ∈ Q by (*). Hence, by Lemma 5.2(ii) and Corollary 3.6(ii) it holds that ~μ(C^n[s]) = ~μ(s) ∈ Q and ~μ(C^′[C^n[s]]) = ~μ(t) ∈ Q for every non-negative integer n ∈ N, which shows Property (iii). Statement (iv) follows from Property (iii) and Lemma 5.3._■

Theorem 5.6 (Pumping Lemma (i)) Let (a) A be a semiring and S ∈ A^{d,bu}⟨⟨T_Σ⟩⟩ or (b) A be a locally finite semiring and S ∈ A^{n,bu}⟨⟨T_Σ⟩⟩. There exists a non-negative integer m ∈ N such that for every tree t ∈ supp(S) and path w = w_1 . . . w_l ∈ path(t) of t with w_1, . . . , w_{length(w)} ∈ N and length(w) = l ≥ m, there exist contexts C, C^′ ∈ C_Σ(X_1), a tree s ∈ T_Σ, and semiring elements a, a^′, b, b^′, c ∈ A such that (i) t = C^′[C[s]],

(ii) there exist indices i, j ∈ [0, l] with i < j and l − i ≤ m such that s = t/w_1 . . . w_j and C[s] = t/w_1 . . . w_i, and (iii) (S, C^′[C^n[s]]) = a^′ ⊙ a^n ⊙ c ⊙ b^n ⊙ b^′ for every non-negative integer n ∈ N. Moreover, if M = (Q, Σ, ν, A, μ) is a deterministic bu-w-fta, which accepts S, then (iv) m can be chosen to be the number of states of M, (v) ~μ(C^n[s]) = ~μ(s) ∈ Q and ~μ(C^′[C^n[s]]) = ~μ(t) ∈ Q for every non-negative integer n ∈ N, and (vi) the semiring elements a, a^′, b, b^′, c ∈ A can be set to a = a_M (~μ(s), ~μ(s), C), a^′ = a_M (~μ(s), ~μ(C^′[C[s]]), C^′), b = b_M (~μ(s), ~μ(s), C), b^′ = b_M (~μ(s), ~μ(C^′[C[s]]), C^′) ⊙ ν(C^′[C[s]]), c = h_μ(s)_{~μ(s)}.

Proof:

By Theorem 4.8 we have A^{n,bu}⟨⟨T_Σ⟩⟩ = A^{d,bu}⟨⟨T_Σ⟩⟩, if the underlying semiring is locally finite. Hence it suffices to consider a tree series S ∈ A^{d,bu}⟨⟨T_Σ⟩⟩, which is accepted by a deterministic device. Let M = (Q, Σ, ν, A, μ) such a bu-w-fta. We set m = card(Q). Furthermore, let t ∈ supp(S) be an input tree and w = w_1 . . . w_l ∈ paths(t) a path of t of length l ≥ m. In particular, ~μ(t) ∈ Q by Observation 3.5(i), (v), and (vi). By Lemma 5.5 there exist contexts C, C^′ ∈ C_Σ(X_1) and a tree s ∈ T_Σ such that Properties (i), (ii), (iv), and (v) are satisfied. Moreover, by Observation 3.5(vi) it holds for every non-negative integer n ∈ N that

(S, C^′[C^n[s]]) = h_μ(C^′[C^n[s]])_{~μ(C}′_{[C}n_{[s]])} ⊙ ν(~μ(C^′[C^n[s]])) = h_μ(C^′[C^n[s]])_{~μ(C}′_{[C}n_{[s]])} ⊙ ν(~μ(C^′[C[s]])) = a_M (~μ(s), ~μ(C^′[C[s]]), C^′) ⊙ a_M (~μ(s), ~μ(s), C)^n ⊙ h_μ(s)_{~μ(s)} ⊙ ⊙ b_M (~μ(s), ~μ(s), C)^n ⊙ b_M (~μ(s), ~μ(C^′[C[s]]), C^′) ⊙ ν(~μ(C^′[C[s]])), which proves the remaining Statements (iii) and (vi)._■ Let us now present a smoother, but less powerful version of the pumping lemma: Lemma 5.7 Let M = (Q, Σ, ν, A, μ) be a deterministic bu-w-fta. For every input tree t ∈ T_Σ with height(t) ≥ card(Q) + 1 and ~μ(t) ∈ Q there exist contexts C, C^′ ∈ C_Σ(X_1), a tree s ∈ T_Σ, and semiring elements a, a^′, b, b^′ ∈ A such that (i) t = C^′[C[s]], (ii) height(C[s]) ≤ card(Q) + 1 and C ≠ x_1, and (iii) ~μ(C^n[s]) = ~μ(s) ∈ Q and ~μ(C^′[C^n[s]]) = ~μ(t) ∈ Q for every non-negative integer n ∈ N, (iv) for every non-negative integer n ∈ N it holds that

h_μ(C^′[C^n[s]])_{~μ(C}′_{[C}n_{[s]])} = a_M (~μ(s), ~μ(C^′[C[s]]), C^′) ⊙ a_M (~μ(s), ~μ(s), C)^n ⊙ h_μ(s)_{~μ(s)} ⊙ b_M (~μ(s), ~μ(s), C)^n ⊙ ⊙ b_M (~μ(s), ~μ(C^′[C[s]]), C^′).

Proof:

Let t ∈ T_Σ be an input tree of height ≥ card(Q) + 1 such that ~μ(t) ∈ Q and w = w_1 . . . w_l ∈ paths(t) be a longest path of t, where w_1, . . . , w_l ∈ N. By Observation 2.2 it holds that l ≥ card(Q). Hence by Lemma 5.5 there exist contexts C, C^′ ∈ C_Σ(X_1), a tree s ∈ T_Σ and semiring elements a, a^′, b, b^′, c ∈ A such that (i), (iii), and (iv) are satisfied. Moreover, there exist indices i, j ∈ [0, l] with i < j and l − i ≤ card(Q) such that s = t/(w_1 . . . w_j ) and C[s] = t/(w_1 . . . w_i). We observe that w_{i+1} . . . w_l is a longest path of the tree C[s] of length l − i and thus height(C[s]) = l − i + 1 ≤ card(Q) + 1 by Observation 2.2. Furthermore, C is not the trivial context x_1 by i < j, s = t/(w_1 . . . w_j ), and C[s] = t/(w_1 . . . w_i). Thus also claim (ii) holds._■

Corollary 5.8 (Pumping Lemma (ii)) Let (a) A be a semiring and S ∈ A^{d,bu}⟨⟨T_Σ⟩⟩ or (b) A be a locally finite semiring and S ∈ A^{n,bu}⟨⟨T_Σ⟩⟩. There exists a non-negative integer m ∈ N such that for every tree t ∈ supp(S) with height(t) ≥ m + 1 there exist contexts C, C^′ ∈ C_Σ(X_1), a tree s ∈ T_Σ, and semiring elements a, a^′, b, b^′, c ∈ A such that (i) t = C^′[C[s]], (ii) height(C[s]) ≤ m + 1 and C ≠ x_1, and (iii) (S, C^′[C^n[s]]) = a^′ ⊙ a^n ⊙ c ⊙ b^n ⊙ b^′ for every non-negative integer n ∈ N. Furthermore, if M = (Q, Σ, ν, A, μ) is a deterministic bu-w-fta, which accepts S, then (iv) m can be chosen to be the number of states of M.

(v) ~μ(C^n[s]) = ~μ(s) ∈ Q and ~μ(C^′[C^n[s]]) = ~μ(t) ∈ Q for every non-negative integer n ∈ N, (vi) the semiring elements a, a^′, b, b^′, c ∈ A can be set to a = a_M (~μ(s), ~μ(s), C), a^′ = a_M (~μ(s), ~μ(C^′[C[s]]), C^′), b = b_M (~μ(s), ~μ(s), C), b^′ = b_M (~μ(s), ~μ(C^′[C[s]]), C^′) ⊙ ν(C^′[C[s]]) c = h_μ(s)_{~μ(s)}. Proof:

The proof is very similar to the proof of Theorem 5.6. We note that it uses Lemma 5.7 rather than Lemma 5.5 and leave it to the reader._■

We note that the two versions of the pumping lemma do not say anything about the support of the considdered tree series unless the underlying semiring is zero-divisor free.

Similar to classical theories the pumping lemma can be applied for proving, that a tree series is not recognizable. Let us give an example for this application. We prove that the tree series, which maps every input tree to its height, is not recognized by a deterministic device over the Arctic semiring. This result is surprising by two reasons: first, the height of a tree is defined in terms of max and +, which are the operations of the Arctic semiring. Second, the support of this tree series is T_Σ, which is recognizable by a classical one-state (and hence deterministic) bottom-up finite tree automata. Thus, associating weights to a recognizable tree language, might destroy recognizability.

Example 5.9 ( ∑ t∈T_Σ height(t) t not acceptable by deterministic bu-w-fta)

Let (S, t) = height(t) for every input tree t ∈ T_Σ, where the underlying ranked alphabet is given by Σ = {σ^{(2)}, α^{(0)}} and the underlying algebraic structure is the Arctic semiring. We show by contradiction that S is not recognizable by a deterministic bu-w-fta. Assume the converse. By Theorem 5.6 there exists a non-negative integer m ∈ N such that for every tree t ∈ supp(S) and path w = w_1 . . . w_l ∈ paths(t) of t with w_1, . . . , w_l ∈ N and length(w) = l ≥ m there exist contexts C, C^′ ∈ C_Σ(X_1), a tree s ∈ T_Σ, and semiring elements a, a^′, b, b^′, c ∈ A such that (i) t = C^′[C[s]], (ii) there exist indices i, j ∈ [0, l] with i < j and l − i ≤ m such that s = t/w_1 . . . w_j and C[s] = t/w_1 . . . w_i, and (iii) height(C^′[C^n[s]]) = a^′ + a^n + c + b^n + b^′ for every non-negative integer n ∈ N. Let us consider the particular tree t = σ(t_1, t_2), where t_1, t_2 ∈ T_Σ are trees of height m + 1 and 2m + 1, respectively. Hence, (S, t) = height(t) = 2m + 2. Moreover, there exists a path w = w_1w_2 . . . w_{m+1} with w_1 = 1 of the input tree t of length l = m+1 such that w_2 . . . w_{m+1} is a (longest) path of the subtree t_1. Hence, there exists a decomposition of t along the path w satisfying (i), (ii), and (iii). Since w is a path of length l = m + 1, we deduce from (ii) that i ≥ 1. Hence w_1 . . . w_i ≠ ε and C[s] is a subtree of t_1 (cf. Figure 1). We now show that σ

t_2 t_1 w σ

t_2 C

C

s

C^′

Figure 1: The trees t = C^′[C[s]] and C^′[C^2[s]].

pumping the context C once, does not increase the height of the tree: to do so let us consider the paths of the pumped tree C^′[C^2[s]]. Every such path w ∈ paths(C^′[C^2[s]]) is either a path of the given tree t = C^′[C[s]] (i.e., its length is ≤ 2m + 1) or w = 1.w_2 . . . w_i . . . w_j w for some path w of the tree C[s]. Since C[s] is a subtree of t_1, we deduce from Observation 2.2 that length(w) ≤ height(t_1) − 1 = m. Moreover, j ≤ m + 1 by (ii), thus length(w) ≤ j + length(w) ≤ 2m + 1. Hence every path of the pumped tree C^′[C^2[s]] is of length ≤ 2m + 1. Thus height(C^′[C[s]]) = height(C^′[C^2[s]]) = 2m + 2. From (iii) we now deduce that a^′ + a + c + b + b^′ = 2m + 2 = a^′ + 2a + c + 2b + b^′, i.e., a = b = 0. But then height(C^′[C^n[s]]) = a^′ + n · a + c + n · b + b^′ = 2m + 2 for every non-negative integer n ∈ N, which means that pumping the context C arbitrary often does not increase the height of the pumped tree. Hence C must be the trivial context x_1. But this contradicts to (ii), since t/w_1 . . . w_j = s = C[s] = t/w_1 . . . w_i and thus i = j. Hence S is not recognizable by a deterministic bu-w-fta over the Arctic semiring. ⋄

6 Decidability

In this section we investigate the following decidability problems for a given recognizable tree series S ∈ A⟨⟨T_Σ⟩⟩:

• Constant-on-its-support problem: Is the tree series S constant on its support? • Constant problem: Is S a constant tree series? • Boolean problem: Is S a boolean tree series? • Emptiness problem: Is the support of S the empty set? • Finiteness problem: Is the support of S finite?

Note that throughout this section decidable stands for effectively decidable and computable stands for effectively computable (in the sense of Church’s hypothesis, cf. [HU79]). It turns out that the aforementioned five problems are decidable, provided that the given tree series S is recognized by a deterministic bu-w-fta over a commutative semiring. The decidability of the Finiteness problem is proven for zero-divisor free and commutative semirings. When talking about decidability problems, it is a common assumption to consider finitely represented input. So we do in the present paper. A recognizable tree series can be finitely represented by a bu-w-fta, which accepts this tree series. Hence we assume for the rest of this section, that besides the tree series S also a deterministic bu-w-fta M = (Q, Σ, ν, A, μ), which accepts S, is given. Note that by Lemma 4.7 all the results of this section also hold, if M is a non-deterministic bu-w-fta over a locally finite and commutative semiring A. We also assume throughout this section that A = (A, ⊕, ⊙, 0, 1) is a computable semiring.

First we prove the decidability of both constant problems by applying the pumping lemma. The decidability of the Emptiness and Boolean problems are straightforward consequences of the decidability of the Constant-on-its-support problem. Finally we show that the Finiteness problem is decidable by reducing it to the Emptiness problem.

In order to shorten notation let us define the set P , in which we collect all those states, which are reachable by “small” trees s and there exists a context C, the height of which is bounded by 2 · card(Q) − 1 such that C[s] ∈ supp(S):

P = {~μ(s) ∈ Q | (∃s ∈ T_Σ), (∃C ∈ C_Σ(X_1)) :

height(s) ≤ card(Q), height(C) ≤ 2 · card(Q) − 1, C[s] ∈ supp(S)}.

Observation 6.1 The set P is computable. ⋄

In the following lemma we show that dropping the requirement on the height of the context C in the definition of P does not effect the set P .

Lemma 6.2 If A is a commutative semiring, then it holds that P = {~μ(s) ∈ Q | (∃s ∈ T_Σ), (∃C ∈ C_Σ(X_1)) : height(s) ≤ card(Q), C[s] ∈ supp(S)}.

Proof:

Let P^′ = {~μ(s) ∈ Q | (∃s ∈ T_Σ), (∃C ∈ C_Σ(X_1)) : height(s) ≤ card(Q), C[s] ∈ supp(S)}. Clearly, P ⊆ P^′. It remains to show P^′ ⊆ P . Let p ∈ P^′, i.e., there exist a tree s ∈ T_Σ of height ≤ card(Q) and a context C ∈ C_Σ(X_1) such that p = ~μ(s) and C[s] ∈ supp(S). We show by contradiction that then also p ∈ P . Assume that p /∈ P . Let s be fixed and assume without loss of generality that C is chosen such that C[s] is of minimal size satisfying C[s] ∈ supp(S). We set t = C[s]. Clearly, height(C) ≥ 2 · card(Q). In order to apply the pumping lemma (Theorem 5.6) we specify a path w = w_1 . . . w_l ∈ paths(C), where w_1, . . . , w_l ∈ N, as follows (cf. Figure 2). Let w^′ ∈ paths(C) denote the path such that the node of C at w^′ is labeled with x_1.

(α) If length(w^′) ≥ card(Q) + 1, then set w = w^′.

(β) If length(w^′) ≤ card(Q), then let w be an arbitrary path of length 2·card(Q)+1, which exists by height(C) ≥ 2 · card(Q) and Observation 2.2.

Figure 2: Decomposition of C[s] in Cases (α) and (β).

By the pumping lemma (Theorem 5.6) there exists a decomposition of t = C_2[C_1[s^′]] along the path w into contexts C_1, C_2 ∈ C_Σ(X_1) and a tree s^′ ∈ T_Σ such that (i) there exist indices i, j ∈ [0, l] with i < j and l − i ≤ card(Q) such that s^′ = t/w_1 . . . w_j and C_1[s^′] = t/w_1 . . . w_i, and (ii) there exist semiring elements a, a^′, b, b^′, c ∈ A such that (S, C_2[C^n_1 [s]]) = a^′ ⊙ a^n ⊙ c ⊙ b^n ⊙ b^′ for every non-negative integer n ∈ N.

From the choice of w it follows that s is a subtree of C_2[s^′], which is formally proven as follows:

(α) By (i) s is a subtree of s^′ and thus s is a subtree of C_2[s^′].

(β) By (i) it holds that i ≥ card(Q) + 1 and thus w_1 . . . w_i is not a prefix of w^′. Clearly, paths(C_2) = {w ∈ paths(C) | w_1 . . . w_i is not a prefix of w}, from which we deduce that w^′ ∈ paths(C_2). Apparently s is a subtree of C_2[s^′].

Thus there exists a context C_3 ∈ C_Σ(X_1) such that C_3[s] = C_2[s^′]. Moreover, by (i) C_1 ≠ x_1 and thus size(C_3[s]) = size(C_2[s^′]) < size(C_2[C_1[s^′]]) = size(t). Let us denote this last statement by (‡). From (ii) we deduce that (S, t) = a⊙b⊙(S, C_2[s^′]) = a⊙b⊙(S, C_3[s]). We assumed that t ∈ supp(S), thus (S, t) ≠ 0 and by the aforementioned equation (S, C_3[s]) ≠ 0, i.e., C_3[s] ∈ supp(S). Since the context C was chosen such that t = C[s] is of minimal size violating the statement of the lemma and by (‡) size(C_3[s]) < size(t) it holds that ~μ(s) ∈ P . This contradicts to the assumption ~μ(s) /∈ P . Hence P = P^′._■

We note that by a very similar proof also the assumption in P on the height of s can be dropped. Since this statement is not needed in the present paper, we leave the proof of this claim to the reader.

The decision procedures will be in terms of two sets B_1 and B_2. Roughly speaking, in B_1 we collect the costs of “small” contexts, which can be pumped, while B_2 is the set of all “small” trees. Formally, B_1 = {a_M (~μ(s), ~μ(s), C) ⊙ b_M (~μ(s), ~μ(s), C) ∈ A | (∃s ∈ T_Σ), (∃C ∈ C_Σ(X_1)) : height(C[s]) ≤ card(Q) + 1, ~μ(s) = ~μ(C[s]) ∈ P },

B_2 = {s ∈ T_Σ | height(s) ≤ card(Q)}.

Lemma 6.3 Let A be a commutative semiring and d ∈ A a semiring element. For every input tree t ∈ supp(S) it holds that (S, t) = d, if and only if (CPS1) for every semiring element b ∈ B_1 it holds that b ⊙ d ∈ {0, d} and (CPS2) for every tree s ∈ B_2 it holds that (S, s) ∈ {0, d}.

Proof:

First assume that (S, t) = d for every input tree t ∈ supp(S). In particular, d ≠ 0. We show that (CPS1) and (CPS2) are satisfied. Clearly, (CPS2) holds. Let us now prove that also (CPS1) is fulfilled. Let b ∈ B_1. By the definition of B_1 there exist a tree s ∈ T_Σ and a context C ∈ C_Σ(X_1) with height(C[s]) ≤ card(Q) + 1 such that b = a_M (~μ(s), ~μ(s), C) ⊙ b_M (~μ(s), ~μ(s), C) and ~μ(s) = ~μ(C[s]) ∈ P . (α) If C = x_1 is the trivial context, then a_M (~μ(s), ~μ(s), C) = b_M (~μ(s), ~μ(s), C) = 1, thus b = 1 and d ⊙ b = d ∈ {0, d}. (β) If C ≠ x_1, then height(C[s]) ≤ card(Q) + 1 implies height(s) ≤ card(Q). Hence by Lemma 6.2 there exists a context C^′ ∈ C_Σ(X_1) such that C^′[s] ∈ supp(S) and thus (S, C^′[s]) = d. Thus b ⊙ d = a_M (~μ(s), ~μ(s), C) ⊙ b_M (~μ(s), ~μ(s), C) ⊙ (S, C^′[s]) = a_M (~μ(s), ~μ(s), C) ⊙ b_M (~μ(s), ~μ(s), C) ⊙ h_μ(C^′[s])_{~μ(C}′_{[s])} ⊙ ν(~μ(C^′[s])) (by Observation 3.5(vi)) = a_M (~μ(s), ~μ(s), C) ⊙ b_M (~μ(s), ~μ(s), C) ⊙ a_M (~μ(s), ~μ(C^′[s]), C^′) ⊙ ⊙ b_M (~μ(s), ~μ(C^′[s]), C^′) ⊙ h_μ(s)_{~μ(s)} ⊙ ν(~μ(C^′[s])) (by Lemma 5.1)

= a_M (~μ(s), ~μ(C[s]), C) ⊙ b_M (~μ(s), ~μ(C[s]), C) ⊙ a_M (~μ(C[s]), ~μ(C^′[C[s]]), C^′) ⊙ ⊙ b_M (~μ(C[s]), ~μ(C^′[C[s]]), C^′) ⊙ h_μ(s)_{~μ(s)} ⊙ ν(~μ(C^′[C[s]])) (by ~μ(s) = ~μ(C[s]) and Corollary 3.6)

= h_μ(C^′[C[s]])_{~μ(C}′_{[C[s]])} ⊙ ν(~μ(C^′[C[s]]))

(by Lemma 5.1)

= (S, C^′[C[s]])

(by Observation 3.5(vi)) ∈ {0, d}. Hence also (CPS1) is satisfied.

Conversely assume that (CPS1) and (CPS2) hold. We show that (S, t) = d for every input tree t ∈ supp(S). Without loss of generality we assume that d ≠ 0. In fact, if d = 0, then it holds that S = ~0, i.e., supp(S) = ∅ and thus (S, t) = d for every input tree t ∈ supp(S) and semiring element d ∈ A. The prove of the claimed implication is by contradiction. In assuming the converse, let t ∈ supp(S) be a tree with (S, t) ≠ d. Without loss of generality let t ∈ supp(S) be of minimal size violating (S, t) = d. Since by (CPS2) (S, s) ∈ {0, d} for every tree s ∈ T_Σ of height ≤ card(Q), we deduce height(t) ≥ card(Q) + 1. By the pumping lemma (Corollary 5.8) there exists a decomposition t = C^′[C[s]] for some tree s ∈ T_Σ and contexts C, C^′ ∈ C_Σ(X_1) with C ≠ x_1, height(C[s]) ≤ card(Q) + 1, and ~μ(s) = ~μ(C[s]). Moreover, there exist semiring elements a, a^′, b, b^′, c ∈ A such that (S, t) = a^′ ⊙ a ⊙ c ⊙ b ⊙ b^′ and (S, C^′[s]) = a^′ ⊙ c ⊙ b^′. Consequently, (S, t) = a ⊙ b ⊙ (S, C^′[s]), which we denote by (†). Also by the pumping lemma (Corollary 5.8) a and b can be set to a = a_M (~μ(s), ~μ(C[s]), C) and b = b_M (~μ(s), ~μ(C[s]), C). Since t = C^′[C[s]] ∈ supp(S) and the fact that height(s) < height(C[s]) ≤ card(Q) + 1, we deduce from Lemma 6.2 that ~μ(s) ∈ P and thus a ⊙ b ∈ B_1. Let us denote this last statement by (‡). Furthermore, size(C^′[s]) < size(t) by C not being the trivial context x_1. From this and the assumption that t ∈ supp(S) is of minimal size violating (S, t) = d we deduce that (S, C^′[s]) ∈ {0, d}. Hence by (†), (‡), and Condition (CPS1) it follows that (S, t) = a ⊙ b ⊙ (S, C^′[s]) ∈ {0, d}, which contradicts to the assumptions t ∈ supp(S) and (S, t) ≠ d. Hence (S, t) = d for every tree t ∈ supp(S)._■

In order to state the decidability of the Constant-on-its-support problem it remains to show that B_1 and B_2 are computable.

Lemma 6.4 The sets B_1 and B_2 are computable.

Proof:

The claim is trivial for the set B_2. Let us show that also B_1 is computable. Since P is a computable set by Observation 6.1, also B = {(s, C) ∈ T_Σ × C_Σ(X_1) | height(C[s]) ≤ card(Q)+1, ~μ(s) = ~μ(C[s]) ∈ P } is computable. It remains to show that a_M (~μ(s), ~μ(s), C)⊙ b_M (~μ(s), ~μ(s), C) is computable for every pair (s, C) ∈ B. Therefore it suffices to show that a_M (p, q, C) and b_M (p, q, C) are computable for every two states p, q ∈ Q and context

C ∈ C_Σ(X_1) of height ≤ card(Q) + 1. We show the claim for a_M (p, q, C) and note that the proof of b_M (p, q, C) being computable is very similar. The prove of the computability of a_M (p, q, C) is by induction on the structure of C:

Induction base: If C is the trivial context x_1, the claim is trivial.

Induction step: Now let C = σ(t_1, . . . , t_{i−1}, C^′, t_{i+1}, . . . , t_k) for some positive integers k ∈ N_+ and i ∈ [k], k-ary input symbol σ ∈ Σ^{(k)} and trees t_j ∈ T_Σ for every index j ∈ [k] \ {i}. From height(C) ≤ card(Q) + 1 we deduce that, for every index j ∈ [k] \ {i} it holds that height(t_j ) ≤ card(Q). Hence the set ~μ(t_j ) is computable and thus it is decidable whether ~μ(t_j ) ∈ Q for every index j ∈ [k] \ {i}. Next we show that it is decidable whether there exists a state r ∈ Q such that r = ~μ(C^′[t]) for every tree t ∈ T_Σ with p = ~μ(t). We also show that this state r is computable, if it exists. It holds for every state r ∈ Q that:

For every tree t ∈ T_Σ with p = ~μ(t) it holds that r = ~μ(C^′[t]).

⇐⇒^{(∗)} There exists a tree t ∈ T_Σ with p = ~μ(t) and r = ~μ(C^′[t]).

⇐⇒^{(∗∗)} There exists a tree t ∈ T_Σ of height ≤ card(Q) with p = ~μ(t) and r = ~μ(C^′[t]).

Note that ⇒^{(∗)} follows from the definition of P , ⇐^{(∗)} is a consequence of Corollary 3.6(ii), ⇐^{(∗∗)} follows by a repeated application of Corollary 5.8(v) with n = 0, and ⇐^{(∗∗)} trivially holds. Clearly, the latter statement is decidable. From the above equivalences we deduce that, if r has the property that for every tree t ∈ T_Σ with p = ~μ(t) it holds that r = ~μ(C^′[t]), then the state r is computable. Let us denote this last statement by (†). Moreover, by the above equivalences it is decidable whether there exists a state r ∈ Q such that r = ~μ(C^′[t]) for every tree t ∈ T_Σ with p = ~μ(t). Consequently it is decidability whether ~μ(t_j ) ∈ Q for every index j ∈ [k] \ {i} and there exists a state r ∈ Q such that r = ~μ(C^′[t]) for every tree t ∈ T_Σ with p = ~μ(t). It remains to show that h_μ(t_1)_{~μ(t1)} ⊙· · ·⊙h_μ(t_{i−1})_{~μ(ti−1 )} ⊙a_M (p, r, C^′) is computable. By induction hypothesis a_M (p, r, C^′) is computable and, since height(C) ≤ card(Q) + 1 and thus height(t_j ) ≤ card(Q) for every index j ∈ [k] \ {i}, also h_μ(t_j ) and ~μ(t_j ) are computable. Hence h_μ(t_j )_{~μ(tj )} and h_μ(t_1)_{~μ(t1)} ⊙ · · · ⊙ h_μ(t_{i−1})_{~μ(ti−1)} ⊙ a_M (p, r, C^′) are computable, which completes the proof._■

Corollary 6.5 (Constant-on-its-support problem) It is decidable whether the tree series S is constant on its support.

Proof:

Conditions (CPS1) and (CPS2) of Lemma 6.3 are decidable, since the sets B_1 and B_2 are computable by Lemma 6.4. It remains to find the appropriate semiring element d ∈ A, which we define according to Property (CPS2) as follows:

• If card(B_2 \ {0}) = 0, then d ∈ A can be arbitrarily chosen. • If card(B_2 \ {0}) = 1, then we set d such that {d} = B_2 \ {0}.

• If card(B_2 \ {0}) ≥ 2, then S does not have the desired property._■

Let us now investigate the Constant problem, i.e., is it decidable whether S = ~d for some semiring element d ∈ A? We could prove this by deciding whether (S, t) = d for every input tree t ∈ supp(S) (Constant-on-its-support problem) and supp(S) = T_Σ. The latter decision problem could be solved as in classical theories (cf. [GS84], Theorem 10.3 of Chapter II, also using the well-known fact that T_Σ is a recognizable tree language) provided that the underlying semiring is zero-divisor free. We would like to avoid this additional assumption. Therefore we present two properties (CP1) and (CP2), which are equivalent to S = ~d for a given semiring element d ∈ A (cf. Lemma 6.6), and then show that this semiring element d can be derived from the Properties (CP1) and (CP2) (cf. Corollary 6.7).

Lemma 6.6 Let A be a commutative semiring and d ∈ A a semiring element. It holds that S = ~d, if and only if (CP1) for every semiring element b ∈ B_1 it holds that b ⊙ d = d and (CP2) for every tree s ∈ B_2 it holds that (S, s) = d.

Proof:

The proof is very similar to the proof of Lemma 6.3 and hence left to the reader._■

Corollary 6.7 (Constant problem) If A is a commutative semiring, then it is decidable whether S is a constant tree series.

Proof:

The proof of Corollary 6.5 can be taken over word by word._■

From the results, which we have obtained in this section so far, we now derive several additional decidability results. A straightforward consequence of the decidability of the Constant problems is that the Emptiness problem is decidable.

Corollary 6.8 (Emptiness problem) If A is a commutative semiring, then it is decidable whether supp(S) = ∅.

Proof:

The claim follows from Lemma 6.3 with d = 0._■

Another interesting class of tree series are the boolean tree series. Is it decidable whether a recognizable tree series is boolean? The answer is yes, if the underlying semiring is commutative. The decision procedure uses the fact, that a tree series is boolean, if and only if (S, t) = 1 for every input tree t ∈ supp(S). We thereby reduce the decidability problem of S being boolean to the Constant-on-its-support problem.

Corollary 6.9 (Boolean problem) If A is a commutative semiring, then it is decidable whether S is a boolean tree series.

Proof:

The claim follows from Lemma 6.3 with d = 1._■

Let us conclude this section by proving that the Finiteness problem is decidable provided that the underlying semiring is commutative and zero-divisor free. From the pumping lemma (cf. Corollary 5.8) and zero-divisor freeness we deduce that, if there exists a tree t ∈ supp(S) of height ≥ card(Q)+1, then t = C^′[C[s]] can be decomposed into contexts C, C^′ ∈ C_Σ(X_1) and a tree s ∈ T_Σ such that pumping the context C produces infinitely many trees C^′[C^n[s]] ∈ supp(S), n ∈ N. Hence, supp(S) is finite, if and only if every tree t ∈ supp(S) is of height ≤ card(Q). Let us therefore consider the tree series S^′, which is defined for every input tree t ∈ T_Σ by

(S^′, t) = { (S, t) , if height(t) ≥ card(Q) + 1, 0 , otherwise.

Thus S has finite support, if and only if the support of S^′ is the empty set. In order to apply the decidability of the Emptiness problem it remains to show that the tree series S^′ is recognizable by a deterministic bu-w-fta. For this purpose we define for every semiring A and non-negative integer n ∈ N the tree series S^{height}_n ∈ A⟨⟨T_Σ⟩⟩, which is defined for every input tree t ∈ T_Σ by

(S^{height} n , t) = { 1 , if height(t) ≥ n + 1, 0 , otherwise.

We observe that S^′ = S ⊙ S^{height}_{card(Q)}, where ⊙ denotes the Hadamard product of the tree series S and S^{height}_{card(Q)}. By Corollary 3.9(ii) it remains to show that the tree series S^{height}_{card(Q)} is recognized by some deterministic bu-w-fta in order to prove that S^′ is accepted by a deterministic bu-w-fta. Lemma 6.10 Let A be a semiring and n ∈ N a non-negative integer. The tree series S^{height}_n is recognized by the deterministic bu-w-fta M^{height}_n = (Q^′, Σ, ν^′, A, μ^′), which is defined by Q^′ = {1, . . . , n, n+ 1}, ν^′(n + 1) = 1, ν(q^′) = 0 for every state q^′ ∈ Q^′ \ {n + 1}, and, for every non-negative integer k ∈ N, input symbols α ∈ Σ^{(0)} and σ ∈ Σ^{(k)}, and states q^′_1, . . . , q^′_k, q^′ ∈ Q^′,

μ^′_0(α)_{(),q}′ = { 1 , if q^′ = 1, 0 , otherwise,

μ^′_k(σ)_{(q}′_{1 ,...,q}′_{k ),q}′ = 1 , if (q^′ = max {q^′_i | i ∈ [k]} + 1) or (q^′ = n + 1 and (∃i ∈ [k]) : q^′_i = n + 1), 0 , otherwise.

Proof (Sketch):

First we observe that M^′ is a deterministic bu-w-fta. A straightforward inductive proof shows that (i) for every input tree t ∈ T_Σ of height ≤ n it holds that h_μ′ (t)_{height(t)} = 1 and h_μ′ (t)_q′ = 0 for every state q^′ ∈ Q^′ \ {height(t)}.

(ii) for every input tree t ∈ T_Σ of height > n it holds that h_μ′ (t)_{n+1} = 1 and h_μ′ (t)_q′ = 0 for every state q^′ ∈ Q^′ \ {n + 1}.

Hence, (S_M ′ , t) = ∑ q^′ ∈Q^′ hμ^′ (t)q^′ ⊙ ν ′(q^′) = h_μ′ (t)_{n+1} = (S^{height}_n , t) for every input tree t ∈ T_Σ and thus the tree series S^{height}_n is recognized by the deterministic bu-w-fta M^′._■

Theorem 6.11 (Finiteness problem) If A is a zero-divisor free and commutative semiring, then it is decidable whether supp(S) is a finite set.

Proof:

First we show that S has finite support, if and only if every input tree t ∈ supp(S) is of height ≤ card(Q). We denote this statement by (*). Let us prove the non-trivial implication of (*) by contradiction, i.e., let supp(S) be a finite set and assume that there exists an input tree t ∈ supp(S) with height(t) ≥ card(Q) + 1. By Corollary 5.8 there exists a decomposition t = C^′[C[s]] of t into contexts C^′, C ∈ C_Σ(X_1) and a tree s ∈ T_Σ such that C is not the trivial context x_1 and there exist semiring elements a, a^′, b, b^′, c ∈ A with (S, C^′[C^n[s]]) = a^′ ⊙a^n ⊙c⊙b^n⊙b^′ for every non-negative integer n ∈ N. In particular, a ≠ 0, b ≠ 0, and (S, C^′[C^n[s]]) = a^{n−1} ⊙ b^{n−1} ⊙ (S, t) for every positive integer n ∈ N_+. By zerodivisor freeness and t ∈ supp(S) we have (S, C^′[C^n[s]]) ≠ 0 and thus C^′[C^n[s]] ∈ supp(S) for every positive integer n ∈ N_+, which either contradicts to C ≠ x_1 or to1 supp(S) is a finite set.

By (*) the statement supp(S) is a finite set is equivalent to S^′ = ~0, i.e., supp(S^′) = ∅. Let us denote this statement by (†). In order to apply the decidability result for the Emptiness problem (cf. Corollary 6.8, it remains to show that S^′ is recognized by a deterministic buw-fta. Since S^′ = S ⊙ S^{height}_{card(Q)}, we deduce from Lemmata 3.8 and 6.10 that the bu-w-fta M × M^{height}_{card(Q)} accepts S^′. Moreover, since M and M^{height}_{card(Q)} are deterministic bu-w-fta, also M × M^{height}_{card(Q)} is deterministic. Hence Corollary 6.8 is applicable and thus, by (†), it is decidable whether supp(S) is a finite set._■

Acknowledgment

The author wishes to thank the anonymous referees for helpful comments.

References

[AB87] A. Alexandrakis and S. Bozapalidis. Weighted grammars and Kleene´s theorem.

Information Processing Letters, 24(1):1–4, January 1987.

[BA89] S. Bozapalidis and A. Alexandrakis. Representation Matricielles de Series d’Arbre Reconnaissables. Theoretical Informatics and Applications, 23(4):449–459, 1989.

[BGW00] A. L. Buchsbaum, R. Giancarlo, and J. R. Westbrook. On the determinization of weighted finite automata. SIAM Journal on Computing, 30(5):1502–1531, 2000.

[Bor03] B. Borchardt. The Myhill-Nerode Theorem for Recognizable Tree Series. In 7th International Conference on Developments in Language Theory, DLT’03, Szeged, Hungary, July 7-11, 2003, Proceedings, volume 2710 of Lecture Notes in Computer Science, pages 146–158. Springer-Verlag, July 2003.

[Boz91] S. Bozapalidis. Effective construction of the syntactic algebra of a recognizable series on trees. Acta Informatica, 28:351–363, 1991.

[Boz94] S. Bozapalidis. Representable Tree Series. Fundamenta Informaticae, 21:367–389, 1994.

[Boz97] S. Bozapalidis. Positive Tree Representations and Applications to Tree Automata.

Information and Control, 139(2):130–153, 1997.

[Boz99] S. Bozapalidis. Equational Elements in Additive Algebras. Theory of Computing Systems, 32(1):1–33, 1999.

[Boz01] S. Bozapalidis. Context-Free Series on Trees. Information and Computation, 169:186–229, 2001.

[BR82] J. Berstel and C. Reutenauer. Recognizable formal power series on trees. Theoretical Computer Science, 18(2):115–148, 1982.

[BR88] J. Berstel and Ch. Reutenauer. Rational Series and Their Languages, volume 12 of EATCS-Monographs. Springer-Verlag, 1988.

[BV03] B. Borchardt and H. Vogler. Determinization of Finite State Weighted Tree Automata. Journal of Automata, Languages and Combinatorics, 8(3):417–463, 2003.

[DK03] M. Droste and D. Kuske. Skew and infinitary formal power series. In ICALP 2003, volume 2719 of LNCS, pages 426–438. Springer-Verlag, 2003.

[DPV03] M. Droste, C. Pech, and H. Vogler. A Kleene theorem for weighted tree automata.

Theory of Computing Systems, 2003. to appear.

[DV03] M. Droste and H. Vogler, editors. Workshop on Weighted Automata: Theory and Applications, Dresden, Germany, March 4-8, 2002, Selected Papers, volume 8(2) of Journal of Automata, Languages and Combinatorics. Otto-von-Guericke- Universität Magdeburg, 2003.

[EFV02] J. Engelfriet, Z. Fülöp, and H. Vogler. Bottom-up and top-down tree series transformations. J. Automata, Languages and Combinatorics, 7:11–70, 2002.

[Eil74] S. Eilenberg. Automata, Languages, and Machines – Volume A, volume 59 of Pure and Applied Mathematics. Academic Press, 1974.

[ÉK03] Z. Ésik and W. Kuich. Formal tree series. In Droste and Vogler [DV03], pages 219–285.

[Eng75] J. Engelfriet. Bottom-up and top-down tree transformations - a comparison.

Mathematical Systems Theory, 9(3):198–231, 1975.

[FSW94] C. Ferdinand, H. Seidl, and R. Wilhelm. Tree automata for code selection. Acta Informatica, 31(8):741–760, 1994.

[FV03] Z. Fülöp and H. Vogler. Tree series transformations that respect copying. Theory of Computing Systems, 36(3):247–293, 2003.

[GS84] F. Gécseg and M. Steinby. Tree Automata. Akadémiai Kiadó, Budapest, 1984. [GS97] F. Gécseg and M. Steinby. Tree languages. In G. Rozenberg and A. Salomaa, editors, Handbook of Formal Languages, volume 3, chapter 1, pages 1–68. Springer- Verlag, 1997.

[HU79] J. E. Hopcroft and J. D. Ullman. Introduction to automata theory, languages, and computation. Addison–Wesley, 1979.

[HW98] U. Hebisch and H.J. Weinert. Semirings - Algebraic Theory and Applications in Computer Science. World Scientific, Singapore, 1998.

[KS86] W. Kuich and A. Salomaa. Semirings, Automata, Languages. EATCS Monographs on Theoretical Computer Science, Springer-Verlag, 1986.

[Kui97a] W. Kuich. Formal Power Series over Trees. In S. Bozapalidis, editor, 3rd International Conference on Developments in Language Theory, DLT 1997, Thessaloniki, Greece, July 20-23, 1997, Proceedings, pages 61–101. Aristotle University of Thessaloniki, 1997.

[Kui97b] W. Kuich. Semirings and formal power series: Their relevance to formal languages and automata. In G. Rozenberg and A. Salomaa, editors, Handbook of Formal Languages, Vol. 1, chapter 9, pages 609–677. Springer-Verlag, 1997.

[Kui99] W. Kuich. Tree transducers and formal tree series. Acta Cybernetica, 14:135–149, 1999.

[Moh97] M. Mohri. Finite-state transducers in language and speech processing. Computational Linguistics, 23:269–311 (1–42), 1997.

[Sch61] M.P. Schützenberger. On the definition of a family of automata. Inf. and Control, 4:245–270, 1961.

[Sei94] H. Seidl. Finite tree automata with cost functions. Theoretical Computer Science, 126(1):113–142, 1994.